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Exciton-Exciton Correlation in the Nonlinear Optical Regime
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We present a theory of the time development of the nonlinear optical excitations in a semiconductor
in which the correlated part of the many-body problem is expressed in terms of the exact N-exciton
eigenstates and is decoupled from the optical excitation process. A first-principles exact numerical
solution for the four-wave mixing in a one-dimensional model demonstrates the role of two-exciton
correlation in polarization mixing and, in particular, shows a ringing of the polarization with the
frequency given by the binding energy of the biexciton.

PACS numbers: 71.35.+z, 42.50.Md

Recent four-wave mixing (FWM) experiments in semi-
conductors have shown the importance of the biexciton
effects in the nonlinear response. The inclusion of biexci-
tonic effects as well as the effects of polarization mixing
in the description of optical excitations in semiconduc-
tors was discussed in terms of an effective phenomeno-
logical few-level model [1-3] to explain the temporal
dependence of the FWM signal as well as beating phe-
nomena between bound and unbound biexciton states
observed for cross-polarized excitations near the funda-
mental exciton resonance. By the equation of motion ap-
proach, Axt and Stahl [4] show that the semiconductor
Bloch equations form a closed set for the density matrix
elements to any given order of the external field. A dia-
grammatic approach by Maialle and Sham [5] shows the
structures of the excitons and biexcitons involved in the
third-order susceptibility and the relation of the particle
loops to the polarization mixing. The truncation scheme
provides a starting point for a study of polarization ef-
fects from a microscopic point of view. This Letter ad-
dresses the problem of separation of the static problem
of the exciton and biexciton eigenstates and of the dy-
namical optical processes. By expressing the nonlinear
response in terms of exact eigenstates of the system in-
volving a given number of electron-hole (eh) pairs, it fol-
lows that the third-order polarization depends only on the
one eh-pair subspace (excitons) and the two eh-pair sub-
space (biexcitons). The correlated part of the biexciton
which appears in the third-order polarization is further
expressed succinctly in terms of an exciton-exciton cor-
relation function. Our formulation offers the alternatives
of (1) solving the exciton and biexciton eigenstates to a
desired numerical accuracy and then using them to ob-
tain the correlation functions, and (2) using the standard
many-body techniques to solve approximately for the dy-
namical two-exciton correlation functions. We present a
first-principles exact numerical solution for the correla-
tion function in a one-dimensional semiconductor model.
The solution offers a physical picture of the two-exciton
correlation which does not always correspond to the exist-
ing phenomenological models but which we believe rep-
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resents more closely the underlying physical processes in
the experimental observations.

In the absence of the light-matter interaction the eigen-
states |Ey ) of the Hamiltonian of the usual semiconduc-
tor model can be labeled according to the number N of
eh pairs [6]. For N = 0 there are no additional quan-
tum numbers « and we denote this semiconductor ground
state by |0) and choose its energy to be zero. The N = 1
subspace is the exciton subspace with the additional quan-
tum numbers a = (n,0) where o denotes the polariza-
tion. We consider only the heavy valence subbands with
angular momentum *3/2 and a conduction band with spin
+1/2. The selection rules dictate that for light along the
growth axis the +3/2 (—3/2) electrons in the heavy-hole
band are coupled via an optical transition with — (+) po-
larized photons to the +1/2 (—1/2) spin states in the con-
duction band. The next relevant subspace is the biexciton
Hilbert space with a complete set |E, ,) of bound and un-
bound states. The interband matrix element between the
Bloch states of the bands is denoted by u,. It is conve-
nient to express the total o polarization in terms of exci-
ton operators [7]

PU’ = ,LL: Z(D;:,n,aBn,O' = /'Lfr Za;,aBn,(r . (1)
k.n n

The operator Bf , = 3 @ﬁ,,,),,c;k'(,cl,k,(, creates an ex-
citon state with zero total momentum and wave function
Py, » with energy w;,.,. These states are the solution
of the Wannier equation [7] for the semiconductor. The
dynamical evolution of the polarization in an applied ex-
ternal field is governed by the expectation values of the
following relevant Hubbard operators:

Xnamp = |Enva)Empl, )

which can be used to express the exciton operator

Bn,(r = XO;I,n,(r + Z <EN,aIBn,(rlEN+1.,B>XN,a;N+I,ﬁ -

N=l,a,B

The interaction of the semiconductor with a classical
external laser field with central frequency w, and E(r) =
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>, Es(t)e"“r'e, + c.c. is given in the usual rotating  external field
wave approximation [7,8] by

o Kok = Z Xy () + OEN 2% (4
H = —Z( ;"’ B.o + Hc) 3)

no The general expectation values follow from the relation

with .the. time-dependent Rabi freguency qf a given Rn.amp) = Kow a>*<XO'MB>t/<XO-O>t, (5)
polarization (A = 1) and a renormalized Rabi frequency

given by Q, = 2(u,E,) and Q, , = a,,,. From the with X (t) = 1 from the initial condition of the semicon-
form of the interaction H; it follows that the expectation ductor in its ground state. In order to calculate the o po-
values ()A(O;N,,,), can be expressed as a power series in the larization we consider the equation of motion for (B, ,):.
| Using the Hubbard operators it reads

