
VOLUME 73, NUMBER 23 PHYSICAL REVIEW LETTERS 5 DECEMBER 1994
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In an attempt to avoid triviality for relativistic quantum p4 theories for space-time dimensions n ~ 5,
and possibly n = 4 as well, an additional, nonclassical, nonpolynomial, local potential is included, along
with standard factors in a lattice-regularized formulation of the model. It is argued that if the additional
term redistributes the field probability in the manner characteristic of a generalized Poisson distribution,
then a nontrivial quantization may be achieved, one which also passes to the correct nontrivial classical
theory in the appropriate limit.

PACS numbers: 11.10.Ef, 11.10.Kk

All scalar fields @4 in space-time dimensions n ~ 5
(and probably n = 4 as well) have the feature of being
classically nontrivial [1] while their present quantum for-
mulations are trivial (Gaussian) [2]. Such trivial quantum
results may be understood as the consequence of forc-
ing non-asymptotically-free field theories into the straight-
jacket of standard lattice formulations that are inherently
consistent with asymptotic freedom. Alternatively stated,
trivial quantum results arise for such theories in the con-
tinuum limit because in high enough space-time dimen-
sions the non-Gaussian parts of the correlations between
fields on neighboring lattice sites are simply too weak to
withstand the stronger Gaussian tendencies implicit in the
central limit theorem. In this Letter I propose an alterna-
tive lattice-space formulation for such models —and im-
plicitly for a wide variety of other models as well —that
promises to yield nontrivial quantum results, and which
should also have the known, nontrivial classical behavior
in the appropriate classical limit. In fact, the proposal
may well offer alternative, nontrivial quantizations for
conventional nontrivial models, such as @4, n ~ 3; how-
ever, it is for n ~ 5 (n = 4) that the method should lead
to nontrivial quantizations rather than the physically unac-
ceptable trivial results presently available. In the course
of the next few paragraphs, I will introduce in several
stages the various features that characterize my models.

We begin by showing the equivalence of two distinct
versions of the classical theory. Conventionally, one
begins with a classical field y, i(x), x E IR", and an action
functional

(h( )p. ( ) + —K~ p. ( )]' — 'p.'( ))

—ger„(x)) d"x.

The associated equation of motion,

(H + m )ip, i(x) + 4gip„(x) = h(x),

admits a solution we denote by ip, i(x; ip;„, ip;„, h) that
depends on the initial data p;„(x), ja;„(x) (say, at time
t = 0) and the source h. As a second choice we begin
with a field 4,i(x, w) which also depends on an auxiliary,

dimensionless variable w E (0, 1), and for this field we
adopt the action functional

(h(x)4ci(x, w) + 2 [[a„@,i(x, w)]' —m242i(x, w))

—g4„(x, w)) d"x dw;

note that the derivatives are still only with respect to x and
none appear for w. The associated equation of motion,

(0 + m )4,i(x + w) + 4g4„(x, w) = h(x),

coupled with the particular initial data 4;„(x,w) = p;„(x)
and ill;„(x, w) = jo;„(x) lead to a solution

~ cl(xe we @inc inch) 'pcl(xe 'pine 'pinch) e

with all relations holding for w E (0, 1). In brief, if one
cannot "initiate" or "test for" any w dependence, then the
two action functionals lead to equations of motion with
identical classical solutions. The present Letter examines
the quantum theory of the second ("diastrophic" [3])
theory as a quantum model for p4.

A forrnal expression for a path integral quantization
may be readily obtained. If

Z{h) = (p(T
' f"l"lc"I"& "")0)

(p~T
i f "lxl@lxwld"xdw~0,

)

denotes the generating functional of time-ordered Green's
functions for the field p(x) =— f 4(x, w) dw, then Z ad-
mits a formal functional integral representation given by

X{hi = 3V f exp~ i h(x)4(x, w)d"xdw

2 2@2

—g4 (x, w) —P[xrp(x, w)] d"xdw
~

d4(x, w);
Z,W

the additional (nonpolynomial) potential P[4] (=
P[—4]) is discussed below. A corresponding expression
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for the Euclidean-space generating functional is formally
given by

S{h) = 3V exp h(x)4(x, w)d"xdw

1—[(V4(x, w)) + m 4 (x, w)]

+ g4 (x, w) + P[4(x, w)] d"xdw d4(x, w),

which, in turn, may be given an x and w, n-

(hyper)cubic x linear lattice-space formulation as the
continuum (and infinite space-time volume) limit implicit
in the expression

R

S[h) = lim N exp gh»4»„a" e
~,a~0 '' ''

r=l
1 I'(a ~) g(@»". @».) a

——mo(a, e) g 4„„a"e —gp(a, e) g 4„„a"e

previous operator treatments of such models [3]. A

simple variable change then leads to our final integral
representation for s(h) given by

5(h) = Wp exp gh»g»a"

——I'(a) g(@» —4»)-'a" -'/

——mo(a) g @,a" —go(a) g P„a"

QPo(4'» a &)a

where we have introduced Po which now carries the only
dependence on e within s(h). If it were not for Pp, this

expression would exactly resemble the standard lattice
formulation.

