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Triple Transition QI( j1) + QI( jz) + QI( j3) near 12466 cm in Compressed Hydrogen
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We use the model of the overlap-induced, irreducible, ternary dipole (OITD) component of three
interacting H2 molecules [Phys. Rev. A 49, 4508 (1994)] to calculate the intensity of the triple Q~

transition, observed by Reddy, Xiang, and Vaghese [following Letter, Phys. Rev. Lett. 74, 367 (1995)]
in compressed hydrogen gas in absorption near 12466 cm '. Such simultaneous transitions in three
interacting molecules are thought to arise from irreducible, ternary dipole components. The calculated
intensities agree with the measurement within a factor of 2 or 3, which shows once more that the OITD
model is capable of describing ternary spectroscopic interaction in remarkable detail.

PACS numbers: 33.90.+h, 05.40.+j, 34.90.+q, 51.50.+v

One might say that studies of irreducible three-body
interactions are at a stage at which it is largely agreed
that they are important but reliable theoretical predictions
of their magnitude hardly exist, certainly not for the
close range of intermolecular interactions (in the repulsive
region). Previous work [1,2] deals with the effect of
three-body interactions on virial coefficients of high
density fluids and on the lattice structure at high densities.
The effect on the neutron scattering structure factor has
also been considered lately [3], but not much direct
evidence of irreducible three-body interactions has yet
emerged, because in those cases three-body effects are
relatively small corrections to the pairwise contributions.

In this Letter we analyze the effect of irreducible
three-body interactions through the interaction-induced
dipole moment. In clusters of two or more molecules
the interaction-induced dipole moment arises from the
same basic mechanisms as the intermolecular forces.
Specifically, dipoles are induced, for example, by the
polarization of one molecule in the electric multipole field
of another molecule, and by momentary rearrangement
of electronic charge in the presence of exchange and
dispersion forces during collisions [4,5]. It is clear that
irreducible three-body contributions to the interaction-
induced dipole moment are direct evidence of similar
contributions to the intermolecular potential.

The main effect of the interaction-induced dipole mo-
ment is that nonpolar gases such as hydrogen absorb
infrared radiation in the broad vicinity of the rotovibra-
tional transition frequencies of the interaction molecules,
and also at sums and differences thereof [6,7]. We
may expand the integrals of the absorption profile, y =
JA(to) dao, in powers of the gas density g,

r = y'"e + y"'e'+ y"'e' +

(virial expansion). The yl" l represent the n-body contri-
butions [8,9]. In the case of nonpolar gases, the leading

coefficient y(') vanishes. In gases of moderate density, it
is thus not too difficult to measure the absorption by bi-
nary and ternary molecular complexes separately, making
use of the different density dependencies.

Detailed theory and measurements of binary induced
dipole surfaces [10,11] and their absorption spectra [6,7]
exist. Ternary dipoles and their spectra, on the other
hand, are less well studied, but are becoming the subject
of intense research efforts [12—15]; see also articles by
Birnbaum, Moraldi, Zoppi, Weiss, and Frommhold in
Ref. [16].

The dipole moment of three interacting molecules con-
sists of a pairwise additive and an irreducible component
[9]. We know well the dipole surface of H2 pairs [17],
so that reliable information concerning the pairwise addi-
tive dipole components of ternary complexes (H2-H2-H2)
exists [14]. We are thus able to calculate the pairwise
additive part of the spectral moment y~ . The compari-
son with Hunt's remarkable measurement [18] of the
ternary absorption in the fundamental band of compressed
hydrogen shows an absorption defect of theory which
increases much with temperature, that is compelling evi-
dence for the presence of an irreducible ternary dipole
component (which was neglected in that calculation [14]).
The striking increase with temperature suggests an irre-
ducible dipole component of the overlap-induced type.

Recent work [15] considers various irreducible ternary
dipole mechanisms and models in particular the overlap-
induced, irreducible, ternary dipole (OITD) components
with the help of Drude's one-effective electron approxi-
mation [15,19]. When we combine the OITD model with
the pairwise additive dipole component of our previous
work [14], theory is capable of reproducing Hunt's mea-
surement reasonably well, including the striking increase
of ternary absorption with temperature seen in the mea-
surements [15]. A similar OITD model was also success-
ful in reproducing other many-body spectral features (the
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intercollisional dip [12]). We could also show that sev-
eral other irreducible components, e.g. , the quadrupole-
induced dipole-induced dipole (QDID), are not significant
and do not mimic the observed temperature variation [15].

To a greater or lesser extent, however, all previous
work was affected by the fact that the observed, irre-
ducible three-body effects amounted to a correction of the
pairwise contributions. As a consequence, the measure-
ments of the irreducible dipole components were indirect,
and the uncertainties of the results were often substan-
tial. It is, therefore, noteworthy that recently a more di-
rect measurement of irreducible three-body components
of the interaction-induced dipole moment has been re-
ported: an interaction-induced vibrational triple transition
near 12466 cm ' in compressed hydrogen, whose inte-
grated intensity varies as density cubed [20]. The transi-
tions are of the type

Ql( ji) + Qi( j2) + Qi( j3),

i.e., a single photon is absorbed, and three interaction
H2 molecules go simultaneously to their lowest excited
vibrational states without changing their rotational states.
It has long been believed that irreducible ternary dipole
components give rise to triple transitions [9,21], but
experimental evidence of triple transitions did not exist.
The expansion of Eq. (1) is valid also for the triple
transitions, but in that case both y~'~ and y~ ~ vanish.