0 . Q Qn oa
[ <Bn,0'>t = (wl,n,a' - IF) <Bn,a'>t Z Z Cn Tga B<XN,a;N+l,,B>t - ;,0 + Z Z £ <XNa N,6>t > (6)
ot N=1a.B N=la.B 2
with I
Ciﬁg;a.ﬁ = (Wn+18 — ONa — O1no)EnalBnolEniig), apd ) we see tt}at Eq 6) can 'be considered as a linear
differential equation with a (trivial) first-order source and
) .. . .
O ap = ZQ @ynolEnall = nige + naqolEng). nontrivial source terms of third and higher order. In the

following we restrict ourselves to the contributions up to

) third order. Then using Egs. (4) and (5) we see that only

We have introduced the dephasing due to degrees of free- X fl,), - and X;zc), have to be determined. As X 1,1,),,(,(1) obeys
dom not included (e.g., phonons) in a phenomenologi- Eq. (6) without the terms involving the summations one

cal way with the effective parameter I". Using Eqgs. (4) obtains

. t
Xino(®) = 5 f e i@ miIDE=OQ (1) dr'. ®)
The equation of motion for Xézl); reads
(2) (2 Qn
i _XZB (wZ,B - lFxx)X y - Z '12 <E2,B|Bn” a'”lEln 0‘>Xln Lals (9)
n',o’n",o"

where the biexciton phenomenological dephasing constant I'y, is taken in the following as 2I'. In og:}er to write the
second term on the right-hand side of Eq. (6) in a compact form we use the explicit result (9) for X5 z(¢) in order to
perform the summation of the biexciton quantum numbers 8. Then we obtain after a partial integration

a @51 t o o
Z Chn, ZT AL, BX2 E(I) = '5 Z {«)lDﬁﬁ';n,GBn’,U’BI”,(r”|0>X1,n’,o"(t)Xl,n”,rr”(t)
B

nl,o'l,n//,()'//
t 7 1o "
- lf —2F(1 t)Fno" Vo ( I)Xln’(r (tl)Xln”a'”(tl)dt/ . (]0)
: | . . .
Here we have introduced the operators Dj g0 = tween excitons as in the usual mean-field semiconductor
[Bsi.5,[Bn.o, H]] and the memory kernel Bloch equations (MFA) [9-12]. It is only nonzero for
[ + excitons with identical polarization and does not produce
Figno" (1) = ODazno(T)Dy oinrq10) - an polarization mixing. As Dj s...0(7)|0) = O the correlation

function F(7) can be written as a time-ordered product

The explicit form of the D operators is :
and standard Feynman diagrams can, be used, e.g., to set

Disne = Z UqA,-l,,;.(q)An,(,(—q), (12) up approximation schemes. From a diagrammatic analy-

q#0 sis to all orders the rigorous polarization selection rule

_ B + o + & = o' + o can easily be read off. As the opera-
Ano(Q) = g(q)k-q/ln-” Pr+ra/zno)Cik-a/20C2k+a/20 0 torg A,.»(q) can be expressed in terms of finite center of

(13) mass exciton operators B, ,(q), F(7) can be considered a

two-exciton correlation function. The fact that the third-

where U, denotes the Fourier transform of the Coulomb order polarizability can be expressed in terms of this cor-
interaction between the electrons. The first term on the relation function depending on a single time difference is
right-hand side of Eq. (10) describes the correlations be- due to the simplicity of the semiconductor ground state
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approximated by the vacuum state of the bound and un-
bound excitons [4,7].

In the limit of large dephasing a short-time approxima-
tion B, ,(q,7) = B, ,(q)e “»<@7 in the calculation of
F can be considered, which neglects the residual interac-
tion between the two excitons. This approximation, which
only involves simple equal-time ground-state expectation
values, already leads to polarization mixing. It does not
require the existence of a real bound biexciton.