The factor Np is chosen so that s(0) = 1, and, as a
consequence, the expression for s(h) assumes the alter-
native form

—g P(4»„, a, e)a" e d4»„.
k

Here q (=—R ') is the lattice spacing in w, r E (1,2, . . .)
labels a lattice site in ~ space, a is the lattice spacing
in x, k = (kl, . . . , k„),k, E (0, ~1, . . .) labels a lattice site

in x space, and k, and an implicit sum, includes 2 the
nearest neighbors of k, as usual. I have also anticipated
and introduced cutoff-dependent coefficients Y, mo, go, as
well as for the as-yet-unspecified term P.

Clearly, any r dependence of the integration variables

4k„ is irrelevant, and in fact the expression prior to taking
the limit is really the Rth power of a "base-theory" inte-

gral. Observe that R then enters in a manner similar to the
number of "replicas" in statistical physics. Although that
number originated from the limit of integration for ~, we
shall find it expedient to relax that condition (for n ~ 4)
and allow for replica number renormalization by hereafter
replacmg that number by R —= [e '] —= [e 'Q(a) '] for
some (n dependent) Q(a) ~ 1, where here [A] denotes the
integer part of A. As a consequence,

S(h) = lim [s(h)],

s(h) = lV f exp ghe4&ee" E

——I'(a, e) g(C'» C'») a" e
2

——mp(a, e) g 4» a" e —gp(a, e) g 4» a"e

—QP(&&», a, e)a"E ac'».

Apart from the term P and the appearance of the
parameter e, the expression for s(h) is similar to a
conventional lattice-space formulation for the model in

question [4]. We can make that similarity even closer if
we next assume that Y(a, e) = Y(a)e, mp(a, e) = mp(a)e,
and go(a, e) = go(a)e3; this dependence on e rellects
the multiplicative renormalization found necessary in
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s(h) = exp $(Z!) 'Qh», . h», (@», P», ) a"
-e=i

where averages ( . ) are defined in the (e, a)-dependent
probability distribution implicit in the expression s(h) =-

(exp(gh»P»a")). Since the ultimate answer of interest
involves [s(h)]~, and R ~ as e 0, a nontrivial result

emerges, when e (( 1, provided the truncated correlation
functions satisfy

(4», 4», 4», )

for all 4 ~ 1; with Po and the rest of the potential even,
only the even-order (truncated) moments are nonzero
in the present case. The advantage of arranging this

proportionality to e will become clear shortly.
To this end, let us first recall the usual definition

[4,5] of the dimensionless renormalized coupling constant

gR
—= limg(a) for the base theory given as a space-time

continuum and infinite volume limit of the expression

Let us initially ignore the amplitude dependence and

present the usual argument for triviality. From the
viewpoint of critical phenomena [5], it follows that g(a) ~
a'~+"" ~~/' for small a. For n ~ 5, when the critical
exponents follow from mean field theory, g(a) ~ a'" 4',

an expression which tends to zero as a 0, leading to
triviality. For n = 4, renormalization group arguments
assert that g(a) ~ 1/( 1n(pa)~ for some mass parameter

p, , which as a 0 also leads to triviality. For n ~ 3.
hyperscaling ensures that g(a) = O(1) and thus gR is

non vanishing.
Next let us pursue the consequences of including

the proper amplitude factors of the truncated correlation
functions. For n ) 5, g(a) ~ e 'Q(a) 'ai" 4, and so for
n ~ 5 we choose Q(a) = [p,a/(1 + p, a)]" ' with p a
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suitable mass parameter. For n = 4 we choose Q(a) =
I/[~ ln(p, a)~ + 1], while for n ~ 3 we set Q(a) =—1.
Therefore, for every n ~ 1, it follows thatg(a) ()(: e ' and,
consequently, as a O, gR ~ e and is nonvanishing
as well.

The purpose of the term Po is to ensure the required
dependence of the truncated correlation functions on e.
When e is small it follows that

(4k( ' ' ' 4k&) (Qk) ' ' ' f&() + O(e ) = O(e),

and thus the role of Po, as well as the remaining
model parameters (Y, mo, and go) in the single-lattice-
site distribution, is, roughly speaking, to divide the total
probability distribution into the sum of two contributions:

(i) one term, a highly concentrated distribution, largely
determined by Po, where Pk ——0 with a total probability
of 1 —O(e); and (ii) the other term, a nonconcentrated
distribution, largely determined by the remaining model
parameters, where Pk takes on general values but with a
total probability O(e). Such a division of probabilities
is exactly how various Poisson distributions avoid the
Gaussian vise grip of the central limit theorem [6].

