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Domain Coarsening in a Two-Dimensional Binary Mixture:
Growth Dynamics and Spatial Correlations
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Late-stage coarsening in a 2D binary mixture has been investigated via direct imaging of "bubble"
domains in an amphiphilic monolayer at an air-water interface. In a regime with growth exponent
n = 0.28 for the mean domain radius, the radius distribution exhibits dynamic scaling, closely
approaching a Gaussian shape. The local structure of disordered bubble patterns ensures short-range
screening of topological charge. Pattern statistics correspond to equilibrated random Voronoi lattices
and indicate a prominent role of entropy maximization. Pattern stabilization against bubble coalescence
is attributed to electrostatic interactions.

PACS numbers: 05.70.Ln, 64.60.—i, 64.75. +g, 7S.70.Kv

The domain coarsening which mediates the approach to
equilibrium in systems subjected to a rapid field or tem-
perature quench has received a great deal of experimental
and theoretical attention [1]. A central topic of theoretical
interest has been the incorporation of interdomain correla-
tions in the analysis of the growth dynamics. Neglected
in the classic mean-field treatments of systems with con-
served order parameter [2], diffusion mediated correlations
are in fact relevant in the presence of a finite fraction
of minority phase [3], a common experimental situation.
Theoretical progress [4], especially in the analysis of two-
dimensional systems [5,6], has led to the prediction that,
while preserving an asymptotic scaling state characterized
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by a growth exponent of 3 for the mean droplet radius, cor-
relations greatly affect the functional form of the universal
distribution; in addition, such correlations are expected to
induce spatial correlations in the configuration of domains.
While a variety of simulations have addressed these as-
pects of the coarsening dynamics [3,7], experiments rely-
ing on direct imaging of suitable two-dimensional systems
are only now beginning to appear [8).

We report here on the late-stage domain coarsening
("ripening") in a two-dimensional binary mixture, formed

by immiscible liquid phases of two amphiphiles within a
monomolecular film at an air-water interface. Extensive
pattern analysis of Ouorescence images, recorded follow-

ing isothermal quenches in surface pressure for "off-
critical" mixtures, yields not only the growth law (A)—
t2", for the mean droplet area, with n —0.28 over 3 orders
of magnitude in time, but also the complete droplet radius
distribution P(R/(R)): This is shown to exhibit a universal
shape closely approximated by a Gaussian. Coarsening
droplet patterns retain a high concentration of topologi-
cal defects N„~6/W ) 0.5, and the application of Voronoi
analysis reveals their geometrical and topological statistics
to display remarkably detailed analogies to space filling
cellular patterns ("froths") [9]. In particular, coarsening
droplet patterns exhibit a pronounced anticorrelation be-
tween the area of a given droplet and the mean area of
droplets in its nearest neighbor (NN) shell: The nature
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of this correlation is such that topological charge is vir-

tually completely screened at the scale of NN distances.
Invoking the notion that maximization of entropy controls
the configurations of the evolving patterns, we provide
a quantitative account of this observation. We attribute
the stabilization of the local pattern structure to the sup-
pression of droplet coalescence by repulsive interdomain
interactions.

Langmuir films, formed by a mixture of dimyris-
toylphophatidylcholine and dihydrocholesterol [10], with

molar ratio 80:20, corresponding to an area fraction
of minority phase P = 0.25 [11], were equilibrated in

their uniform phase [10,12] at 19 C. They were then

subjected to rapid (mechanical) expansion, typically in the

range of molecular areas A;„;,—61 A to Af' ~
I 67 A

Off-critical values for the composition were chosen so as
to avoid crossing the stripe phase regime in the vicinity
of the critical mixing point [12—14] and to ensure the
nucleation of circular bubble domains. The coarsening
dynamics were monitored for up to = 90 h following layer
expansion, by relying on computer controlled time-lapse
video recording. Image analysis procedures are described
elsewhere [14].

