VOLUME 74, NUMBER 22

PHYSICAL REVIEW LETTERS

29 MAy 1995

Lyapunov Exponents and Kolmogorov-Sinai Entropy for the Lorentz Gas at Low Densities

Henk van Beijeren
Institute for Theoretical Physics, Utrecht University, P.O. Box 80006, 3508 TA Utrecht, The Netherlands

J.R. Dorfman

Institute for Physical Science and Technology and Department of Physics, University of Maryland, College Park, Maryland 20742
(Received 21 December 1994)

The Lyapunov exponents and the Kolmogorov-Sinai (KS) entropy for a two-dimensional Lorentz
gas at low densities are defined for general nonequilibrium states and calculated with the use of a
Lorentz-Boltzmann type equation. In equilibrium the density dependence of these quantities, predicted
by Krylov, is recovered and explicit expressions are obtained. The relationship between KS entropy,
Lyapunov exponents, and diffusion coefficients, developed by Gaspard and Nicolis, is generalized to a

wide class of nonequilibrium states.
PACS numbers: 05.45.+b, 05.20.Dd, 05.60.+w

A standard model for studying irreversible processes
in classical fluids is the Lorentz gas, consisting of a
system of fixed hard disk or hard sphere scatterers placed
at random in space, with a particle that moves freely
between elastic collisions with the scatterers [1]. This
model of diffusion has been the object of considerable
interest, as a nontrivial system with irreversible behavior,
accessible both to mathematical analysis and to a study
of its transport properties by means of kinetic theory. It
has been possible to provide rigorous proofs that, under
reasonable physical assumptions, the Lorentz gas is at
least a K system and that the periodic Lorentz gas is a
Bernoulli system [2,3]. This implies that the Lorentz gas
has a well-defined equilibrium state and that a suitably
defined initial distribution will approach equilibrium.

The purpose of this Letter is to present a calculation
of quantities that characterize the dynamic properties of
random Lorentz gases. We illustrate the method for the
two-dimensional case and compute the positive Lyapunov
exponent A* and the Kolmogorov-Sinai entropy hys for
such a model in the limit of low density of randomly
placed scatterers for two cases: (1) The system is large
and has periodic boundaries (which we eventually allow
to move off to infinity), and (2) the scatterers are
distributed over a large finite area with an absorbing
boundary. The first case will allow us to verify a
conjecture of Krylov, discussed by Sinai and others [4],
that AT ~ 7iln /i, where 7 is the reduced density of
scatterers, 7 = na?, with n the density of the scatterers
and a their radius. The second case will show that the
Lyapunov exponents and Kolmogorov-Sinai entropy for
open systems have finite size corrections that can be
related to the coefficient of diffusion, as suggested by
Gaspard and Nicolis [5,6].

The starting point for our analysis is a result due to
Sinai [2], for the curvature of an expanding “wave front”
that describes the unstable manifold of the phase space
trajectory for the moving particle in the positive time
direction. For our purposes the essential ingredients in
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Sinai’s formula are the following: (a) The curvature « is
the inverse of the radius of curvature p, i.e., k = (p)~ L.
In the present two-dimensional case p may be interpreted
simply as the distance of two infinitesimally close particle
trajectories to their mutual intersection point, which, for
the unstable manifold, has to be located in the backward
direction. (b) Between collisions p increases linearly
with time as v¢, where v is the (constant) speed of the
moving particle. (c) Whenever the particle collides with a
scatterer, there is an instantaneous change in the curvature
according to k¥ = k7 + 2/acos¢, where k¥ = 1/p™ is
the curvature immediately after the collision, k= = 1/p~
is the curvature immediately before the collision, and ¢ is
the angle of incidence in the collision of the particle with
a scatterer, with —7/2 = ¢ = 7 /2 (see Fig. 1).

