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Interaction of Vortex Lattice with Ultrasound and the Acoustic Faraday Effect
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The interaction of sound with the vortex lattice is considered for high-T, superconductors, taking
into account pinning and electrodynamic forces between vortices and crystal displacements. At low
temperatures the Magnus force results in the acoustic Faraday effect; the velocity of sound propagating
along the magnetic field depends on the polarization. This effect is linear in the Magnus force and
magnetic field in crystals with equivalent a and b axes for a field parallel to the c axis. In the thermally
activated Aux Aow regime, the Faraday effect is caused by electric and magnetic fields induced by
vortices and acting on ions.

PACS numbers: 74.60.Ge

The dynamics of vortices in the mixed state of high-
T, superconductors at low temperatures remains an in-
triguing question because of the absence of a microscopic
description and incomplete experimental data. In the phe-
nomenological approach, for fields H, i « B « H, 2, the
forces per unit volume acting on vortices are given by
three terms: (a) an inertial term, M v, where M„ is the
vortex mass and v is the vortex displacement, (b) the
Magnus force n~[n X v], where n is the unit vector of
vortex orientation, and (c) a viscous term g v with vis-
cosity coefficient g .

The vortex inertial mass estimated by Suhl [1] from
the core kinetic energy is very small (in cuprates M„=
10 m, /vortex unit length) and is usually neglected. The
theoretical prediction for the Magnus force coefficient
made by Nozieres and Vinen [2] by extension of ideal
fiuid results to superconductors 1s cl~ = 7TAn, (B/4p), .

where n, is the density of superconducting electrons.
Kopnin and Kravtsov [3] have shown that in s-wave
BCS superconductors the contribution of quasiparticles
inside the vortex core changes this result at nonzero
temperatures, but they concluded that the Nozieres and
Vinen result remains valid in the limit T 0. The
estimate for g obtained by Bardeen and Stephen [4]
and associated with dissipation caused by quasiparticles
inside the vortex core is rI„= BH,2rr„/c2, where o.„
is the conductivity in the normal state. For high-T,
superconductors these predictions may be invalid because
of the very small size of the vortex core (about the
superconducting correlation length g, and g, b = 20 A. in
YBCO and BISCO systems) and the possibly gapless
spectrum of quasiparticles.

Experimental information on g and n~ was obtained
by measurements of dc or ac resistivity p and Hall angle
0~ (tanOH = p»/p, ) in the flux fiow regime attainable
at high fields and currents; see [5]. The measurements of
both resistivity and Hall angle are necessary to extract u~
and g because p and p,~ depend on both parameters.

Harris et al. [5] performed such measurements in 60 K
YBa2Cu306+~ at temperatures T ~ 13 K; according to
these data g 4o/B decreases from 10 g/cm s at 40 K to
60% of this value at 13 K, while a~40/B increases five
times (from 10 g/cm s) in the same temperature interval.
Information on the behavior of u~ and g below 13 K in
high-T, superconductors was absent until now because the
fIux How regime can be obtained at those temperatures
only at very high fields and currents.

In this Letter we propose an alternative method to
obtain information on g and n~ by extending a model
due to Pankert [6] for interaction of ultrasound with
vortices. He showed that the propagation of sound in
the mixed state is affected by the vortex lattices because
of their coupling via pinning centers. As a result, the
elasticity and dissipation of sound are enhanced by those
of the vortex lattice. Pankert calculated the change of
sound velocity and dissipation in the thermally activated
fiux flow (TAFF) regime, valid above the irreversibility
line. Experimental data [6] confirmed the main theoretical
predictions of Pankert in that temperature range. Here
we add in this model the effect of electrodynamic forces
acting between vortices and ions, the low-temperature
pinning forces, and the Magnus force (n~) and viscous
force (g ) for vortices. By accounting for these forces
we show the following below the irreversibility line.

(a) Because of the Magnus force the eigenmodes
of sound waves are polarized for sound propagation
parallel to the magnetic field. The difference in velocities
of waves with different polarizations depends on n~
(acoustic Faraday effect). Thus the measurement of the
rotation in the polarization angle provides results for n~.

(b) Dissipation of sound is enhanced by a vortex lattice
contribution proportional to g, while electrodynamic and
Magnus forces do not affect dissipation significantly.
Thus the viscosity coefficient may be extracted from
measurements of sound dissipation wi'th and without a
magnetic field.
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(c) Elasticity of the vortex lattice contributes to crystal
elasticity, and thus information on vortex lattice elastic
moduli may be obtained from changes in the sound
velocity. Particularly, information on the tilt modulus
C44 is interesting because of its strong dependence on the
anisotropy parameter y in the case of large y.

