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Cluster Approach for Quasicrystals
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We consider a "cluster picture" to explain the structure and formation of quasicrystals. Quasicrystal
ordering is attributed to a small set of low-energy atomic clusters which determine the state of minimum

free energy. The nature of the ground state as T 0, depending upon the clusters and cluster energies,
ranges from energetically stable and unique (as in Penrose tilings), to entropically stable and degenerate

(as in random tilings).

PACS numbers: 61.44.+p, 05.50.+q, 61.50.Ks

Since the discovery of the first icosahedral alloy [1],
a fundamental question has been: Why do quasicrystals
form? In this Letter, we explore a "cluster picture" based
on the concept that the structure of a solid can be de-
termined by the lowest-energy atomic clusters. The low-

energy clusters are responsible for making the quasicrystal
the state of minimum free energy. The idea is similar to
a notion commonly invoked to explain periodic crystals:
macroscopic crystal structure results from periodic, dense-
packing of some microscopic, low-energy cluster. There
is numerical evidence that low energy clusters can form
in the melt and join together during solidification to form
ordered structures [2]. In its application to quasicrystals,
an important element is that the low-energy clusters can
overlap to further increase their density. That is, an atom
can participate in two or more distinct low-energy clus-
ters. Energy minimization favors cluster overlap and, we
conjecture, a network of overlapping clusters can induce
strong correlations between distant regions that enhances
quasiperiodic ordering. Clusters have been noted previ-
ously as important elements in specific atomic models of
quasicrystals [3—7]; there is evidence of a hierarchy of
cluster structures, e.g. , in icosahedral A1PdMn [8]; and,
recently, clusters have been invoked to explain the elec-
tronic resistivity and diamagnetic properties [9]. In this

paper, clusters take center stage as the generic, primary in-
fiuence promoting quasicrystal formation. Together with
the previous work, a significant implication is that the fo-
cus should be on the energetics of microscopic atomic
clusters in order to explain macroscopic quasiperiodic or-
dering or to predict new quasicrystalline alloys.

The nature of the ground state in the cluster picture
depends on the specific choice of clusters and energies.
The ground state as T 0 can range from energetically
stable and unique, as in Penrose tilings [10,11], to
energetically stable and degenerate, as in tilings with
"weak" matching rules [12], to entropically stable, as
in random [3,13] tilings. This leads us to reinterpret
prior, competing tiling models of quasicrystals as part
of a spectrum of cluster picture possibilities. In this
approach, no single prior model is preferable overall;
rather, the best-fitting model for any real quasicrystal
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FIG. 1. Low-energy clusters selected for the examples in this
paper: (a) Cp. 1, $3, and 54; C~: J and S3. (b) Cstr.. Decagon
clusters (only the "star" decagon cluster is shown here, but
there are five others) and the two hexagon clusters. Co. star
decagon cluster only.

depends on the low energy clusters for the particular
elemental composition. In this sense, the cluster picture
might serve as a unifying theoretical approach that spans
all quasicrystal solids.

Our analysis is based on numerical studies of 2D
and 3D tilings. The different types of tiles represent
different atoms or groups of atoms which close-pack to
form the solid. In this paper, we focus on 2D models
with decagonal symmetry constructed from fat (f) and

skinny (s) rhombus tiles (see Fig. 1), which is relevant for
describing the periodically spaced layers of 3D decagonal
quasicrystals. The cluster picture entails selecting a small
set of tile clusters, (i), which are assigned an energy per
cluster e; & 0. All other clusters are assigned e = 0. The
free energy is minimized using this chosen Hamiltonian.