Suppose the trajectories go through collisions at times
T1,T2,...,Tn,.... Then the radius of curvature at time ¢
between 7, and 7, satisfies the relation

p(t) =vr + (—2— + L>71 @))

acosd,  pi/)

where 7 =t — 7, and p, is the radius of curvature im-

mediately before the collision with a scatterer at time 7,,.
The relation between the curvature p(¢) and the positive

Lyapunov exponent characterizing a particular trajectory

FIG. 1. The change in the radius of curvature at a collision.
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of the moving particle, for the two-dimensional case
discussed here, is given by the time average

t
1
At(r,v =lim£—f dr.
(r.v) ==t Jo p(r(r),v(7), po,T)

2)

In Eq. (2) the initial radius of curvature p, may be
taken to be any convenient value, since the initial value
will be unimportant for the time average. In general, this
time average will be difficult to compute. However, if the
system is ergodic, the time average can be replaced by an
ensemble average over all allowed positions and velocities
of the moving particle, i.e.,

() @

where p(r,v) is the limit of p(r,v,r) for fixed final
coordinates and ¢+ — o (this limit is independent of py). A
further important simplification is obtained by averaging
also over all allowed positions of scatterers (which we will
assume to be nonoverlapping). In that case we obtain an
expression for A* of the same form as Eq. (3), but now
the brackets imply an average over the scatterer positions
as well as over the position and velocity of the moving
particle. It is this expression that we wish to evaluate
for the cases described above. For the case of a large
system with periodic boundaries, there is no conceptual
difficulty with imagining p to be generated by an infinite

AT =

number of collisions in the past. For the open system, |

{9/t + v - V}P(r,v,p,t) = — v(d/3p)P(r,v,p,t)

w/2

+ V{—P(r,v,p,t) + %[ d¢f dp'cos¢ 5<p -
—7/2 0

we consider the limit for + — o of the set of trajectories
that do not escape through the boundaries of the system
before time ¢. Gaspard and Nicolis identify these as
taking place on the fractal repeller of the system. On this
set of trajectories we can imagine an infinite number of
past collisions generating p.

We calculate A* using Eq. (3) by expressing the aver-
age value in terms of a distribution function P(r,v,p,?)
such that Pdrdvdp is the probablility of finding a par-
ticle in the indicated ranges of variables at time 7. The
Lyapunov exponent can be expressed in terms of P as

At = ,ﬂ}ﬁ[ ip(r,v,p,t)dl'dVdp, @

where N(t) = [Pdrdvdp. For the closed system the
function P does not depend on r, v, or ¢, but for the open
system it does, as we shall see presently.

The probability distribution P changes in time both
through free streaming of the moving particle and through
its collisions with the scatterers. In a low density Lorentz
gas these collisions occur with an average frequency
v = 2anv. A collision of the moving particle with a
scatterer produces an instantaneous change in the radius
of curvature according to the result quoted in point (c)
above. As a result of these considerations, one can easily
show that the time evolution of the probability distribution
P is described by a Lorentz-Boltzmann type of equation
of the form

acose /2

1+acosq§/2p’) v, p%1)

(5

The first term on the right hand side of Eq. (5) describes the change in p due to free streaming, and the last two terms
describe the changes in P resulting from collisions of the moving particle with scatterers. The loss term assumes the
simple form —wv P, because both the speed of the moving particle and the density of the scatterers are constants. The
gain term counts collisions transforming precollisional coordinates (r’,v’, p’) into postcollisional coordinates (r, v, p).
The relationship between v and v’ is given by v/ = v — 2(v - ¢)¢, where ¢ is the unit vector in the direction from
the center of the scatterer to the point of impact of the moving particle at the collision (see Fig. 1). The usual Lorentz-
Boltzmann equation [1] is obtained from Eq. (5) by integrating it over all values of p, provided P satisfies the condition
that P — 0 as p — 0. We require that the solutions to Eq. (5) satisfy this condition, since the free streaming current
always leads to larger p, and there is no influx at the origin from negative values of p.