The temporal evolution of the mean droplet area (A) is

shown in Fig. 1 for three different runs. Linear fits to
the power-law regime yie1d a value of n = 0.28 ~ 0.01
for the exponent in the growth law (A) —t2" [15]. The
initial portion of each of the plots in Fig. 1. controlled

by the fastest growing unstable mode in the concentra-
tion field [7], yields an estimate of 40 p, m2 for the area,
or 3.5 p, m for the radius of the critical nucleus. Inter-
cepts of the linear fits to the power-law regime yield values
for the rate of growth of the mean radius, k = (R)/t", in

the range —0.38 ( k ( 0.43 pm/min't'-, which compares
rather well with an expression for k given by Marqusee
[16]. The low values of the (bare) line tension appear to be

particularly adverse to rapid growth. Droplet coalescence
is exceedingly rare: In fact, mutual droplet repulsion, ex-
pected in the presence of electrostatic dipolar interactions
between domains [17],is clearly evident in the presence of



VOLUME 73, NUMBER 17 PHYSICAL REVIEW LETTERS 24 OCTOBER 1994

3.5 7.0

6.5

3.0

2.5

I
X
O.

c 2.0

E
O

U)0

1.5

6.0

5.5

2946

45 ---~

~o 4.0
124

u 35
E
0
Z,' 3,0 I I amiIanl ~ &i II

2.5
35

2.0

H%ti%flll I I

1.0 — ~
2n

(A& = kt
1.5

1.0

0.5
-1.0 0.0

I

1.0 2.0
log time/min

I

3.0 4.0

0.5

o0.
0.0 0.5 1.0

R/(R)

A—- ' xm&SSNMg
1.5 2.0

FIG. 1. Domain coarsening. Temporal evolution of mean
domain area (A) for three runs at composition 80:20, corre-
sponding to 4 —0.25, at temperature 19 C and approximate
surface pressure m = 6 dyn/cm. Vertical offsets were applied
to the middle (—0.25) and bottom (—0.50) graphs. The conver-
sion factor for area units is 10 pixels —= 12.4 p, m'. Solid lines
represent linear fits which determine the growth exponent (see
text). Labels (a)—(d) refer to respective graphs in Fig. 2 be-
low. Inset: Snapshots of (portions of flat-fielded [14])domain
patterns at different stages of coarsening taken from the run,
corresponding to the top plot; the corresponding Voronoi dia-
grams are superimposed. Note the different scales: the black
label box represents 150 p, m (left panel) and 240 pm (right
panel), respectively.

substantial Brownian motion during the first few minutes
of coarsening.

Figure 2 depicts the scaled, normalized domain radius
distribution P(R/(R)) at the four different time points
marked (a)—(d) in the top plot of Fig. 1. Gaussian fits are
seen to provide a close approximation; the (2D version of
the) Lifshitz-Slyozov universal distribution [7] is displayed
as a reference [3,7,8]. Linear fits to quantile-quantile

(QQ) plots (not shown), comparing the raw data (prior
to binning) to the standard normal distribution, reveal
departures from linearity only in the wings (of diminished
statistical weight), while a linear correlation obtains over
an interval of at least ~1.5o- about the mean [14].

Accepting the Gaussian as a valid representation of
the principal statistical aspects of the data [18], we are
led to conclude that dynamic scaling is indeed satisfied
throughout the regime of power-law growth, covering at
least three decades in time. In particular, there is thus
no sign of any narrowing in the distribution which would
accompany the ordering transition expected to terminate
coarsening in systems with competing interactions [19—

FIG. 2. Normalized scaled domain radius distributions. Typi-
cally 250—400 scaled domain radii R/(R) per image were
collected into 100 bins spanning the interval [0,2.5]. Gaussian
fits (solid lines) yield the following sets of optimal parameters
for (a)—(d), respectively; (p) —= (R/(R)):0.99, 1.00, 1.04, 1.02,
and o".0.229, 0.221, 0.224, 0.246; peak amplitudes fall within
1% of the expected value I//2m. o.. A 2D version of the
Lifshitz-Slyozov distribution (dashed lines) is also indicated.
For clarity, vertical offsets of 1.5 were applied to adjacent
graphs.