Above the irreversibility line, in addition to the effect
of vortices on sound dissipation discussed by Pankert,
we find also an acoustic Faraday effect, but now due to
electrodynamic forces acting between vortices and ions.

We use the London model to describe vortices, and our
approach is valid only well below T, . The equation of
motion for vortex displacements v(k) in k space is

A bk
l CLf YJ~ V/ + E(j z ((1~A ) + Cll 2 uj1+ A.bk'

= [(Cli C66)k;kj + C66kmkm6;~]v~

+C44k,'v; + n„(v; —u;), (1)
where i = x, y are coordinates in the ab plane and we
take B along the c (z) axis, E,~i is the unit antisymmet-
ric tensor, u(k) is the Fourier component of crystal dis-
placements in the sound wave, co is the frequency of
sound, and C]] and C66 are the compression and shear
moduli of the vortex lattice. The term with coefficient
nl = nfinlB/4'p ta,kes into account the Lorentz force act-
ing on vortices due to the current induced by moving ions
and screened by superconducting electrons, nr is the ion
concentration, and A, b is the penetration length for cur-
rents along layers [7]. This term is important only for
frequencies cu/27r ~ 1 6Hz, and it will be omitted in the
following.

The term n„(v —u) was introduced by Pankert [6]
to describe the interaction of sound waves with vortices
because of pinning in the TAFF regime. In the absence
of sound waves (u = 0) Eq. (1) with

n„= nl (1 —i/curT) (2)

was used by many authors; see [8—10]. Here nL is the
Labusch constant and ~T is the relaxation rate which takes
into account thermally activated hopping of vortices be-
tween different pinning centers. Using heuristic argu-
ments, Brandt [8] obtained

( 7 /~1-) expl U(B)/T] (3)
where U(B) is the characteristic pinning potential barrier.
A similar expression was obtained by Coffey and Clem
for a periodic pinning potential [9]. The generalization
made by Pankert is transparent; replacement of v by (v-
u) accounts for the absence of pinning when vortices and
ions move with the same velocity. We will use the same
term, n„(v —u), with u„= nL below the irreversibility
line as well, thus neglecting jumps of vortices between
pinning centers in the vortex glass phase. The Labusch
parameter may be expressed in terms of the critical current
J, as nL = J,B/cr~, where r„ is the pinning interaction
range (=$,b in high-T, superconductors) [10]. For Bi-
2:2:1:2the critical current is in the range 5 X 10 —5 ~
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106 A/cm at helium temperature in fields several T [11],
and we estimate aL&o/B in the interval 5 X 104 —5 X
105 g/cms . From the resistivity data [6] in this system
in the TAFF regime U = 500 K.

For small k, which are characteristic for sound waves,
the elastic moduli of the vortex lattice are given as C66 =
B@o/(87rA, b) and C» = C44 = B /4' in superconduc-
tors with small and moderate anisotropy at high magnetic
fields [12]. However, in Bi-2:2:1:2the anisotropy ratio

y = A, /A, b was estimated as large as 300—1000 [13].
Here A, is the penetration length for currents along the
c axis. For sound frequency 10 MHz and velocity c, =
2 X 105 cm/s we obtain kA, = 1.7 at y = 300 and A, b

=
1700 A.. In this case the dispersion of the tilt modu-
lus (at high fields)

p2

47r[1 + A (k + k ) + A bk ]
(4)

becomes important. We will show then that measure-
ments of sound velocity in the mixed state of highly
anisotropic systems for different frequencies can provide
information on y.

The equation for crystal displacements is

( p M + i coD)u; + i M all&(j ~('uj' vj')

= Ji;I i~kmkiu& + np(u, —v;),
(5)

where A; i, are the elastic moduli of the crystal [A;
(A + p, )Bi,6~; + p, Dime;, for an isotropic solid] and p
is the crystal mass density. (The u, component is
decoupled. ) The term with the coefficient D = go +
accounts for sound dissipation in the absence of vortices
(iso) and sound dissipation caused by quasiparticles inside
the vortex core (g~). The term with the coefficient nl
accounts for forces acting on ions and induced by vortices:
the force determined by the electric field E = B X v/c
and the Lorentz force u X B/c. We ignore here the effect
of the dragging of electrons by ions, which results in the
renormalization of el [7,14].

The Magnus force term proportional to n~ in Eq. (1)
for vortices and the term proportional to nl in Eq. (5)
for sound are responsible for the mixing of the x and y
components of the vortex and ion displacements, v and
u. Because of this mixing, the eigenwaves of the system
become circularly or elliptically polarized, with different
velocities for different polarizations. As a result there is
an acoustic Faraday effect, a rotation of the polarization
plane of sound waves caused by vortices.