In this paper we only want to solve Eq. (5) to lowest order in a systematic expansion in powers of the reduced
density of scatterers, #i = na®. Since the typical values of p’ in Eq. (5) are of the order of the mean free path
¢ = v/v = 1/(2na), the term acos¢/p’ occurring in the denominator in the delta function in Eq. (5) is of order 7
and may be neglected compared to 1. The corrections can be shown to be of relative order 7 In7i. Then the integration
over ¢ can easily be performed and Eq. (5) reduces to the simpler form

{0/t +v - V}P(r,v,p,1) = — v(3/ap) P

+ V{_P + i@(1 — a')—z—-— f dp'[P(p',r,v/ 1) + P(p',r,v’_,t)]}, (6)
a (1 — o)/2 Jy

where O is the unit step function and o = 2p/a. Both velocities v’ are precollisional velocities, with scattering vectors
¢ satisfying v - ¢+ = vo.
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We first consider the equilibrium system with periodic disks becomes small. The coefficient of the order 7 term
boundary conditions. In this case the solution to Eq. (6) is new.

does not depend on r, v, or ¢, an(d this equation reduces to Next we turn to the calculation of the Lyapunov

_2v00( —-0) (7 / exponent for the fractal set of trapped trajectories on a

(wo/op + v)P(p) = a(l — o?)1/2 dp'P(p?). ﬁnri)te area with absorbing boundal;g [9]. JSince almost

N every trajectory of the moving particle starting on this area

The solution to this equation is simply obtained as  1eads to escape, we have to construct a nonequilibrium

P(p) = cont,fo(p)8(lv] — v), where n¢, is the equilib-  solution of Eq. (6) and compute A* using Eq. (4), taking

rium density of the moving particle, and ¢ = 1/(27v)  thelimit 7 — . The appropriate solution of Eq. (6) is the

is the normalization of the velocity distribution. To low- Chapman-Enskog hydrodynamic solution [10] which is
est order in 7, fo is completely determined by the local density of the moving
(1/€)e0/¢ p > a2 particle, and the density gradients. Thus we look for

folp) = A/00 - (1 — o)), p <a/2. (8)  solutions of the form

Notice that up to corrections of relative order 7, this P(r,v,p,t) = cod(lv] — v)
solution is continuous at p = a/2, and satisfies the proper
normalization condition f;oP(p)dp = cons, 8(lv] — v).

From Egs. (4) and (8) the Lyapunov exponent follows + pa(r,v,p, 1) + oo}, (10)
immediately as

X A{po(x,v,p,t) + pi(r,v,p,1)

where p; is proportional to the ith gradient of the local
AT =2nav(l — In2 — C — Inf) fori <1, (9)  density of the moving particle. The lowest order solution

where C is Euler’s constant. By Pesin’s theorem for closed 18 the local equilibrium solution

systems, it follows that hixs = A™. This result agrees with V. p.1) = no(r.t 11
the conjecture of Krylov, and we have determined the polr.v.p.1) n( Dfolp). an
terms both of order 7ln7i as well as of order 7. The where f, is given by Eq. (8). The first order equation
coefficient of the 7iIn#i term agrees with a similar result is obtained by consistently keeping all terms in Eq. (6)
[7,8] obtained for the periodic case as the radius of the which are first order in the gradients, and is given by

fO(P)(a(l)/a[ + v V)nm(r’t) = - U(a/ap)Pl(rsV’P’t) + V|:_p1(r’vvp’[) + %6(1 - 0-):|
X m fo dp'lpi(e,vi, p's1) + pi(r,ve, p',1)]. (12)

Here the term (9 /1) n,,(r, t) is the first order gradient term in the hydrodynamic equation for the local density of the
moving particle. This term is zero, and is dropped. As the collision operator does not change the tensorial character in
v of the functions on which it operates, we may set p;(r,v, p,t) = fi(p)v - Vn,(r, 1), with f; satisfying

_ 2 o
fo+ wafap + nfi = 01 = ) ZEL=3T) [ Capisi(p). (13)

The solution to Eq. (13) can be determined to lowest order in 7 by noticing that f; must be continuous at p = a/2,
since the right hand side of the equation contains no delta functions. We then find that

(p) = {—(l/v@pe*"/f + (1/4v)e—*/t, p>al2, (14)
filp) = 1/40){1 — (A — D)2 + 20}, p < a/2. (15)

Again, we have used the condition that f;(p) — O as p — | and we find that f,(p) satisfies the equation