For the free-energy minimization, we use conventional
Metropolis Monte Carlo methods used in our studies of
elastic phase transitions [14] and recent entropic sampling
Monte Carlo techniques [15]. All close-packed tile con-
figurations are checked for a sequence of periodic ap-
proximants to the quasicrystal. The stoichiometry can
be defined in terms of the fractional area occupied by
fat tiles, x = (rNt)/(rN~ + N, ), where N(t, l is the num-

ber density of (fat, skinny) tiles and r = (1 + +5)/—2 (the
golden ratio). The quasicrystal has x = xo = r2/(r2 + 1)
and a periodic approximant has x equal to some ra-
tional approximant to xo. We consider two sequences
of periodic approximants which approach x = xo from
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above and below: fat-tile-shaped approximants with x =
(F2k+i + F2k i)/(r + 7 " ) ) xo (where Fk is the kth
Fibonacci number) and skinny-tile-shaped approximants
with x = (F2k + F2k 2)/(r " ' + r ) & xo. Minimiz-

ing the free energy for both sequences allows us to study
the stability of the quasicrystal phase as a function of stoi-
chiometry. Although there are strong indications that our
simulations converge on the true, thermodynamic ground
state, our conclusions should be regarded as numerical and
not rigorously proven.

The limit in which e; = 0 for all clusters is a re-
alization of the "maximally random" tiling model

[3,13]. Every close-packed configuration has equal
internal energy independent of stoichiometry, x.
For fixed x, the number of degenerate configura-
tions of a system of total area A grows as exp(o.A),
where cr is the entropy per unit area. According
to the random tiling hypothesis [13,16] configu-
rations with quasicrystalline order (and x = xo) have
the highest o.. Hence, for T & 0, the quasicrystal is
the state of lowest free energy. The maximal random
tiling is a good approximation for quasicrystals at high
T when the thermal energy exceeds all internal energies.
Here, however, we are interested in behavior at moderate
to small T. In this case, the maximally random tiling
condition that all close-packed arrangements of tiles have
equal energy seems unlikely to apply to real quasicrystals
where atomic clusters replace the tiles.

The cluster picture is motivated by the more likely con-
dition that some clusters have lower energy than others.
This breaks the energy degeneracy and, depending on the
clusters and cluster energies, can lead to ground states
ranging from Penrose-tiling-like to random-tiling-like at
T = 0. Below, we illustrate the spectrum of possibilities
using four 2D examples. Because of properties special to
two dimensions, the distinctions are somewhat blurred for
T ) 0; namely, thermal fluctuations result in a transfor-
mation of a 2D Penrose tiling at T = 0 to random tiling
elastic behavior and degeneracy at T & 0 [13,17]. How-
ever, it is useful to make these distinctions anyway to un-

derstand quantitative differences (e.g., in elastic constants)
as T 0 in two dimensions. More importantly, 2D is a
testing ground for three dimensions, where the different
T = 0 phases should remain stable for a finite range of
T ) 0 [14]. With this caveat, we first consider the ground
states as T 0 for fixed stoichiometry, x = xp.

Cp (Pen rose like) At T = -0, th.e—ground state is
unique. Our example was designed to obtain a perfect
Penrose tiling [11],although it seems possible to obtain
other unique ground states. There are three low energy
clusters labeled 53, S4, and J [using de Bruijn's notation
[18], see Fig. 1(a)]. We assign cluster energies eq4 =
FJ = 1 and eq3 = —2, and e = 0 for all other clusters.
As in all of our examples, the ground state does not
depend sensitively (e.g. , ~50%) on the absolute or relative
energies. Even though the ground state is the same,

this cluster picture model is different from the "matching
rule" picture [10] based on Penrose tiling. The Penrose
tiling is uniquely forced by a set of "matching rules"
which specify the way every pair of tiles join together
edge-to-edge [11]. The matching rules can be translated
into an extreme limit of cluster rules in which one
identifies all local arrangements of tiles (out to some finite
distance) as being low-energy clusters. For example, the
matching rules can be recast as the condition that all seven
clusters that appear in Penrose tiling have e = —1 and
all others have e = 0. In contrast, example Cp specifies
only three cluster configurations. The three clusters were
consciously chosen so as to bias the s-tile environments to
be Penrose-like. However, it is cluster overlap (induced
by energy minimization) along with geometric and close-
packing constraints which, in a nontrivial way, uniquely
fix the local arrangements in the structure at T = 0.

Civ (weak matchin-g rule li ke-[1-2]).—The cluster
choice is the same as Cp except es4 0. Unlike Cp,
the ground state is degenerate, and there is finite entropy
per tile (o.). The Penrose tiling is among the degenerate
ground states, but one can also rearrange certain isolated
islands of tiles to obtain new configurations of equal
energy. Since the differences entail only isolated islands
of tiles, all ground state configurations exhibit long-range
quasiperiodic order as Penrose tiling. Tilings with weak
matching rules [12] have similar characteristics.