22]. This conclusion is affirmed by the fact that the
concentration p(6) —= N„=6/N, a measure for local hexatic
order in bubble patterns [23], remains constant at a low
value of &0.5.

The spontaneous formation'of droplet ("bubble" ) do-
mains in Langmuir films of the type investigated here has
been attributed to the presence of competing interactions
[19], a view well supported by a variety of experiments
[13,17]. The modulation period Ao, characterizing the
ground state of these systems, sets an upper limit R-
@'/2A&, @ denoting area fraction of minority phase to the
mean domain radius (R), and the condition (R) (t = t") =
R thus defines a characteristic crossover time t*. Given do-
mains of (lateral molecular) dipole density Ap and (bare)
line tension y, an estimate of t' may be obtained [24] in
the form t' = t exp(n 'y/b p2), where t = 5 X 10 s s
represents a microscopic time. With an approximate up-
per limit of Ns —= Ap /y —0.14 [13,25], and n = 0.28,
this expression yields t" = t exp([(0.28)(0.14)] '] —5 X
10 s. A slightly smaller value of N&, determinedprimar-
ily by the quench depth for given P, but unfortunately not
known with any precision [25], moves t* out of reach: For
example, N~ —0.12 gives a value of t* —5 X 10 s. We
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conclude that our experiments did not reach the crossover
regime [26].

The Gaussian shape of the scaled droplet radius distribu-
tion exhibits characteristic deviations from the mean-field
(Lifshitz-Slyozov) solution (Fig. 2). These are generally
attributed to interdomain interactions which may be dif-
fusion mediated [3,4] or may reflect other, here possibly,
dipolar contributions which are expected to induce spatial
correlations in the evolving droplet domain patterns [6,8].
A suitable probe of (local) structure is the Voronoi diagram
[9,23] of droplet domain centroids (Fig. 1), which facili-
tates evaluation of the distribution of coordination numbers
P(n). For the pattern in the right-hand inset of Fig. 1, we
obtain typical probability densities, p(k) =—N„=I,/N: p(4):
0.02, p(5): 0.27, p(6): 0.50, p(7): 0.18, p(8): 0.03, with
second moment p, 2 =—g„(n—6) p(n) = 0.64 [27]. The
p(n) were found to be essentially time independent, p, 2

ranging between 0.65 and 0.85.
The joint probability distribution P(n, A) determines the

form of the interdependence of x„=—(A„)/(A), (A„)de-
noting the mean area of n fold c-oordinated droplets (not
that of the corresponding n-sided Voronoi polygons) and

topological charge, C —= n —6. As illustrated in the in-
set of Fig. 3, we generally find a linear dependence of
x„,in accordance with the Lewis law of cellular patterns
(froths) [9]. Linear fits by the Lewis law in the form
x„=b + A(n —6) give typical values 0.95 ~ b ~ 1.05
and 0.2 ~ A ~ 0.25, with A = 0.24 for the inset. Devia-
tions from linearity do occur on occasion, given that sta-
tistics for x4 and xs are not always reliable. More robust
is the linearity in the correlation between C and the prod-
uct nm(n) of coordination number n of a given domain and
the average coordination number m(n) of the domains in
its NN shell, in accordance with the Aboav-Weaire law of
cellular patterns [9]. This is again illustrated in the inset
of Fig. 3, yielding a value of a = 1.1 for the constant in
the Aboav-Weaire law in the form nm(n) = (6 —a) (n—
6) + b, with [9] b = L nm(n)p(n) = 36 + p, 2. These
linear correlations indicate an unexpected, close analogy
between disordered droplet patterns and space filling cel-
lular patterns (froths). Specifically, the values we obtain
for the three parameters p2, A, and a are virtually identical
to those of equilibrated random Voronoi lattices [9,28].

