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Nuclear Shell Structure at Particle Drip Lines
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The shell structure of exotic nuclei near proton and neutron drip lines is discussed in terms of
the self-consistent mean-field theory. It is demonstrated that when approaching the neutron drip
line, the neutron density becomes very diffused and the single-particle spectrum shows similarities
to that of the harmonic oscillator with spin-orbit term. Interaction between bound orbitals and
continuum is shown to result in quenching of shell effects in light and medium systems.
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Nuclei far from stability have never been as close to
us as they are now—thanks to exotic (radioactive) ion
beam facilities currently under construction in Europe,
the U.S.A., and Japan. Partly due to those experimen-
tal developments the physics of exotic nuclei is one of
the fastest developing subjects in nuclear physics. In the
medium mass and heavy nuclei, explorers are going be-
yond the proton drip line and approaching very neutron-
rich systems [1,2].

In contrast to the nuclear shell structure along the
beta-stability line which has been well studied both ex-
perimentally and theoretically, the yet unknown shell
structure in drip-line nuclei is currently of great interest.
Theoretically, radioactive ion beam physics is a challenge
for well established models of nuclear structure and, be-
cause of the dramatic extrapolations involved, it invites
a variety of theoretical approaches. Since the parameters
of interactions used in the usual mean-field calculations,
such as the Skyrme interaction in the Hartree-Fock (HF')
approach, are determined so as to reproduce the proper-
ties of beta-stable nuclei, the parameters may not always
be proper to be used in the calculation of drip-line nuclei.
In fact, the predicted drip lines strongly depend on the
models employed [3-7].

In this Letter, the global properties of the shell
structure of drip-line nuclei are discussed by means of
three state-of-the-art mean-field models, namely the HF
and the Hartree-Fock-Bogoliubov (HFB) models with
Skyrme-type interactions, and the relativistic mean-field
approximation (RMF). Limiting ourselves to the calcula-
tions of spherical shape we examine the quantities which
show striking differences between the shell structure of
beta-stable nuclei and drip-line nuclei.

Using the SkP variant of Skyrme interaction (8], which
was obtained by fitting global properties of several magic
nuclei together with the tin isotopes, we solve the HF
or HFB equations in the coordinate space [8] with the
box radius of 20 fm. The basic ingredients in the RMF
approach [9] are the baryons and the mesons. In the
present version of the RMF approach the NL1 force [10]
was employed. The resulting equations of motion are
solved by means of the basis expansion method. The

number of spherical oscillator shells used in the present
work is 20 for both the Dirac spinors and for the meson
fields. The details of this basis expansion method can be
found in Ref. [11].

The average spherical nuclear potential (optical poten-
tial) is usually approximated by a field

U(r) = VoI (r) + Vie s 2 £(r)(0 - ), 1)
where
r—rgAY/3\17
flr)= [1 + exp (—;A—ls>] 2)

is the Woods-Saxon-type radial form factor and the cen-
tral and spin-orbit potential depths, V4 and Vj,, weakly
depend on the neutron excess through the isovector term,
proportional to I = (N—Z)/A. The single-particle states
of (1) in beta-stable nuclei exhibit the characteristic grad-
ual dependence on mass number A, namely, the increased
nuclear radius leads to a systematic increase in the or-
bital binding energy (cf. Figs. 2-30 shown in Ref. [12]).
In order to analyze the trends towards drip-line nuclei, we
investigate the isobaric chains of nuclei with a constant
A.

The extreme situation expected at the A = 100 drip
lines is displayed in Fig. 1 for the proton-drip-line nucleus
190Sns50 and the neutron-drip-line nucleus 99Zn7o. Here
we show the self-consistent proton and neutron densities,
and the central potentials (plus the Coulomb potential
for protons). It is seen that the densities calculated in
the HF and RMF models are indeed fairly similar. We
have also checked that the results obtained from the HF
calculations using the SIII [13] or the SkM* interaction
[14], and the RMF results with the NL-SH interaction
(15], are very similar to those shown in Fig. 1. A striking
feature seen in the neutron-drip-line nucleus °°Zn is the
presence of a pronounced diffuseness in the neutron den-
sity as well as in the proton potential. It is clearly seen
that the proton (neutron) potential is more strongly af-
fected by the neutron (proton) density than by the proton
(neutron) density [16]. The 30 protons in 1°°Zn occupy
the deeply bound levels. Consequently, the resulting dif-
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FIG. 1. Top: Single-particle nucleonic densities of the NL1
RMF model for the A = 100 drip-line nuclei, 1°°Sn and °°Zn
(neutrons: solid line, protons: dashed line). Middle (bottom):
corresponding single-particle densities (central potentials) of
the SkP HF approach.

fuseness of the proton density is not large.