C@r (random binary or-two le—vel tili-ng lik—e) F-or.—
x near xp, the ground state is degenerate such that
each ground-state configuration can be resolved into a
decoration of random-binary or two-level tilings [3], two
distinct types of modified random tilings with matching
rules which limit the vertex types. By decoration, we
mean that each tile type in a binary or two-level tiling
is replaced by some specific cluster of f and s tiles.
For example, if we assign eD = —1 to all decagonal
configurations of five f and five s tiles and eH = —8 to
the two hexagon configurations shown in Fig. 1(b) where
0 ( 8 « 1, we obtain a decoration of the binary tiling
shown in Fig. 2.

Cri (discrete ordered) Generical. l—y, we find that clus-
ter models display "discrete order" (defined below); we
classify as CD models which exhibit discrete order but
do not obey Penrose, weak, or binary/two-level matching
rules. (N.B. The maximally random tiling is not discrete-
ordered. ) An example is obtained by assigning low en-

ergy only to the star decagon [Fig. 1(b)]. For both cases
with degenerate ground states, C@r and CD, the energy
varies linearly with x at T = 0 so that the quasicrystal
(x = xo) is unstable (see below). However, if the random
tiling hypothesis app1ies, the quasicrystal is entropically
stabilized at finite T.

To quantify the long-range order, we compute the
"perp-space images" [19,20]: Each 2D tiling vertex can
be expressed as g; n;e;, where n; is an integer and e; =II II

(c so[2ni 5/], sin[2mi/5]). The perp-space image is the
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FIG. 2. A sample ground state configuration for C&/T obtained
for low energy clusters shown in Fig. 1(b). The configuration
is a decoration of a binary tiling (shown in heavy outline). The
binary matching rule constrains tile edges joining at any given
vertex to be separated by angles that are either even or odd
multiples of 2n /10.

FIG. 3. Plots illustrating (a) the distribution in d~ (discrete
order); (b) the mean-square phason fluctuations, w2(L), as a
function of tiling size, illustrating phason disorder in maximally
random tilings compared to cluster picture examples.

3D set of points obtained by mapping each vertex into
v„=g; n;e; where n labels the tiling vertex and e;
(Q2/5 cos[4mi/5], $2/5 sin [4m i/5], gl/5). v„can be re-
solved into a z-component d„(equal to an integer times

I/+5) which takes on discrete values and continuous
x-y components w„,known as the phason variables. The
translational order is characterized by the correlations in
d„("discrete ordering") and w„("phason ordering").

All four cluster picture examples are "discrete ordered"
in the sense that the mean-square fluctuation in d„,d2(L),
remains finite as L ~. We define d2(L) = (N g(d„—
d)2), where N is the number of vertices, d —= ~ gd„,
and ( ) represents the ensemble average. In fact, as
shown in Fig. 3(a), d„is completely confined to four or
five values, depending on the example. We have been
able to construct examples which are not discrete ordered,
but this is not typical if there is cluster overlap. This
constrasts with the maximally random tiling, for which the
d„spreads over infinitely many values and d2(L) diverges
logarithmically with system size. Figure 3(b) shows
the mean-square phason fluctuations at T = 0, w (L) =
(~ g(w„—w)2), where w = ~ g w„. In the three cases
with degenerate ground states (maximal random tiling,
C&, and Cair), w (L) diverges logarithmically with L.
[d w (L)/d lnL is so small for Carr that the divergence is
not discernible in the figure. ] A consequence is that, for
these cases, the ground state exhibits power-law (rather
than Bragg) diffraction peaks and that there is a diffuse
scattering background [21]. However, the fact that the
slope, d w (L)/d lnL, is so much smaller for the cluster
models means that the diffuse scattering is much less
for the cluster models compared to the random tiling
pictures. Cp and Cw exhibit long-range phason order; the
diffraction patterns for both exhibit Bragg peaks. For Cw,
there is also disorder due to the freedom to flip tiles within

isolated islands, which results in some very small diffuse
background. Altogether, it seems that the cluster picture
produces dramatically reduced or zero diffuse scattering.
This is notable since some highly ordered quasicrystal
solids observed in the laboratory fail to exhibit measurable
diffuse scattering.

