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Forward Directed Smith-Purcell Radiation from Relativistic Electrons
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The requirements for the generation of forward directed Smith-Purcell emission from relativistic
electrons are introduced, and the first experimental evidence of this phenomenon is presented. The
experiments were conducted with a 2.8 MeV/c electron beam interacting with a 1 cm period grating.
Radiation emitted in two bands with wavelengths ranging from 600 to 650 p, m and 1.2 to 1.7 mm were
measured. Grating period to wavelength ratios were as high as 16. The measured intensities are higher
than that predicted by incoherent emission.

PACS numbers: 41.60.—m, 41.75.Ht, 42.79.Dj

The characteristic signature of radiation produced by
energetic electrons is a peaking of the emission spectrum
along the direction of the electron momentum. Thus it
is to be expected on general grounds that Smith-Purcell
radiation produced by relativistic electrons will exhibit
this structure as well. In this limit the source will have
a very small effective area, and a narrow angular range
will contain a large frequency range, both of which
are very desirable properties for potential spectroscopic
applications. The first experimental evidence of forward
emission from relativistic electrons will be presented in
this Letter.

In their report on radiation produced by electrons skim-
ming over a diffraction grating, Smith and Purcell [1] in-

troduced the expression

A = [1/P —cos(0)],
l

ini
(I)

which relates wavelength A, grating period l, the relativis-
tic velocity of the electron p, the emission angle 0, and the
diffraction order ~n~. The emission angle is measured rela-
tive to the axis established by the electron's momentum.
Equation (1) may be deduced from a Huygens construc-
tion, and the expression is valid in either the nonrelativis-
tic or relativistic limit. When p 1, forward emission at
0 1/y (y being the relativistic factor I/Ql —p ) will
result in wavelengths that are much shorter than the grat-
ing period. In order to maintain good coupling between the
electron beam and the grating for emission in the forward
direction, additional constraints must also be satisfied.

The angular distribution of the power radiated into the
nth order from electrons moving over a grating is given
by an expression of the general form

dP„eln2LP sin (0) cos2(@) 1+N, n
dA 2l eo [1 —P cos(0)]

X exp[ —u (0, @)xo] ~ R, (0, @)~ (W/sr), (2)
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FIG. 1. Diagram showing the coordinate system and angles
which define the direction of the emitted radiation. The beam
axis is in the g direction, and x is normal to the grating plane.
0 is the polar angle, and @ is the azimuthal angle.

where I. is the total grating length, I is the beam
current, e is the charge of an electron, N, is the number
of electrons per bunch, ep is the permittivity of free
space, n is related to the electron bunch length .v by
n = 2' ~n~cr/l[l —p cos(0)], and xo is the beam height
measured from the highest point on the grating surface.
An expression similar to Eq. (2) was first published by
Toraldo di Francia [2], and many general considerations
relating to the intensity of the emission were addressed
originally by Smith [3]. Equation (2) can be derived also
from an elementary model of the emission mechanism [4].

The coordinate system and emission angles 0 and @ are
illustrated in Fig. 1. The wavelength depends only on the
polar angle 0, and it should be noted that the solid angle
df1 and signal bandwidth duo are related through Eq. (1).
Equation (2) is derived using a delta function beam
located at x =. xp, y = 0. This is a good approximation
for an extended beam if the mean beam height satisfies the
condition xo ( pyIt/4'. If this condition is not satisfied,
an integral over the beam distribution must be substituted
for the exponential term.
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The function g(n) is introduced in order to account for
possible intensity enhancement due to temporal coherence
of the electron bunch. This concept was first discussed
during the early development of synchrotrons, where it
was suggested that it could be a possible mechanism for
substantial energy loss [5].

Exclusive of the ~R„(0, P)~ term, the angular distri-
bution of the radiation is determined by the two fac-
tors sin (0) cos~(P)/[I —P cos(0)]3 and exp[ —K(0, $)xp].
When 0 ~ I/y the dependence of the first of these terms
scales as y near its peak, and the peak narrows in pro-
portion to I/y3. For relativistic electrons the peak can
be sufficiently narrow so ~R„(0, @)~

is approximately con-
stant and contributes little to the angular variation in this
range. The exponential factor exp[ —lrxo] is a consequence
of the fact that the electron beam couples with space har-
monic fields on the grating which have a phase velocity
less than the speed of light. The evanescent scale is [4]

2'
Ir(0, @) =

c y

or, invoking Eq. (1),

4~~n~gl + [Py sin(0) sin(P)]~

y[1 —P cos(0)]l

1 + [Py sin(0) sin(@)]2, (3a)

(3b)

It follows from Eq. (3b) that in the limit 0 I/y, P ~
1, the scaling 4~xo/I = I/y must be maintained in or-
der to prevent the exponential factor from cutting ofFf

the emission in the forward direction. Thus the possi-
bly surprising conclusion is reached that I must become
quite large in order to maintain good coupling for small
emission angles. The emitted wavelength in this limit
scales as A = l/y .

