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Theory of Tunneling Spectroscopy of d-Wave Superconductors
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A tunneling theory for a normal metal —insulator —d-wave superconductor junction is presented.
In contrast to the s-wave superconductor, the tunneling conductance spectra strongly depend on the
tunneling direction relative to the crystalline axes, and do not always represent the bulk density of states.
Zero-bias conductance peaks are expected in ab-plane tunneling. The present theory systematically
explains various experimental results in the tunneling spectroscopy of high-T, superconductors.
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Tunneling spectroscopy is one of the best high-
resolution probes for analyzing the electronic states of
superconductors [1]. Many experiments using tunneling
junctions have been performed to clarify the energy
gap profile of superconductors. Simultaneously, theo-
retical studies have continued to reveal the physics of
tunneling effects. However, except for a few cases of
heavy fermion superconductors [2,3], most theories have
dealt with isotropic s-wave superconductors. Today,
the symmetry of the pair potential of high-T, super-
conductors has attracted attention [4,5], and several
groups have proposed d-wave symmetry for this [6—9].
Therefore it is important to construct a tunneling theory
of anisotropic superconductors, especially of d-wave
systems.

Experimentally, zero-bias conductance peaks (ZBCP's)
have been observed as well as gaplike spectra by
using scanning tunneling spectroscopy (STS) and
thin-film tunnel junctions [10—13]. The ZBCP's are
frequently observed in ab-plane tunneling junctions,
and are rarely observed in c-axis-oriented junctions.
Although the ZBCP's vanish above the critical tempera-
ture of the superconductor, it has not yet been clarified
whether the ZBCP's originate in the symmetry of the
pair potential or not. We consider that the existence of
ZBCP's gives an important clue to identify the symmetry
of the pair potential. In this Letter, the tunneling theory
of the normal metal —insulator —anisotropic even-parity
superconductor (N/I/S) junction is presented. In particu-
lar, the normal metal —insulator —d-wave superconduc-
tor (N/I/d) junction is investigated as a prototype of
anisotropic even-parity superconductors. The tunneling
conductance is calculated by extending the previous
theory of Blonder et al. [14] to consider the anisotropy
of the pair potentials [2,3]. It is found that the tunneling
conductance strongly depends on the angle between the
normal to the interface and the crystalline axes of the
anisotropic superconductor. Specifically, the existence of
the ZBCP's as well as the gaplike conductance spectra
[15—17] are naturally and systematically explained by as-

suming d-wave symmetry in the framework of the present
theory.

For the simplest model calculation, we consider a two-
dimensional N/I/S junction with perfectly flat interfaces
in the clean limit. In this model, the interface is perpen-
dicular to the x axis and is located at x = 0. The bar-
rier potential at the interface has a delta-function form
HB(x). The Fermi wave number kF and the effective
mass m are assumed to be equal both in the normal metal
and in the superconductor. Quasiparticle states in inho-
mogeneous anisotropic even-parity superconductors can
be described by the Bogoliubov —de Gennes equations
[3,18],

Eu(x~) = hpu(x~) + dx2&(s, r)v(x2) ~

Fv(xi) = —hpv(x~) + dx25*(s, r)u(x2),

where s = (x~ —x2), r = (xi + x2)/2, and hp = —It V, /
2m —p, , with p, the chemical potential. The energy of
the quasiparticle E is measured from the Fermi energy EF.

We assume that the pair potential is

A(k, r) = A(y)O(x), exp(iy) =—k/~k~

using a wave vector k, which is Fourier transform of s,
and O(x) is the Heaviside step function. In the weak
coupling limit, k is fixed on the Fermi surface (~k~ = kF).
Two component wave functions u(r) and v(r) can be
written as

&u, (y, x) l= exp(ikey siny) exp(ikFx cosy)
(vi(y, x) j

f' u, (y, x) &
+ '

exp( ikFx cosy)—
( v2(y, x) )

(3)

The envelope functions u, (y, x) and v, (y, x) (j = 1, 2)
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obey

Ev, (y, x) = i h~okF c-osy d——H6x v, y, x
fO GX

+ b, *(yi)0 (x)u, (y, x),

(4)

iR 0 kF cosy d——H6(x) u, (y, x)I 8X

+ b (yi) 0 (x)vi (y, x), electron

hole

electron

0
(U

V)
C;

X-axis

a

dg p-wave
superconductor

electron-like
quasiparticle

~(e+) -=~(e)

hole-like
quasiparticle

a(e }-=a(~-e)

with cr = 1, y~
= y for j = 1, and o. = —1, y~

= ~—
yforj =2.