Let us discuss first the case when the acoustic Faraday
effect is maximum: sound propagation along the direction
of the magnetic field, k (~ B )) c in crystals where a and
b axes are equivalent (Bi- and Tl-based superconductors,
YBa2Cu40s, and La2 Sr Cu04). We take k = k~ =
0, k, = k. We solve for v in (1) and obtain the effective
equations for transverse sound waves (in first order in

a'-I )
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[U —np(1 —g)]u, + iru[rrI(1 —g) + nMg']uy ——0,

t~[os(1 g) + nMg ]ux + [U —np(1 —g)]uy = 0,
(6)

where U = pcs —A44k —i~D, V = C44k + n„+
icing„, with g = n„/V and A44 = A„„. The condi-
tions U = 0 and V = 0 give the unperturbed dispersion
relations for sound and vortices, respectively. In the
absence of a vortex lattice the transverse sound velocity
is c, = (344/p)' '. From Eqs. (6), we can see that
u, /u~ = ~i.; i.e. , the sound is circularly polarized. The
modified dispersion relation can be obtained from solving
U —tr„(1 —g) = ~cu[nl(1 —g) + nMg2]. The solu-
tion can be written in the general form

pc@ —pc, k —iruD = ~co(F + icuG), (7)
where c, is the modified transverse sound velocity, D is
the modified dissipation coefficient, and F and G account
for the circular polarization effect in sound velocity
and dissipation (the latter effect is negligible, coG «
D). The split in sound velocity for different circular
polarizations is c, = c,(1 ~ F/2p cu) If ultr. asound
with a given polarization is introduced at one boundary
of the sample, after traveling a length 4, the polarization
plane will rotate. This is the acoustic Faraday effect. The
rotation angle per unit length will be given by 0/4 =
ru/2(l/c, —1/c, +) = F/2p c, .

With the definitions Q = (C44kz + err)2 + co2(rl, +
'9T), ~rp = &T + t & 'gT, AT = rrl Cu rT/(I + M rT),2 2 2 2

and rlr = nl. rr/(I + cu rr), the general solution for the
modified transverse sound velocity is

C44 ~ gT + AT(C44k + AT) ~T~2 2 2 2 2

P k2Q

for the dissipation,

D =D+ rjrC44k + r1 [nr + ru rjr(rl. + gr)]

rotation angle, 8/8 = nM/2pc„ is about 7 deg/cm for
~M@o/B = 10 g/cms, p = 5 —7 g/cm, and B = 5 T.
Therefore a measurement of O can provide direct informa-
tion on the Magnus force constant nM below 40 K. The
advantage here is that for sound propagation the effects
of vortex dissipation q and Magnus force aM are de-
coupled, in contrast to their effect on resistivity and Hall
angle. For standing sound waves the Magnus force lifts
the degeneracy of the resonance frequency with respect to
polarization, with a splitting of b, cu = nM/p. This value
is =0.01 MHz in a field of 5 T. It can be observed for
small dissipation, (D + r1,)/p « Ace.

Note that O can also be observed by measurements
of the amplitudes B„o and By() of the ac magnetic field
induced by oscillating vortices dragged by sound waves.
If sound polarized along the x axis and with amplitude
uo is introduced at one side of the sample with thickness
4, on the other side of the sample the field amplitudes
will be B p

= Bkuo cosO and Byo BkQo sinO. For sound
with a typical uo = 10 nm at 4 = 0.1 cm and B = 5 T we
estimate B 0 = 15 G and Byo = 1.15 G.

Now we consider the high-temperature limit ~rT &&

1, where nr « C44k and rlr = r1„exp(U/T). In this
limit c, and D in Eqs. (8) and (9) reduce to the values
calculated by Pankert [6]. There is a peak for sound
dissipation when C44k = engr (in Ref. [6] it occurs at
about 60 K for ro/27' = 3 MHz and B = 5 T). Below the
peak, C44k « cugT, the circular polarization coefficient
is given by F = nM. Above the peak, C44k » cogT, we
have F = 0.1. Therefore at the dissipation peak there is a
crossover in the Faraday effect from a regime dominated
by the Magnus force to a regime dominated by the
electrodynamic forces acting on the ions (nl term) at high
temperatures. This temperature behavior is schematically
shown in Fig. 1.

and for the circular polarization coefficient,
2

~M I ~T(C44k + ~T) + ru gT(gu + gT)l
—ru'[qrC44k' —nrr1„]z Q z

+ nl[C44k (C44k + nr)

+ cu rl (71 + r1r)]Q (10)