It is thus desirable to determine whether the other-
wise very successful theoretical model of the irreducible
ternary dipole component [15] is capable of explaining the
new measurement [20] as well. The integrated intensity
of the triple transition is related to the dipole correlation
function at zero time, V2(p, (123) ps(123)). That quantity
is here divided by 6 and named Mo. For transitions of the
type, Eq. (2), we have

8 is given by the triple integral [14]

LN
IJ, J,J,PJ = 8~ R dR R' dR' sinO dO

X go (RR 8)~ Bg'g g pg(RR 0)~ (5)

go (RR'0) is the three-body distribution function, where
R, R', and R" with

R" = (R + R' —2RR'cos8)'

are the separations of molecules 1 2; 1 3, and 2 3,
respectively, and O is the angle subtended by the vectors
R and R'.

Since the early days of collision-induced absorption,
irreducible ternary dipole components were often thought
to be due to the QDID mechanism [8,9]: The electric
quadrupole field of molecule 1 polarizes the nearby mole-
cule 2, and the electric dipole field of 2 in turn polarizes
molecule 3, thus creating an irreducible, ternary dipole
in molecule 3. For triple Qt transitions, the associated
dipole transition matrix element may be written [14]

B2ooqq = 3m2n Q2W(2312; 1L)
1

1 1x ——
4 Xi~((p) —,4 ZI ~(6, p), (6)

L—N N LN
&w, w, ~, AJ

= ( 1)

where n and Q2 are the vibrational matrix elements for
the v = 0 v' = 1 transition of the isotropic polariza-
bility n and the quadrupole moment Q2 of H2, respec-
tively; the functions X and Z, etc. , are defined elsewhere
[15]. The parameter L assumes values of 1 and 3, and
since N varies from —L to L, we are looking at ten 9
coefficients. But because in general

only six integrals I N are computed for an evaluation of
the spectroscopic QDID contributions [14].

In agreement with previous conclusions [15], we will
see that the QDID mechanism is much too weak. We
therefore consider the two OITD components relevant for
triple Q~ transitions. We see that the dipole component
arises as a result of exchange forces. We will use the
Drude model, the same model that we have employed
for the calculation of ternary moments in the fundamen-
tal band that has given satisfactory agreement with ex-
perimental results. The charge distribution of each of the
three interacting molecules is simulated by a single ef-
fective electron with an exponential wave function of the
width 2/P, which is to be determined by comparison with
known quantities. Usually Gaussian functions are used
with Drude's model, because of ease of handling. Ex-
ponential functions are, however, more realistic and thus
preferred, sacrificing some of the ease of handling in the
process.

(3)

Mo is related to y~ ~ by

(4)

In this expression Z = p, nj(2j + 1) exp( E, /kT) is the-
rotational partition function, n, are the nuclear weights,
C(. .) are Clebsch-Gordan coefficients, and EJ are the
rotational energies of the H2 molecule. The statistical
averages of the irreducible spherical dipole components

1
Mo = — g I,'...,,A, g n, , Z

' exp( E, , /kT)—
6

AI A2A3 A JLN Jl J2J4

X (2ji + 1)C(jinni ji, 000) n, ,Z ' exp( E,,/kT)—
(2j2 + 1)C(j2A2j2, 000) n~, Z ' exp( EJ,/kT)—

X (2j3 + 1)C(j3A3j3, 000)
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The width 1jp of the charge cloud is assumed to be a
function of the vibrational coordinate. The electronic wave
function of the supermolecular system is the Slater deter-
minant. An induced quantity is obtained by the matrix
element of the appropriate operator, which is thus a func-
tion of the widths of each exponential wave function and
of the vibrational coordinates. If vibrational transitions are
involved, as it is the case here, the derivatives with respect
to the vibrational coordinates of the interacting molecules
are also needed (see [15] for details).

Here we consider two main components for the ex-

change dipole moment. One arises from the polariza-
tion of a molecule in the interaction-induced quadrupole
moment created by exchange interaction in two other
molecules. The field created by the induced quadrupole
moment is simulated by two antiparallel dipoles residing
in the two molecules. That contribution is called ADID,
for antiparallel dipoles-induced dipole. There is no such
contribution from two-body induced dipoles because of
symmetry reasons, but higher-order rnultipoles might be
created, though they are expected to give negligible con-
tributions. Specifically, the ADID components are

Q(R)cz 1 —3(cosO)
00000 2R R /3

1 —3(cos P)2
R«3

Q(R') n 2 cosO cosO —3 cos(P —O) cosP+
2R/ R3

Q (R")n 2 cos P +
2R//

cosP —3 cos(P —O) cosO

3Q(R) n sinO cosO

2~2R R'