Suppose an electron is injected from the normal metal
with angle 0. The reAection and transmission processes
at the interface of the W/I/S junction are schematically
illustrated in Fig. 1. We have taken care of the fact that
the momentum parallel to the interface and the group ve-
locity are both conserved at the interface. The electron
injected from the normal metal is rejected as an elec-
tron (normal reliection) and a hole (Andreev reAection)
[19]. The transmitted holelike quasiparticle and electron-
like quasiparticle experience different effective pair po-
tentials b, (0+) and b, (0 ), respectively, with 0+ = 0 and
0 = ~ —0. This is a feature peculiar to anisotropic su-

perconductors and gives rise to an anomalous interference
effect in the tunneling conductance, as shown below.

The reAection coefficients of the Andreev reflection

!

a(E, O) and normal reAection b(E, O) are determined by

normal metal
anisotropic

superconductor

the boundary conditions

q'(r) I.=o = +(r) I.=o, ,

d+(r)
8X

d P(r)
CfX I=0+

2mH

By solving the Bogoliubov —de Gennes equations, these
coefficients are found to be

FIG. 1. Schematic illustration of the reflection and transmis-
sion processes at the interface. In this figure the quantities 0
and n express the injection angle of the electron and the angle
between the normal vector of the interface and the x axis of the
d, 2 y2-wave superconductor, respectively.

with

4cos20QE + 0 QE —0+ exp( i @+)—
a E, O

(4cos 0 + Z )QE + Q QE + Q —Z2/E —A QE —0 exp[i(P —P )]
'

b(E, O) = —Z(Z + 2i cos0) tQE + 0, QE + 0 —QE —0 QE —A exp[i(@ —P )])
(4cos20 + Z2)QE + 0 QE + 0 —Z2QE —0 QE —0, exp[i(@ —P )]

exp(i&=) = ~(0=)/l~(0=)l, &= = E' —l~(0=)l',

where Z = 2mH/h kF.
Using these coefficients, the normalized tunneling conductance is calculated according to the formula given by

Blonder, Tinkham, and Klapwidjk [14]

( )
~s(E)
~w(E)

'

m/2

m. /2

1
o;(E) =--

'7T
d 0 cr; (E, 0) (i = S,N),

(E, 0) —= 1 + I a(E, 0) I
—Ib(E, 0)I,

4cos20
~w(E, O) = „

where sr~(E) is the tunneling conductance in the normal state. The quantity o.s(E, 0) is given as

16(1 + Il I ) cos 0 + 4Z (1 ll +1 -I') cos'0
~s E, O

14cos'0 + Z'tl —1+1-exp[i(4- —0 )3I' '

where

F. E
l~(0=) I l~(0=)l

(9)

For large Z, the denominator vanishes when 1 = I + I exp[i(P —@+)]. This condition coincides with the equation
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giving the energy of bound states of a quasiparticle
formed at the surface of a semi-infinite superconductor
[20,21]. If this is satisfied, the os(.E, O) becomes 2 and
is independent of Z. For comparison with the above
conductance results, we have also calculated the bulk
density of states of anisotropic superconductors (NDOS)
normalized by those in the normal state

~/2 f
o p(E) = dg

k V'E' —
I ~(~+)I'

+ (10)4E' —l&(~-) I'r

U

"d

0

bQ

~ M

0
I

(b)a = vr/8

4

- (gled = 0.0

To this point the calculations have been for general
anisotropic superconductors. In the following, o(E) is.
calculated for various specific types of pair potential
symmetries.

In the case of s-wave superconductors, when A(0+)
and A(0 ) are substituted by Aq in Eqs. (6)—(9), the
previous results [14] of a normal metal —insulator —s-wave
superconductor junction are completely reproduced. By
choosing infinite Z, we can show analytically that cr(E)
becomes harp(E) Howe. ver, this does not always hold true
in anisotropic superconductors.

In the case of d-wave soperconductors, we calculate
o(E) for va. rious values of Z. As shown in the inset of
Fig. 1, u is the angle between the normal to the interface
and the X axis of the d-wave superconductor. Here,
the X axis is defined to be the direction along which
the magnitude of the pair potential becomes maximum,
and the crystal n axis is taken along the X axis when
the symmetry is d 2 —y2 wave. When the transmitted
quasiparticle is in the crystal ab plane, the effective pair
potentials b, (0+) and A(8 ), for the d, 2 —y2-wave case, can
be expressed as [22]
b, (0+) = Apcos(20 —2n), h(0 ) = Apcos(20 + 2n).

(11)
As seen in Fig. 2, o(E) of the nor. mal metal —insulator—

2 —y2 wave superconductor junction shows various en-

ergy dependences. For Z = 0, a(E) does n. ot depend on
n at all, and decreases from 2 with increasing E [23]. For
nonzero n and Z, a(E) at E = 0 is. enhanced compared
with the case of Z = 0. Comparing curves C and D in
Figs. 2(b) and 2(c), it should be remarked that, for large
Z, o(E) does not app. roach the NDOS o.p(E), contrary to
the conventional tunneling spectra of s-wave supercon-
ductors [14].

