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A gauge invariant electromagnetic two-point function, crucial to the investigations of the violation of
isospin symmetry, is derived for heavy-light quark systems. Thus QED can be consistently introduced
into the QCD sum rule method, which was not previously possible.

PACS numbers: 12.20.Ds, 11.30.Hv, 12.38.Lq, 13.40.Dk

The origin of mass differences in isospin multiplets has
long been of great interest in nuclear and particle physics
as a source of information about symmetry violations.
Hadronic isospin violations are particularly important in
that they arise from nonperturbative quantum chromo-
dynamics (QCD) as well as quark mass differences (see
Ref. [1] for a review of the early work in this area), and,
of course, electromagnetic effects. Among the first appli-
cations of the method of QCD sum rules was the study
of isospin violations in the p-co system [2], where it was
recognized that the isospin splitting of the light-quark con-
densates can produce effects as large as the current-quark
mass splittings and electromagnetic effects. Recently the
QCD sum rule method has been used to study the neutron-
proton mass difference [3,4], the octet baryon mass split-
tings [5], and the mass differences in the charmed meson
systems (the D and D' scalar and vector mesons) [6].

In comparison with hadronic quark models, the QCD
sum rule method for calculating isospin splittings has the
advantage that one can directly use QED field theory
rather than rely on models to estimate Coulomb correc-
tions. This, however, has not been done. In our earlier
attempt to calculate the standard two-loop QED contribu-
tions to the isospin mass splittings in heavy-light quark
systems (Fig. 1) using the sum rule method, we found [7]
that for the charged mesons, involving charged currents,
the calculation is not gauge invariant. The objective of
the present Letter is to develop a gauge invariant theory
for QED phenomena within the QCD sum rule method.
Although our derivation is for heavy-light quark mesons,
the method is quite general and can be used for baryons
as well as mesons.

The basic approach of the QCD sum rule in heavy light
quark systems is to study the two-point function in the
Wilson operator product expansion (OPE), defined by

II „(q ) = i d xe'~ (T[J~(x)J„(0)])

for the heavy-light quark current

J„(x) = q(x)y~g(x). (2)

3e M
Im[II '(q')] = ', (1 —x)'f (x), (3)

and

The local operators {0„)consisting of quark and gluon
fields and the Wilson coefficients functions {I",(q2)) have
been extensively discussed in the literature in the studies
of the masses and their decay constants for heavy-light
quark systems.

In order to study the violations of the isospin symme-
try, the electromagnetic effects should also be written in
the framework of the operator product expansion. The
leading electromagnetic effects in this approach are the
two-point functions from a two-loop perturbative contri-
bution, whose Feynman diagrams are shown in Fig. 1.
For the charge neutral current, one could simply obtain
the two-point functions by changing the gluons in QCD
to the photons in QED in Fig. 1, since the two-point func-
tions have been calculated in QCD [8]. Their imaginary
parts are

2 2

Im[II (q )] = (1 —x) (2 + x) [1 + f(x)] —(3 + x) (1 —x) ln
8~2 1 —x)

for pseudoscalar and vector currents, where x = M /q2

2x
ln(x) —5 —2x—

(1 —x)'

(4)

9 5 l
f(x) = —+ 2l(x) + ln(x) ln(1 —x) + ——x- In(x) — ——n) 1n(1 —xj,

4 2 1 x 2
(5)

and l(x) = —fo ln(1 —y)dy/y is the Spencer function. Obviously, this result is gauge invariant.
The calculation of the two-point functions for a charged current is much more complicated. Since the Feynman

diagrams in Fig. 1 are weighted by the products of different charges, the corresponding two point functions are not

2168 0031-9007/95/74(12)/2168(4)$06. 00 1995 The American Physical Society



VOLUME 74, NUMBER 12 pH&SICAL REVIEW LETTE 2O MARc~ 1995

I-a

rbative corrections for charge. 1. The two-loop perturbaFIG.
neutral currents wit c arge

p

II~„(q ) = II „(q') + II'„,(q', (12)

where

in detail. The resulting gaugewhich we now discuss in e ai.
invarian w-t two- oint function is