The only factor not yet discussed is ~R, (0, $)~ which,
in essence, is a measure of grating efficiency. The concept
was first introduced for Smith-Purcell radiation by Toraldo
di Francia [2], and later van den Berg [6] devised a method
for calculating ~R„(0, @)~2. The van den Berg approach
is straightforward but numerically intensive when wave-
lengths are much shorter than the grating period [7]. Since
in this limit the grating period is long in comparison with
the emitted wavelength, the grating falls into a class known
generally as an echelle [8].

The experimental investigations were conducted on the
Accelerator Test Facility (ATF) low-energy beam line at
Brookhaven National Laboratory [9]. The beam line con-
sists of a 12 cell rf photoinjector, profile monitors, mo-
mentum slits, a dipole magnet, and focusing quadrupole
magnets, as well as horizontal and vertical steering mag-
nets. The momentum was tuned to 2.8 MeV/c (y = 5.6).
The ~-mode S-band injector contains a photocathode
which was operated in an explosive electron emission
mode. Explosive electron emission results from irradi-
ating the cathode with a reduced spot size of a frequency-
quadrupled Nd: YAG pulse so that higher laser power
densities on the cathode are achieved [10]. The macro-

pulses are typically 20 ns long (57 rf buckets) and con-
tain 2 nC of charge. The repetition rate was 3 Hz. The
micropulses are 20 ps long and separated by 350 ps. The
measured emittances are on the order of 4m mm mrad and
peak currents are typically 1 —2 A.

The optical collection system is one used previous y1

[11]. As shown in Fig. 2, the Smith-Purcell emission
from the grating is rejected off a rotatable plane mirror
onto an off-axis parabodial mirror (OAPM). Adjusting
the plane mirror angle allows the selection of the desired
observation angle and therefore the wavelength of the
Smith-Purcell radiation. The OAPM focuses the radiation
into a light pipe which transports the signal to an optical
table. The light pipe was not evacuated.

A beamAag consisting of a phosphor painted aluminum
surface was mounted at the front of the grating assembly
to allow viewing of the beam profile by a video camera.
The video signal was analyzed by a SPIRICON imaging

dhsystem which allowed a measurement of the beam wi t,
height, and charge distribution. The beam was approxi-
mately Gaussian in both directions with a width of 1.2 cm
and a thickness normal to the grating of 0.75 mm. The
grarating height was adjusted so a small fraction of the
beam was intercepted by the grating.

The optical collection system was originally designed
0for viewing emission angles larger than 30, but for

this experiment it was modified to allow collection at
smaller angles. The collection system's angular width
was approximately 10', and the emission spectrum was
centered about the nominal collection angle.

The spectral content of the radiation was analyzed
with a Czerny-Turner monochromator and detected with
a liquid helium cooled InSb bolometer. The detector and
amplifier system responsivity was calibrated at 623 p, m
with a 5000 K mercury arc lamp and the monochromator.
The measured responsivity was 862 V/W for radiation
pulse lengths much longer than the response time of the
crystal. The responsivity was also measured with an
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FIG. 2. Geometry of the Smith-Purcell collection system.
The dashed lines indicate the path of the emitted radiation and
0 defines the emission angle.
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optically pumped far-infrared laser at a wavelength of
432 p, m, and when the responsivity was corrected for
the wavelength dependence of the responsivity the value
agreed well with the arc lamp calibration. Since the
radiation signal (20 ns) is only a fraction of the response
time of the detector crystal (180 ns), the detector serves as
an energy detector rather than a power meter. Integration
of the detector signal gives the energy deposited on the
crystal. However, since the bolometer signal has a very
sharp rise and falls off exponentially as the electrons
relax to the lattice temperature, the area under the curve
is simply the signal amplitude times the relaxation time.
This allows the computation of an effective responsivity
of the detector which is

20 ns
R,rr = 862 V/W X = 95.8 V/W.

180 ns

The signals were averaged over 16 shots on a Tektronix
2431L digital oscilloscope.

An aluminum grating 1.69 cm wide and 17 cm long
with a period of 1.0 cm and a blaze angle of 5' was
used to investigate forward emission. It was oriented
(Fig. 2) such that the electron footprint moves up the
shallow slope of the grating. In addition to the grating
just described, wavelength measurements were conducted
with 30' blaze gratings which had periods of 1, 2, and
4 mm and 20 blaze gratings with periods of 2 and 4 mm.
Measured emission angles ranged from 18 to 140 . The
measured wavelengths, shown in Fig. 3, are in excellent
agreement with the predictions of Eq. (1).