It is entirely reasonable that an extra term should appear
in the renormalized lattice action, the purpose of which is
to reduce the probability of large field values. Recall, for
classical functions, that the Sobolev inequality

1

f d (")d »"Cf((Vd(»)] + m d (»))d'»

holds for finite C whenever n ~ 4, but fails to hold for
any C & (x) whenever n ~ 5 [7]. Elsewhere we have in-

terpreted such inequalities to imply that any nonrenormal-
izable interaction (e.g., (t)4, n ~ 5) acts partially as a hard
core in function space, projecting out certain field histo-
ries otherwise allowed if the interaction had been entirely
absent [8]. Ignoring fluctuations, the troublesome and so-
projected fields have local singularities (e.g., for [x[ &
1) of the form (t) —[x[ ~, where n/4 & y & (n —2)/2;
these large amplitude fields necessarily involve high mo-
menta, but not all fields involving high momenta [e.g.,
P —cos(x 2)] are troublesome in this sense. Thus a rea-
sonable renormalization for such fields should reweight
their distribution in the manner indicated.

An indication of the general form of Po that should
accomplish our goal may be gleaned from the study
of the explicitly soluble case for n = 1 (i.e., Euclidean
quantum mechanics, and so we set x = t) [9]. In this case
Q(a) = 1, but even after a 0, we are still able to choose
Po(p, e) so that (p(t)). . p(tt))r ~ e. In particular, for

1 3
n = 1 and any y, 2 ~ y ~ 2, we can, after letting a 0,
choose [9]

p
1 y(y + 1)4' —y&'(e)

[4' + ~'(e)]'
h2(e) = (Ge)2&(2&-))

G = ~n I (y —-)/I'(y).

Observe in this case that Po is not unique. Nevertheless,
each Po may be interpreted as a regularized form of a
formal interaction proportional to j4 (t, w) dw, which
in turn should be viewed as a (decidedly unconventional)
renormalization counterterm for f 42(t, w) dw rather than

for the quartic interaction. This interpretation is supported

by the fact that Po does not vanish when go 0, meaning
that the zero-coupling limit of the interacting theory,
which retains the effects of the hard core, is not the free
theory but a so-called pseudofree theory; it is expected
that a perturbation theory in the quartic interaction exists
about the pseudofree theory [8]. As a renormalization
counterterm for the kinetic energy, Po contains an implicit
multiplicative factor of fi2, which in the classical limit
fi 0 implies that the expected classical theory emerges
as desired. For n = 1 this expected behavior has been
confirmed [10].

For n ~ 2, and for a suitable (n-dependent) choice of
A, B, and C, it is suggestive that Po has the form

A(a, e)P —B(a, e)

[P + C(a, e)]

based on what holds for n = l. Although we have no real
evidence for this hypothesis, it is clear that an expression
of this form will accomplish the stated purposes, and it
has the further advantage that it too may be interpreted
as a renormalization counterterm for the kinetic energy.
To achieve a unique vacuum, the coefficients must be
chosen so that, like the case for n = 1, the distribution is a
generalized Poisson process, rather than just a compound
Poisson process [6]. It may even be possible to determine

Pp to a certain degree based on high-temperature series
expansions that exist for a general, even, single-site field
distribution [5]. One may try to determine the necessary
e dependence of the moments of the single-site field
distribution which ensures that the truncated correlation
functions are porportional to e when e « 1; for this

purpose it is sufficient to focus on the second- and
fourth-order truncated correlation functions. In this way
one may be able to suggest a suitable Po(g, a, e) that
leads to the required behavior of the moments. Given
a candidate choice for Po(g, a, e), Monte Carlo methods
and/or renormalization-group techniques may then be
introduced. Although high-temperature series exist only
for n ~ 4, the principles set forth in this Letter may be
applied to study P4 and P4, or even P3 f3 and f3,
which include super-renormalizable, renormalizable, and
nonrenormalizable examples.

If the starting point of our discussion had been the auxil-
iary variable M

E' (a, b) rather than w E (0, 1), then the re-
sult for the truncated correlated functions would have been
)b —a( times the truncated correlation functions already
discussed. This fact implies that the Euclidean field P will
be infinitely divisible in the sense of probability theory [6];
moreover, in the present case, the Minkowski field is also
infinitely divisible. Already for a Minkowski field divis-
ible into two equivalent fields it has been shown that the
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truncated four-point function vanishes provided one im-

poses the conditions of the Haag-Ruelle theory including
asymptotic completeness [11]. On the other hand, the op-
erator structure of the present models [3] shows that all

four- and higher-point truncated correlation functions ef-
fectively involve composite particles requiring an infinite
multiplicative renormalization (due to forming local field

products with the same w value). This fact raises questions
about any straightforward application of the Haag-Ruelle
theory in the present case and suggests rather a generalized
Lehmann-Symanzik-Zimmermann viewpoint [12]. These
operator-related remarks have relevance for the functional

approach of the present paper. Specifically, we have made
the achievement of a nonvanishing truncated four-point
function our central goal, and granting reasonable spectral
properties of the theory, we would expect to attain nontriv-

ial scattering. This would be a necessary precondition to
have a classical limit that agreed with the known proper
nontrivial classical theory.

A derivation of Green's functions for two- (or more-)
component scalar fields may be carried out in analogy
with the present treatment. Application to symmetry
breaking potentials may well be relevant for the Higgs
mechanism in the standard model.
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