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Black Hole Singularities: A Numerical Approach
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The singularity structure of charged spherical collapse is studied by considering the evolution of the
gravity —scalar-field system. A detailed examination of the geometry at late times strongly suggests
the validity of the mass-inllation scenario [E. Poisson and W. Israel, Phys. Rev. D 41, 1796 (1990)].
Although the area of the two-spheres remains finite at the Cauchy horizon, its generators are eventually
focused to zero radius. Thus the null, mass-inflation singularity generally precedes a crushing I. = 0
singularity deep inside the black hole core. This central singularity is spacelike.

PACS numbers: 04.70.Bw, 04.20.Dw, 04.25.Dm, 04.40.Nr

The radiative tail of gravitational collapse decays as
an inverse power of time leaving behind a black hole
characterized only by its mass, charge, and angular
momentum [1]. The simplicity of the external field at late
times contrasts with the highly dynamical interior which
lies beneath the event horizon [2—5].

It is generally accepted that the "tunnel" through a
charged or rotating black hole is destroyed by perturba-
tions which propagate into the hole after its formation
[6,7]. The manner in which this occurs has been stud-
ied in great detail using simplified models [2—5], and
the results suggest that the Cauchy horizon (CH) inside a
charged (or rotating) black hole is transformed into a sin-
gularity at which the "Coulomb" component of the Weyl
curvature diverges. The null generators of the CH con-
tract slowly under transverse irradiation, so it is antici-
pated that this null singularity eventually gives way to
a central spacelike singularity deep inside the black hole
core. It should be noted that this spacelike singularity
is not expected to precede the CH as some authors have
argued [8,9]. Indeed, geodesic observers falling into the
black hole at late times will generally encounter only the
null singularity.

Some disquiet exists regarding this picture of the
black hole interior. Yurtsever [8] has argued, on general
grounds, that complete destruction of the CH should be
expected once generic perturbations are considered. He
bases his discussion on experience with colliding plane
wave spacetimes —he has shown that plane wave Cauchy
horizons are replaced by spacelike singularities in the
presence of generic plane-symmetric perturbations [10].
Gnedin and Gnedin [9],on the other hand, have performed
a numerical integration of the spherical Einstein-Maxwell-
scalar field equations. They established the existence of a
spacelike singularity inside a charged black hole coupled
with scalar matter. Their analysis stressed the behavior
of the central (r = 0) singularity, however, they did
not consider the possibility that it intersects the Cauchy
horizon.

This Letter reports on an independent numerical in-
vestigation. We find evidence that the analytic models

Fp = (e /8nr ) diag (—1, —1, 1, 1) (2)

is the standard electromagnetic contribution to the stress
energy, and

4~T p
= 4,-4,p

—(I/2)g p(4, ,W') (3)

is the stress energy for a massless, minimally coupled
scalar field P. It is convenient to write h = @ and then
introduce the scalar h(r, v) by

(rh) „=h.
The field equations can now be written as

(lng) „= r '(h —h),
( g),.= g(1 — '/ '),

while the wave equation @ = 0 becomes

h „—(g/2) h „=(1/2r) (h —h) (g[1 —e /r ]] —g) .

(7)

The pioneering numerical integration of these equa-
tions, with e = 0, was performed by Goldwirth and Piran
[11]. We have employed a similar algorithm. Using the
method of characteristics Eq. (7) is recast as a set of 2n
ordinary differential equations, where n is the number of
radial grid points. The radial integrals in Eqs. (4)—(6) are
discretized according to the trapezium rule, while we use
a Runge-Kutta scheme for the ordinary differential equa-
tions. The resulting code is locally second order accurate,
and has been tested on Reissner-Nordstrom spacetime and
the exact self-similar solutions in Ref. [12]. The details
will appear elsewhere.

demonstrate the essential features of black hole internal
structure.

The general spherical line element can be written as

ds = —gg dv —2g dv dr + r (dO + sin 0 dP ),
(I)

where g = g(r, v), g = g(r, v), and v is advanced time.
We solve the field equations G p

= 87r(E p + T p),
where
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against advanced time along the outgoing
null rays. The asymptotic form g —e ~ is in remarkable
agreement with predictions based on simplified models.

CH do we really get'? Without the entire solution (up
to and including the CH) it is difficult to quantify this.
However, in terms of a Kruskal-like coordinate V =
—e —,which goes to zero on the CH, we have reached
values as small as V = —10 '5o during our integrations.
It might seem tempting to choose such an advanced time
coordinate ab initio, so that the CH is located at a finite
coordinate distance Vc H. However, a high price is paid
for such a choice; in the new coordinates the initial
data g~t- and g~r become badly behaved as V ~ WcH
leading to significantly decreased integration times.

In conclusion, we believe that the effects we have
described above are representative of the asymptotic
structure of the true black hole interior and that a
null, mass-infIation singularity is present along the CH.
Furthermore, the null CH singularity is a precursor of the
final spacelike singularity deep within the black hole core.
A detailed account of this work is in preparation.

We are grateful to Ian Moss and Werner Israel for
useful discussions. This research was supported in part
by the EPSRC.

about 1 solar mass we have been able to follow the
evolutions to curvatures around Planck levels.

Analytic models have relied heavily on the results of
linear perturbation theory to provide information about
energy cruxes along the CH. Therefore we have examined
the flux of scalar field parallel to the CH in our solutions,
finding qualitative agreement with perturbative analyses.
It is straightforward to see this remarkable feature directly
from Raychaudhuri's Eq. (11) and the results in Table I.
If l = dx /du is a lightlike generator of the outgoing
characteristics then the flux of scalar matter across these
surfaces is

g:= 4vrT pl lp = (d@/du) . (13)
Since r ~ const and ~g~ decays exponentially at late
times, Eq. (11) implies thatj = Ag + Bdg/dv as v ~ ~, (14)
where A and 8 generally depend on the outgoing null sur-
face considered. Now, if the fIux across the event hori-
zon at late times is j'~t- —v ", then + —+~1- v
with o ) 0, along null rays which intersect the CH.
The value of cr (lying in the range 0.3 ( o. ( 0.75
for the cases we examined) depends on the charge, and
differs from predicted values [7,15] by more than the
numerical uncertainty. Generally, if +~& decays faster
than exp[ —2tc~vt for large v, then + —exp[ —2p, v],
where p, = tc+ = v1 —e2/(1 + v'I —ez) (to within
less than 10%). The close agreement with predictions of
linearized theory [7) suggests that perturbative arguments
[5,15] are actually valid deep inside the black hole core.

The most significant shortfall in our analysis is the
location of the CH at v = cc. So, how close to the
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