Forward emission observations were made at nominal
collection angles of 18' and 30 . The 30 orientation was
chosen because that was the smallest angle for which good
collection efficiency could be expected [12]. The 18'
setting was examined because it is near the peak of the
power spectrum as given by Eq. (2) in the limit +(n) =
0. The spectral content of the two settings are shown in
Figs. 4 and 5. The detector signal was normalized to the
charge measured at the Faraday cup to reduce the small
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FIG. 4 Plot of the experimentally measured radiant intensity
at the nominal 18' collection angle. The experimental mea-
surements have been scaled by a factor of 2 to account for the
intensity from the entire grating.

0.016

effect of shot-to-shot variations of about 15%. A linear
relationship between the signal and charge was assumed
for this normalization.

In other experiments [13—15] where the long pulse na-
ture of the electron beam makes the limit g(n) 0 appro-
priate, the results indicate that the predicted and measured
powers are comparable. Thus Eq. (2) is a reliable predic-
tor of the spontaneous emission from a group of uncorre-
lated electrons. For our experiment the measured power
was significantly higher than the prediction of Eq. (2) for
+(a) = 0. The macropulse average powers measured at
the detector were 62.6 p, W for a wavelength of 0.623 mm.
For the 18' setting only the back half of the grating, or
about eight periods, was collected by the collection system
so the power from the entire grating would be a factor of
2 higher. At 30 the measured power was 70.7 p, W at a
wavelength of 1.32 mm.
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FIG. 3. Plot of predicted vs experimental wavelengths.
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FIG. 5. Plot of the experimentally measured radiant intensity
at the nominal 30' collection angle.
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In order to compare the measured power with that pre-
dicted by Eq. (2) a calculation of ~R ~(0, 0)~ is needed.
Following the integral method of van den Berg, a Fourier
series method code was developed to perform the nec-
essary calculation. For a wavelength 16 times smaller
than the grating period there are 32 radiating harmon-
ics. This implies that the Fourier series should contain
about 64 harmonics with each harmonic being the sum of
128 terms [16]. The calculation of ~R ~ (0, 0) ~

including
101 harmonics and 202 terms gives ~R ~(0, 0)~ = 0.135
at 17.4, corresponding to a wavelength of 0.623 mm at an

energy of 2.3 MeV. At an angle of 27.8, corresponding
to a wavelength of 1.32 mm, ~R ~(0, 0)~ = 0.210. van
den Berg also derived an equation which serves as a con-
servation of energy check between the radiating orders
and the incident evanescent wave which was satisfied to
less than 5% for the calculation. The value of ~R t(0, 0)~2

varies between 0.125 and 0.175 over the range in Fig. 4
and between 0.20 and 0.33 over the range in Fig. 5.

In the limit +(ct) = 0 (no coherence) the emission lev-
els predicted by Eq. (2) for the experimental parameters
(I,„s = 0.108 A, I = 17 cm, l = 1.0 cm, P = 0.9838,
xo = 0.3 mm) is 27.6 p, W/sr for 0.623 mm (0 = 17.4')
and 19.6 p, W/sr for 1.32 mm (0 = 27.8 ). The de-
tected solid angles of 0.012 sr at 17.4 and 0.0054 sr
at 27.8' are determined by the bandwidth passed by
the monochromator, which through the Smith-Purcell
relationship determines the range of the polar angle,
and the plane mirror width which determines the az-
imuthal angular range. These values for the solid
angles lead to emission power levels of 0.33 p, W at
0.623 mm and 0.11 p, W at 1.32 mm. The measured
power levels exceed the predictions by a factor of al-
most 200 at 0.623 mm and by almost 700 at 1.32 mm.
Including losses from the collection system and spec-
trometer would make these ratios even higher. The
leading candidate for explaining why the observed powers
exceed predictions based on single particle theory is tem-
poral coherence of the emission process. If the electron
bunch was Gaussian, coherent enhancement would not
be expected at wavelengths shorter than the electron
bunch. But if the bunch had an alternative profile such
as rectangular, the coherent enhancement would have a
higher harmonic content which would extend the coherent
enhancement to shorter wavelengths and produce peaks in
the emission spectrum similar in width to those measured.
Coherent emission would also be consistent with the
observation that the ratio of measured to predicted is
higher at longer wavelengths. Estimating the collection
and detection efficiency to be 5%%uo would imply a coherent

enhancement of -104. This is significantly less than
the —108 electrons in the microbunches, suggesting only
partial coherence.

It is interesting to compare the Smith-Purcell emission to
a conventional source of far-infrared radiation. A black-
body at a temperature of 5000 K and the same effective
area as the grating emits only 0.345 p,W in the bandwidth
defined in Fig. 4. The Smith-Purcell macropulse signal
is more than 2 orders of magnitude larger than the black-
body. This ratio is similar to that achieved by synchrotron
radiation in the far-infrared [17],which in recent years has
become a very important tool for Fourier transform spec-
troscopy research in this spectral regime.
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