The Z and n dependence of o(E) at E = 0 can. be
understood from

32 cos40

~4cos 0 + Z (I + exp[i(@ —P )])~

(12)
For a d 2 —y2-wave superconductor with n = 0, A(8+)
and A(0 ) have the same sign independent of 8, and

exp[i(@ —P+)] I for any 0. In such a case, o.q(0, 0)

Q
N

~ A

0
I

-', (c)a = ~/4

FIG. 2. Normalized tunneling conductance cr(E) plotted as a
function of E/d, o for a normal metal —insulator —d 2 —y2

—wave
superconductor junction with the transmitted quasiparticles in
the crystal ab plane: (a) n = 0, (b) n = ~/8, and (c) n =
m/4. A: Z = 0, 8:Z = I, C: Z = 5, and D:oo(E).

and crz(0) are inversely proportional to Z4 for large
Z. In general, oz(E) in Eq. (8) .is inversely propor-
tional to Z2 for large Z. For these reasons, for both the
s-wave case and the d 2 —y2 wave case with o. = 0, op
vanishes for large Z, and we cannot expect zero-bias en-
hancement. However, for nonzero n, if ~7r/4 + n )
8 ) ~ vr/4 —n with vr/2 ~ 0 ~ 7r/2, 7r/4 ~ n )—0,
A(8+) and 5(0 ) have different signs from each other. In
such a case, exp[i(P —@+)] —1 and o.q(0, 9) 2 re-
gardless of Z. It can be shown exactly from Eqs. (8) and

(12) that o q(0) 8n/7r with vr/4 ) n ~ 0 and crq(0)
4 —8n/vr with vr/2 ~ n ~ vr/4 and also o(0) is pro-
portional to Z for larger Z. This is an explicit explana-
tion of the enhancement of ZBCP s with increasing barrier
height (or Z). However, this enhancement is limited for
E = 0, and if E deviates from zero for large Z, o.q(E, O)
and oq(E) are proportion. al to the inverse of Z2.

Within the same formalism, we can also obtain o(E)for.
(s + d, 2 —y2)-wave and extended s-wave superconductors
where the pair potentials are expressed as b, q + Ap cos(20)
and b, s + Ap cos(48), respectively. In the case of a (s +
d 2 —y2)-wave superconductor, when Ap ) b, s is satisfied,
since 6(0+) and A(0 ) change sign on the Fermi surface
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and exp[i(@ —@+)] —1 for some 0, we can also ex-
pect a ZBCP to occur. The ZBCP's are also expected
for extended s-wave superconductors under the same con-
ditions. However, in such a case, the u dependence of
o(E). is qualitatively different, since there are eight nodes
on the Fermi surface. It should be noted that the exis-
tence of a ZBCP does not always imply that the symme-
try of the pair potential is d, 2 —s2 wave [21]. In the case
of a (s + id, 2 y2)—-wave superconductor, since exp[i(P
cr+)] 0 —1 is satisfied for all 0, ZBCP's do not occur.

In the case of c-axis tunneling, o(E) c.an be obtained
within the same scheme by extending our theory to a
three-dimensional system. In this model, the interface is
perpendicular to the z axis and is located at z = 0. Tak-
ing account of the electronic structure of high-T, super-
conductors, we assume that the pair potential depends on
the azimuthal angle p in the xy plane as Ap cos(2'). In
this case, the holelike quasiparticle and the electronlike
quasiparticle transmitted into the superconductor experi-
ence the same effective pair potentials for all directions
and consequently ZBCP's are not expected. The qualita-
tive features of the Z dependence of cr(E) are almost the
same as those in Fig. 2(a).

In this Letter, the tunneling conductance of quasipar-
ticles injected from a normal metal into an anisotropic
superconductor is investigated. The well known previ-
ous result that the tunneling spectra of an s-wave super-
conductor approaches the NDOS for large barrier height
parameter Z does not hold any more in the tunneling spec-
troscopy of an anisotropic superconductor, especially of a
d-wave superconductor. In ab-plane tunneling, when the
orientational angle n between the x axis of the d 2

wave superconductor and the interface normal is nonzero,
ZBCP's occur. These peaks cannot be explained from the
NDOS of the bulk d, 2 y2-wave superconductor. Instead,
they occur when the effective pair potentials felt by the
electronlike quasiparticle and the holelike quasiparticle
have different signs. ZBCP's can also be expected for
superconductors in which the pair potential changes its
sign on the Fermi surface, e.g. , certain kinds of s-wave
or s + d 2 —y2 wave superconductors. The peak becomes
higher as Z increases, and larger than 2 for sufficiently
large Z. It vanishes above T„since it originates from
the symmetry of the pair potential. These features of
the ZBCP's are consistent with the experimental results
for YBa&Cu307 z observed by STS at low temperature
[21]. Furthermore, the gaplike spectra, which have been
observed experimentally [15—17], are naturally derived
within our formalism.
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