Q(R«)n sin P
2~2R«

sing cosP Q(R')a sin O

2~2R' R

sing —3 cos(P —O) sinO
R/3

sinO —3 cos(P —O) sing
R«3

(9)

which with Eq. (7) gives three 9 terms so that only two integrals / must be computed. The exchange-induced
quadrupole moments Q(R) are computed with the help of the Drude one-effective electron approximation, with the
result

(p'&' 8 2 1 3 11 x 197 x x
Q(R) = ——eR

5 2Mcop (P j exp( —PR) 1+x+ —x + —x + — +
21 21 32 315 128 315 1260

+

J1J2J3 1
Mo =

6
P(ji jz j3)

X 3C( j)2J, ;000) Q/2oo22 + g Ioooop
'

(12)
where P(j~, j2, j3) is the probability that three molecules
are in the rotational states jt, j2, and j3, without
specifying which of the rnolecules is in a particular
rotational state. At the lowest temperatures the only
rotational states populated are those with j = 0 and
1. There are four of these states that can be labeled
according to j as (j~, j2j3) = (111, 110, 100, 000). The
four 3Q& transitions just mentioned appear at the frequen-
cies of 12465.8, 12471.7, 12477.6, and 12483.5 cm ',
respectively. Owing to the short duration of ternary
collisions, these lines are very diffuse and cannot be
resolved spectroscopically. We compare, therefore,
the observed integrated intensity with the sum of the
above four moments Mp, Eq. (12). The first one of the
two sums in Eq. (12) consists of the ten QDID terms,
and the second sum is over a total-of six ADID and
OVID terms.

n s are
9e (P'l
2 i, P) 2Mcoo

/ //X+X+X]o
X exp —

ooooo x, x, x
2

9e (pf1'
2~2 ( P j 2Mcuo)

/ //X + X + X ]) / «X exp
2 fooooo(x x ~ x )

with f functions going to zero when the separations go
to zero. Details of these calculations will be given in a
forthcoming paper.

We write the coefficient of density cube, !03, of
the integrated absorption intensity for transitions of the

We introduce the abbreviations x = pR, x' = pR', and ! type (2) as
x« = pR", where p = 2.446 a.u. is the reciprocal range
parameter of the exponential wave function and p' =
—3.856 a.u. is its derivative with respect to the bond
distance; see Ref. [15] for details. Finally we have also
a purely exchange (OVID) term, arising when all three
molecules are close to each other at distances comparable
to the single electron width.

In the case of triple Q~ transitions, the OVID expres-
sio
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TABLE I. Results.

T
(K)

77
125
195
300

265
311
403
562

7.4
7.9
9.0

10.9

44 4
48 ~ 8
51.3
46.2

Calc. Meast. '
y"'(30')

(10 '4 cm ' amagat 3)

1.3
1.6
2.0
2.8

0.71

0.88b
0.88'

'From [20].
'At 201 K.
'At 298 K.

OITD QITD Total
I N ~ LN

~N 100000 MLN I20022 Zj Mp

(10 erg cm6amagat ')

of 2 or 3, observed and calculated intensities of the 3Q~
transition are consistent. The model of the OITD compo-
nent [15], which was heretofore shown to be successful
to describe the intercollisional dip [12] and the ternary
absorption moment of the H2 fundamental band [15], has
once more shown that it is capable of explaining the avail-
able, relevant measurements. Additional evidence for the
significance of the overlap-induced, ternary irreducible
dipole component is thus provided.

At the higher temperatures states of j ) 1 are also
populated. We note, however, that the QDID terms
contribute only a few percent of the total. If the QDID
terms are neglected, the sum over all rotational states can
be performed explicitly so that

]N1
Iooooo .

N

(13)

The ternary distribution function gp is computed from(3)

a classical expression with Wigner-Kirkwood quantum
corrections of order Ii [14].

Table I shows the results of our computations. The
spatial averages Jppppp of the combined ADID and OVID
components (column 2) are 1 or 2 orders of magni-
tude stronger than the g I2ooz2 quadrupole-induced dipole-
induced dipole (QDID) components (column 3). The
sums of the four moments Mo of Eq. (12) are given in
column 4. For comparison with the measurement [20],
these must be multiplied by (4' /3A, c)NL [14,15] to get
the spectral integrals (column 5).

The results of the measurement [20] were reported
as integrals of the absorption coefficient n(v; T), over
density cubed, over frequency (in cm ' units),

n(v; T)dv/g (14)

in units of cm amagat . We have computed here a
slightly different expression,

n(co; T)dto/to g', (15)

in units of cm ' amagat . Because of the small frequency
band involved, from roughly 12 300 to 12 700 cm ', we
may convert the measured quantity u( ~ to the com-
puted quantity y(3~ by dividing by the mean frequency,
12500 crn '. This is how the last column of Table I was
obtained from the measurement.

In other words, as the comparison of the last two
columns of Table I shows, within the acceptable factor
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