II„„(q)=i d4x e'"(T[Jo (x)Jo(0)])

of this problem isThe physical origin o pgauge invariant. e o
that under the gauge transformation

q(xp = e) iee A(x) —
( )

regA(x)Q( )Q (x)

A~(x) = A~(x) —a„A(x),
we have

I
)

i A(x)(eg+ee) —
( ) Q ( )J„(x):J„'x = e

= eiA(x)(eg+ee) J ( )P

ent J becomesq e therefore, the curren
Oft with e + eg = eT.g g p

a fundamental property oinvariance is a uin, n observab e o ai1 bt ined using the cur-interactions, and any

g
In order to obtain'n a solution to t e pro

t e two- oint function,
the link operator into the

invariant form o t e two-
is obtained by inserting t e inwhich is o

with the definitionform given in Eq. , „1

iQ„~ f A (y) dy
d xe'q~ ~~ T 1 xeII~, (q) =i d xe

= i d x e'q ' y (T[J' (x)J'(y))),

is the charge operator and

formation of the electromagnetic fie
() d () o h

h 11 QE
of uark fiel s q xA'

n is auge invariant.p'" '"' g
~~CD treatment intro uceanalog to the

wave function.
fi d that there are twoE panding to orde ra one ns

currents at the two-loop leve

(10)

p,

in the quark lines o
evaluation of the resulting two-poin u

ms shown in Fig.
deq f''h

dard two-loop iagram
Th harges involved are e~ an eq or

. ,10),The second current of Eq.

1 is iven by the Feynman diagrams inat the two-loop level is given y e
Fig. 1, and

', = i d x e'~'T[J (x)J„'(0) + J'(x)J,(0)

F(q) = d4x e'q A~(y) dy"

qv
2iq

d x (8'e'r') A~(y) dyi"

A" (q)
lq

'
d by photon field A„(q),omentum carne ywhere q is the mp,

) interno mentum space istherefore the current J q
iven bg y

—k A" (ki —k2) Q(k2) .J'( ) = —eTq(q —k()y

(16)

ms in Fig. 2 has a simpleThe sumo t ef h Feynman diagrams in ig.
form

2-a 2-b 2-c

+ J„'(x)J„'(0)]

dia rams shown inditional Feynman diaggenerates the a i
'

oduced by II'„, anseadditional terms intro ucFig. 2. These a i
orresponding to J, .al vertex function cofrom the additiona

functions must bech additional vertex unThe fact that suc a
invariance has beenar ed currents for gauge invapresent for ch g 1. See eg. , e.

for the heavy an igdl h k
ore convenient to calcu a e

nms ace. T e oufunction in momentum p
of the operator fo A„(y) dyi' gives

A (y)dy Q(x),J'(x) = ie, q(x)y~

nction with thean additional vertex func
f thd in the evaluation o e — ncharge eT, an i

uia rams shown in ig.to the additional iagragives rise o

2-f2-d

s enerated by J'(x) for charged2. Additional diagrams generate yFIG.
ms. See text.heavy-light quark systems.

2169



VOLUME 74, NUMBER 12 PH YS ICAL REVIEW LETTERS 20 MARcH 1995

er(e, + ei2)II', (q') =—

Tr[y (2y. (gi —q)]
X 2

(kl k2)4(k2 M2) (k| q)2

= er(eq + eg)I~, (q ). (17)
To show that the addition of II'„,(q ) indeed makes

the total two-point function II~„(q ) gauge invariant,
we separate II „(q ) into the gauge dependent and
independent parts

IID (q ) = e I~ (q2) + e~gI~ (q ) —eqegIq~(q )

eqeg—V,', (q') + Ig„(q') + I„'~(q')1

+ ereqI„, (q ) + ere@I„„(q ), (18)
where I~„(q2) and I~, (q2) represent the self-energy dia-
gram for the light quark q(x) and heavy quark Q(x),
respectively, and lq~(q ) corresponds to the photon ex-
change between the light and heavy quarks in Fig. 1. The
term with I'i, (q2) + I&„(q2) + Ii)(q2) in Eq. (18) is, of
course, gauge invariant, and the analytical expressions of
its imaginary part can be obtained from Eqs. (3) and (4).
The last two terms in Eq. (18) are gauge dependent; if we
substitute the gauge dependent part of the photon propa-
gator (DP, )gd