The slope in Fig. 3(b) is also a measure of the phason-
phason elastic constant as T 0. The reader is reminded
that quasicrystals exhibit both phonon and phason elastic
modes [22]. If the structure is described as a sum of mass

density waves, phonon modes are related to overall trans-

lations and phason modes are related to relative transla-
tions of incommensurate density waves. In a tiling picture,
phasons correspond to tile rearrangements. Phason strain
is defined as e;, = B,w;, where w is the phason field (a
coarse-grain average of w„defined above). In cases where
the phason elastic energy, X, is quadratic in the phason
strain [3,13] (sometimes referred to as "unlocked" phason

elasticity), X =
2 ~& P;, g;, e;, , where the phason-phason

elastic constant can be obtained from the mean-square pha-
son fluctuations according to at —T(7r d w2(L)/d lnL)
Table I indicates the value of x&/T as T 0. Note that,
formally, ~&/T is divergent for Cp and C&, this is an

indication that the phason elastic energy is linear, rather
than quadratic, in the phason strain at T = 0 (sometimes
called "locked" phason elasticity), 'E ~ ie;, i. Whether the
phasons are locked or unlocked, the general trend is that
the effective phason-phason elastic constant is significantly
larger for cluster models compared to random tilings.

We have also studied the stability of quasicrystals at
T = 0 as a function of stoichiometry, x, by evaluating
the internal energy 'U(x) for a sequence of periodic
approximants with b,x = x —xo 4 0. We find that tl (x)

1

can be fit to the form: 'U(x) = nix + a2ihxP. For Cw,
we find that we must fit separately Ax ) 0 and hx (
0. See Table I. [This form was motivated by considering
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TABLE I. Comparison of 20 cluster picture and random
tiling models.

Model Stability ~i /T

Cp
Cw

C~
CD

Max random
Binary

Energetic
Energetic

Entropic
Entropic
Entropic
Entropic

30.5
3.56
0.60
0.62

0.447
5.407

—3.789
0.324
0.
0.

0.33
0.33 for Ax & 0

Oforhx ~0
0.
0.
0.
0.

how the elastic energy 5 varies with uniform phason
strains at T = 0. A uniform phason strain produces a
shift in x such that X(x) ~ x in the unlocked phase and

1

'E(x) ~ ~hxP in the locked phase [3].] For Cp and Civ,
we find a stable minimum at hx = 0 which is cusplike;
hence, there is an energetically stable quasicrystal phase
at T = 0 [23]. For Ciigr and CD, uz = 0 and X(x) varies
linearly with x. The quasicrystal (hx = 0) is unstable at
T = 0, but, if the random tiling hypothesis applies to these
examples with degenerate ground states, the quasicrystal
should be entropically stable at finite T.

In summary the cluster picture incorporates the differ-
ent predictions of previous models into a spectrum of
cluster picture possibilities. At the same time, it sug-

gests that quasicrystals may form under more robust con-
ditions. Beginning from Penrose tilings, we find that

matching rules can
ordered quasicrystalline structures are obtained. Begin-
ning from maximally random tilings, the degeneracy of
the ground state can be broken without forcing the sys-
tem away from quasicrystallinity. Another implication
of the cluster picture is quasicrystals should typically ex-
hibit atomic structures with a much higher degree of or-

der, less diffuse scattering (in diffraction experiments),
and larger phason elastic constants compared to binary
or maximally random tiling models. We are presently ex-
tending our calculations to 3D models with icosahedral

symmetry (using clusters of fat and skinny rhombohe-

dra [10]) for which the preliminary results seem similar.
In 3D, the random tiling and cluster picture models re-

sult in Bragg rather than power-law peaks, but the de-

gree of diffuse scattering is typically much lower in the

cluster picture models. Our hope is that the cluster pic-
ture can unify the theoretical insights of prior models into

an effective, natural explanation of observed quasicrystal
properties.
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