0. Proceeding to second order, we find that application of 5

v-Vtop l::gads to a term that as a functionpgfv can be folp)D + W7/2)f1(p) + (v + vd/3p)falp) = 0. A7)
separated into a traceless tensor of the second degree in ~ Here we have imposed a solubility condition in the
v and a scalar part. Consequently, p, can be separated ~ Chapman-Enskog method which requires that [ f>dp =
into a scalar part pj and a part proportional to the 0. The quantity D appearing in this equation is the low
traceless tensor vv — (v2/2)1. For the determination of density value of the coefficient of diffusion of the moving

the Lyapunov exponent only the scalar term is important,  particle, which is given by D = (3/8)¢v. N
since the traceless tensor part yields zero on integration From Egs. (4), (11), and (16) one finds the positive
over v. Thus we write Lyapunov exponent as (Vo 0)
o+ . KU nu(r,t)dr
3, v, p, 1) = Vinu(e,0f>(p), (16) AT =29 + lim N () U9
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where Ay is the closed system value, (9), and k, = fooo(l/p)
f2(p)d p = —€/4. Using Fick’s law expressing the diffu-
sion current as j(r,t) = —DVn,(r,t), defining the es-
cape rate as E = lim,—.[1/N(t)] [, j(r,t) - A dS, with A
denoting the boundary of the system and f the unit vec-
tor pointing outward from the boundary, and employ-
ing Gauss’s law, one can reexpress A" in terms of E as

AT = A — xuE/D = A + (2/3)E. (19)

We have thus shown that the Lyapunov exponent for
a random, two-dimensional Lorentz gas can be calculated
for both closed and open systems, that this calculation can
be done using standard methods from the kinetic theory of
gases, and that the results are consistent with the escape-
rate formalism employed by Gaspard and Nicolis in their
discussion of diffusion [5]. Finally, we can obtain the KS
entropy for the system with absorbing boundaries from
the well-known relation [11] hxs = Z/a Ay — E, where
the sum runs over the positive Lyapunov exponents only.
Collecting the previous results we find

hgs = hik — (1/3)E (20)

with h;é))s the KS entropy of the closed system.

We conclude with a few brief remarks. (1) This method
can be extended to higher dimensions, to higher densi-
ties, and to more complicated processes where all of the
particles are moving. One needs to work out the kinetic
theory for the appropriate Boltzmann-like equation to do
so. Work in these directions is in progress. (2) One of
the most remarkable conclusions to be drawn is that for a
two-dimensional Lorentz gas the Lyapunov exponents and
KS entropy can be expressed as ensemble averages of a
static local quantity, the local curvature 1/p(r,v). How
far this can be generalized to higher-dimensional systems
is presently under investigation. For the two-dimensional
Lorentz gas Lyapunov exponents and KS entropy can be
defined for arbitrary nonequilibrium ensembles through
Eq. (3), and the approach to equilibrium of these quantities
can be obtained from the time evolution of these ensem-
bles. (3) In our derivation of the relationship (19) between
the nonequilibrium positive Lyapunov exponent and the
escape rate we only used Fick’s law and we did not have
to specify the precise nature of the boundary conditions.
Hence, this relationship is generally valid, as long as the
state of the system can be described by a Chapman-Enskog
type hydrodynamic distribution function. The system size
must be large so that higher order gradient and boundary
layer corrections may be neglected. We may also conclude
that deviations from the equilibrium values occur only for
a nonvanishing escape rate, at least in the absence of exter-
nal force fields. (4) Our results are the analogs for a con-
tinuous system of closely related calculations for Lorentz
lattice gases by Ernst, Dorfman, Nix, and Jacobs, reported
in the following Letter [12]. The Lorentz lattice gas is
simpler to study since it can be studied as a Markov chain,
and it is very amenable to computer simulations. The two

systems are close in spirit, and the methods to treat them
have many similar features. Finally, it is a pleasure to
note that Boltzmann’s equation is useful for determining
features of the chaotic dynamics of many particle systems
that are ultimately responsible for the irreversible behavior
that Boltzmann understood at a very deep level.
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