= (ki —k2)~(ki —k2)„i(ki —k2) into the
two-loop integrals I~ (q ) and Ig „(q ), the gauge depen-
dent part of the integrals is

II~, (q')]gd = I:I .(q')]gd = —I~.(q') (19)

where 1„„(q) is given in Eq. (17). By substituting the
gauge dependent photon propagator into II'„(q2), one
can show that the gauge dependent part of the two-
loop integral for II'„„(q2) is identical to the expression
in Eq. (17). Therefore, the gauge dependent two-loop
integrals in IIo, (q2) and II'„(q2) exactly cancel each
other, and we have total gauge invariant results. This
provides an important check at the two-loop level that
the two-point function II~, (q ) for the current J„'(x) in
Eq. (10) is indeed gauge invariant.

To evaluate the two-point function II„„(q ), we rewrite
Eq. (12) as

II .(q') = II@(q') + II',.(q') + II~.(q'), (2o)

II, (q ) = ere&[I, (q ) + l~„(q )], (22)

and

II~, (q ) = ere@[I~,(q ) + I~, (q2)].

For II i, (q2), we have

(23)

where

II~~(q ) = e~e~—[Iq„(q ) + I~, (q ) + I"~(q )], (21)

whose analytical expressions can be obtained from
Eqs. (3) and (4),

where

1Iq. (q ) + I .(q ) = d k2Tr[y~(P2 + M)y. (4 —4)F(k2)(l2 —4)]
(k2 —M2) (k2 —q)4

(24)

y~Ni —4)y.
(k&

—k2)2(k& —q)

is a one-loop wave-function renormalization equivalently in Landau gauge. It has been shown that F(k2) vanishes [11]
for a zero mass particle in dimensional regularization. This leads to

F(k2) = (25)

Hp. (q ) ereg[Ip, (q') —I„'.(q')]

where II~, (q2) is proportional to the mass of the heavy quarks. This shows that the divergence induced by the wave-
function renormalization does not exist in Eq. (26), which implies that the Ward identity is restored in this approach.

After including the mass renormalization, the two-loop integral II„,(q ) in the dimensional regularization is

=3 — M -I, q + I, q —I, q (27)

where

d k Tr[y. (/+ M)y. (k —4)]I~„(q ) = i—
P'& 16~2 ~D/2 (I 2 —M2) (I q)2

(28)

is the one-loop integral, D = 4 —2e, e ~ 0+, is the number of spacetime dimensions, and the running mass M(p, ) is
related to the pole mass M by [8]

M(p)=M 1— 2)
»nl 2 I+ 4

47r iM'r (29)

The evaluation of Eq. (27) is performed in the modified minimal subtraction scheme (MS). Here we only present the
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1 —x 3
2x(1 —x) + 2ln(x) + (1 —x) ln + —(1 —x)'

x 2
and

imaginary parts of II„',(q2) for the pseudoscalar and the vector states,
2—

Im II,(q )
3o.,eg eTM

16m2 (30)

9n, egeT 2 1 —x
Im II((q') = ' q'(2+ x) x(1 —x) + ln(x) + (1 —x)2ln

16~2 x

+ M x(l —x) + ln(x) + —(1 —x)2 3 2

2
(31)

for pseudoscalar and vector currents, respectively, in
which the running mass M(p, ) is replaced by the pole
mass M. In the limit of M 0, II(q2) vanishes for both
pseudoscalar and vector currents. Thus, the two-point
functions are dominated by the term proportional to e~e~
in the small M limit, this is exactly what one would expect
from the phenomenological model. However, how large
effects the contributions from II'(q2) are in the heavy
quark limit remains to be studied.

In summary, we have derived a gauge-independent
form for QED corrections to QCD sum rule by identifying
processes with additional vertices which must be included
for charged currents. The result here presents an impor-
tant step toward a consistent treatment of the violations of
isospin symmetry in the QCD sum rule framework. The
applications of this result to isospin splittings of heavy-
light quark systems as well as the kaon systems are in
progress, and will be given elsewhere.
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