4
I

nM do tes

Let us consider the low-temperature regime (rurr »
1, meaning T ( 40 K in Bi] 6Pb04Sr2Cu30y studied in
[6]). In this case ar = aL is the largest parameter,
Q, L » ~nM, cup, Ci)k, C66k, C44k, and gT is negli-
gible. In this limit vortices are completely involved in
sound oscillations. The modified sound velocity is sim-
ply ct2 = ct2 + C44/p, and the modified dissipation is
D = D + g„. Therefore a measurement of the change
in sound velocity and dissipation will give direct infor-
mation on C44 and g at low temperatures. The Faraday
effect is dominated by the Magnus force, F = aM. The

20 40 60
T (K)

80 100

FIG. 1. The sound dissipation D —D due to vortex dynamics
and the Faraday angle 0 as a function of temperature, calculated
using Eqs. (9) and (10), with the experimental parameters of
Ref. [6] for B = 5 T and co/2m. = 3 MHz. Here we assume
that nM is linear in T (dashed line) and q„ is temperature
independent. This is only meant to be a guide to the reader,
in order to show that 0 and D —D at low T will give direct
information on nM(T) and g (T).
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We now discuss briefly the case of sound propaga-
tion perpendicular to the magnetic field k J B, where
we can take ky = k, :0 k, :k The longitudinal and
transverse components u, and Qy are mixed because of
the Magnus and electrodynamics forces, and the sound
becomes "elliptically" polarized. The effect is quadratic
in nM and nl because longitudinal and transverse waves
have different velocities even without Magnus and elec-
trodynamic forces. Thus, the effect of Magnus force at
low temperatures is negligibly small in this case, of order
(nM/pro) In t.he low-temperature limit (carr » 1), the
modified sound longitudinal velocity is c& = c~ + C»/p,
the modified transverse velocity along the y direction is
c, = c, + C66/p, and modified dissipation D = D + g,
[where, for a tetragonal solid, c, = (166/p)'l along the

y direction and c~ = (Ai~/p)'l along the x direction,
with &66 = A,~ Y, A~~ = A „,]. At high temperatures,
cu~T && l, c„c~, and D reduce to the values calculated
in Ref. [6].

In principle, experimental data on sound attenuation
at low temperatures T « T„measured as the differ-
ence AD(B) = D(B) —D(0) = g~ + g„, can provide
information on g, if qq « g . In superconductors
with a gap, rl~ = rl„B/H, 2 (rl„ is the normal-state
attenuation coefficient), and zlq can be neglected since
zl„c /o.„«H, 2. In a gapless superconductor a stronger
field dependence of gq is possible. In a clean gapless
superconductor the quasiparticle density of states (DOS)
N, (e) is suppressed as compared with the DOS in the
normal state NF for energies e below T„and N, (e) ~ e
in the case of zero gap along the line on the Fermi
surface. As shown by Volovik [15], in the presence
of vortices the DOS becomes finite at zero energy,
N, (e) = NF(B/H, 2)'l . Then sound dissipation caused
by quasiparticles in the presence of vortices gq is given as
rl„(B/H, 2)' . Now rlq is larger than rl, approximately
by 1 order of magnitude in magnetic fields of several
tesla, and therefore the quasiparticle contribution dom-
inates in the dissipation AD(B) induced by a magnetic
field (via vortices). In dirty gapless superconductors
N, (e) is finite at e = 0 because of impurities; see [16] and
references therein. The effect of the magnetic field on
the DOS and gq is now weaker, and both contributions,

and pq, may be of the same order of magni-
tude. Here more study is necessary to obtain a theo-
retical description for rlq(B).

The sound dissipation in Bi ] 6Pbo 4Sr2Ca2Cu 30y at low
temperatures was measured in experiments by Pankert
et al. [6] in fields of 3 and 5 T. Almost the same hD(B)
was found in those fields. Assuming that AD(B) = g,
we estimate from these data zl„@p/B = 10 7 g/cm s.
This is comparable with g obtained by Bi-2:2:1:2from
fiux IIow resistivity at 58 and 70 K [17],but in contradic-
tion with an g ~ B dependence. The experimental val-
ues of AD(B) in Ref. [6] are, however, much smaller than

Qq as estimated above for clean gapless superconductors
with nodes on a line. This result may be attributed either
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to a superconductor with a gap or to a weaker field depen-
dence of gq in a dirty gapless superconductor.

In conclusion, ultrasound propagation in the mixed state
at low temperatures can provide information on (i) the
Magnus force, (ii) elastic moduli, and (iii) viscosity for
the vortex lattice. Measurements of sound dissipation
in a magnetic field probe also the density of states for
quasiparticles in the vortex state, and they may be an
effective tool used to obtain information on the gap in
clean superconductors.

We acknowledge useful discussions with A. V.
Balatsky and V. G. Kogan.
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