For N =1 the last term on the right-hand side of
Eq. (6) provides the other third-order source term, which,
from Eq. (5), is bilinear in XV and is usually called the
state-filling term [9—12]. Its strength is determined by
U = 28008000 D.q PanoPanor P g1 Qo -

n,o;n’,o',n',a"

We have applied our theory above to a one-dimensional
Hubbard model of n sites, extended to two bands for
a semiconductor and to include a long-range interaction
between electrons from both bands on different sites in-
versely proportional to the distance. The correlation func-
tion was calculated by numerically solving for the time
evolution of the wave function D¥|0) in the site represen-
tation [13,14]. The number of sites n = 60— 160 used was
much larger than the ground-state spatial extent of the biex-
citon molecule. The dimension of the matrices involved,
2n3, was manageable because of the sparseness of the
Hamiltonian matrix. Figure 1 shows the time dependence
of F ij: (r)/F 1,‘: (0) on the fundamental time scale for the
ground-state excitons. The ultrafast intrinsic decay is due
to the superposition of the continuum of unbound biexci-
ton states, whereas for longer times only the bound-state
contribution remains. The binding energy of the bound
biexciton molecule is =0.1w,, where w, denotes the bind-
ing energy of the fundamental exciton resonance. The
corresponding normalized spectral distribution of the cor-
relation function is plotted in Fig. 2 with a dephasing of
I' = 0.1w,. The relative weight of the bound biexciton
peak is =0.04. The spectrum has a maximum at w =~ 4w,
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FIG. 1. Real (solid line) and imaginary (dashed line) parts
of the normalized correlation function F(7)/F(0) for the one-
dimensional semiconductor model.
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FIG. 2. Spectral distribution of the correlation function of
Fig. 1. The sharp resonance is due to the bound biexciton

molecule in the system.

which determines the fast time scale for the intrinsic decay.
The complete information about the correlation function
obtained for this model serves as the input for a three-
pulse degenerate four-wave-mixing (DFWM) experiment
[2]. We have used short Gaussian pulses with central
frequency at the fundamental exciton resonance. With
the direction and the polarization of the incident pulses
given by (ki, —), (ka, +), and (ks, —), the signal in the
(ks = k3 + k, — ki, +) direction is then due to the cor-
relations of excitons with different polarization; i.e., this
signal vanishes in the MFA and space-filling effects are
also absent at this order of the signal. Figure 3 shows the
time-resolved intensity, which is given by the square of the
nonlinear polarization of Eq. (6) of the signal with all three
pulses interacting with the semiconductor at 1 = 0 (solid
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FIG. 3. Time-resolved DFWM signal (I' = 0.0lw,) in the

cross-polarized configuration. Destructive interference of
bound and unbound biexciton states leads to a smaller effective
signal (solid line).
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line). The signal shows a sharp rise and the observed tem-
poral oscillation superposed on the decay of the signal has
the frequency of the binding energy of the bound biexciton.
This phenomenon can be explained by a ringing of the po-
larization due to the biexciton resonance, which is below
the energy of the two-exciton continuum. These oscilla-
tions occur also in the time-integrated signal of Fig. 4 for
negative delay; i.e., pulse 1 arrives last and the diffracted
signal contains the information from delayed stages of the
coherence decay only. In addition, the ringing does not
need additional biexciton or unbound two-exciton states,
which is demonstrated using the bound biexciton (short
dashed line) and the continuum contributions (long dashed
line) only in Fig. 3. The interference of bound and un-
bound states reduces the actual signal intensity due to de-
structive interference. This cannot be correctly described
in a few-level model. From the derivation of Eq. (6) we
conclude that these oscillations cannot be denoted as polar-
ization interference because the source term responsible for
this DFWM signal is due to correlations between the exci-
ton states (N = 1) and biexciton states (N = 2). We ex-
pect a similar behavior of the signal for higher-dimensional
semiconductor systems with a bound biexciton resonance,
because of a partial cancellation of dimensionality effects
in the expression of Eq. (12).

In conclusion, we have investigated the role of exciton-
exciton correlations in the weak nonlinear regime of
optical excitations in semiconductor systems, including
spin-dependent effects. We have demonstrated how the
correlated part of the many-body problem can be separated
from the dynamics of the nonlinear polarization, which
is different from recent approaches [4,5]. In addition
to the well known mean-field corrections, a two-exciton
correlation function has to be calculated to obtain the exact
third-order nonlinear polarization. In contrast to phe-
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FIG. 4. Time-integrated DFWM signal in the cross-polarized
configuration. The ringing with the biexciton binding fre-
quency occurs only for negative delay, i.e., pulse 1 arriving
after pulses 2 and 3.

nonemological approaches, which stress the importance
of real bound biexciton states in the common few-level
models [1,3], we showed that second-order contributions
in the exciton-exciton interaction can already lead to
significant polarization mixing in the exciton polarization
dynamics which is absent in a conventional mean-field
approach.

In an application of the formalism, we have calculated
the exact numerical DFWM signal in the cross circularly
polarized configuration for a one-dimensional semicon-
ductor. For resonant excitation of the fundamental ex-
citon resonance the signal shows oscillations with the
biexciton binding energy which are due to a ringing of
the semiconductor polarization for short-pulse excitations.
For ultrashort-pulse excitations, the nonlinear polariza-
tion is dominated by the continuum of unbound biexciton
states, which shows a fast intrinsic dephasing in the cor-
relation function.
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