To ascertain correlations in the areas assumed by adja-
cent domains [6,8], we display, as in Fig. 3, for each do-
main of area A in a given pattern, the average area of its
nearest neighbors (A)NN relative to A. Pronounced anti-
correlations are apparent: For domains of smaller than av-
erage area A, (A)NN exceeds A and vice versa. While this
observation is entirely consistent with the prediction of "di-
rect" correlations between domains, based on the analysis
of the domain coarsening dynamics [3,6,8]. We note that
such anticorrelations represent a quintessential property of
space filling cellular structures. Their evolution has been
shown [29] to proceed via configurations which maximize
the entropy S ——P„f dA P(n, A) ln(P(n, A)), under a set
of constraints whose interrelation produces the Lewis law
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FIG. 3. Area correlations between NN domains. Spatial
correlations in the area values assumed by adjacent domains
for the right-hand inset of Fig. 1. The solid line represents
the model discussed in the text. Inset: Plots (with linear fits)
corresponding to Lewis law (open circles, left ordinate) and
Aboav-Weaire law (solid squares, right ordinate), as discussed
in the text, where (A)„„,(A), (A„),n, and m are defined. Open
and solid triangles indicate ~1/2 standard deviation for Lewis
and Aboav-Weaire plots, respectively.

[9] and the Aboav-Weaire law [30]. A recent generaliza-
tion of maximum entropy analysis to disordered droplet
patterns [31,32] does in fact produce a functional form of
P(R/(R)), which closely matches a Gaussian. In addition,
it generates an explicit expression [33], f = f(p, 2, &, ~),
for the requisite relation between the quantities plotted
in Fig. 3: The solid line shown there employs the inde-
pendently obtained values p, 2

= 0.64, A = 0.25, a = 1.1,
without (additional) adjustable parameters.

The remarkably accurate reproduction of the local pat-
tern structure, generated by the "packing" of domains of
differing size, is a consequence of the virtually complete
screening of topological charge at the NN level: That
is, topological charges are essentially "associated" into
neutral NN clusters [31]. From this point of view, cor-
relations in the domain areas simply reflect correlations
between topological defects. As first noted by Mag-
nasco, the relaxation of domains, via area adjustment, into
this type of optimized local packing in fact generates a
well-defined topology [34]. Evaluation of the ("discrete")
charge correlation function (g, ,„NN C(0)C(j )/NkN&), with
k denoting the index of the kth NN shell (and thus repre-
senting topological distance), in fact demonstrates that cor-
relations decay from -p, 2 at k = 0, to ——p, 2/4 at k = 1

and to less than -p, 2/100 at k = 2 [31].
The locally optimal domain packing must be stabilized

against domain coalescence, and it is here that repulsive
electrostatic interactions between domains are most likely
to come into play. The configurations adopted by our
droplet patterns exhibit a preferred distance of closest ap-
proach s;, between boundaries of adjacent domains i and

j, producing a pronounced peak in the distribution [34]
P(s,,/(s;, )) whose shape is in fact preserved throughout
the power-law growth regime [14].
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We suggest that it is the combination of charge screen-
ing and local stabilization against droplet coalescence
which generates the observed equivalence of our droplet
pattern topology to that of equilibrated random Voronoi
lattices. It appears natural to assume that there is no spe-
cific requirement as to the precise distance dependence
of the (repulsive) interaction, so long as domain fusion
is suppressed. Consequently, the spatial correlations de-
scribed here may be expected in a wide range of systems
in which such interactions may occur, with a potentially
quite general role of entropy maximization in the selec-
tion of pattern configurations.

The work presented here has benefited from the advice
of Colin Mallows and John Marko.
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