The effective diffuseness a(?) and the radius parameter
r$ of the calculated neutron densities of A = 100 nu-
clei as a function of the neutron number are presented
in Fig. 2 [parts (a) and (b)]. They were obtained by
comparing the radial moments, (r) and (r?), computed
for self-consistent densities with the radial moments re-
sulting from the Fermi distribution (2) [17]. From Fig.
2(b) it is seen that for a given mass number (A = 100)
the effective HF and RMF diffusenesses of neutron den-
sities are very similar; they increase dramatically when
approaching the neutron-drip-line nuclei. The neutron
radius parameter, r((,p ), shows weak variations with N.

For comparison, the values of a(V) and r{" for the cen-
tral HF neutron potential are also displayed in Figs. 2(a)
and 2(b). It is seen that while a(V) ~ a(?), the values
of r(()v) are systematically larger than r(()” ). The results
presented in Fig. 2(b) indicate that the average Woods-
Saxon-type potentials used in the Nilsson-Strutinsky cal-
culations for nuclei far from stability should contain an
explicit isospin dependence of a(V). It is also interesting
to note that for the systems with large diffuseness the
energy of the finite-range liquid-drop model [18] becomes
rather insensitive to higher-order multipole distortions.
This means that the higher-order deformations of such
systems are solely determined by the shell effects.

In the upper part of Fig. 3 the HF single-particle ener-
gies for the A = 120 isobars are plotted as a function of
N. Because of the finite radius of the box the calculated
single-particle levels with positive energies (continuum)
are discrete. The results obtained in the RMF model are
very similar (the positive-energy discrete states in RMF
appear here as a result of the truncated oscillator basis).
Both in the HF and RMF calculations it is seen that the
bulk single-particle shell structure exhibited by bunching
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FIG. 2. (a) Effective radius 7o [in fm; cf. Eq. (2)] of the sin-
gle-particle neutron density of the RMF (left) and HF (right)
model as a function of N for A = 100 isobars. For comparison,
the effective radius of the central HF neutron potential is de-
noted by the dotted line. (b) Effective diffuseness a (in fm).
(c) The spin-orbit splitting ée;, (in MeV) given by Eq. (6)
for the 1g shell (neutrons: solid line, protons: dashed line).
Note systematic differences between RMF and HF results. (d)
The effective N=4 shell splitting, den=s=6eu(3s)-ben(1g),
[in MeV; see Eq. (7)]. It is worth noting that the neutron
shell splitting approaches zero at the neutron-drip line.

of bound levels and the presence of magic gaps at particle
numbers 28, 50, and 82 does not appreciably change as
one approaches the neutron-drip line. However, the close
inspection of single-particle diagrams in Fig. 3 shows that
there are systematic changes in the fine details of shell
structure; see below.

The positive-energy low-j continuum manifests itself
through the presence of many levels which practically do
not vary as a function of N. Indeed, since those states
are not localized inside the nuclear volume their depen-
dence on the details of average potential is expected to
be very weak (a weak Z dependence of proton contin-
uum results from the change in Coulomb potential). It
is also seen that the combined effect of centrifugal and
Coulomb forces gives rise to positive-energy states which
try to preserve their shell structure. Those can be inter-
preted as quasibound resonances, especially pronounced
for protons (as seen in Fig. 1 the Coulomb barrier varies
from ~5 MeV in 19Zn to ~9 MeV in 1°°S9n).

The pairing force may have a unique role in drip-line
nuclei due to the scattering of nucleonic pairs from bound
states to positive-energy orbitals. In the HF model with
the state-independent seniority pairing (HF+BCS) this
leads to the presence of an unphysical “particle gas” sur-
rounding the nucleus [8]. Indeed, the seniority pairing
interaction does not introduce any selection rule for ini-
tial and final states of a pair; it indiscriminately scatters
pairs of particles from bound states to all positive-energy
states. This problem is overcome in the HFB method
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FIG. 3. Spherical single-particle levels for the A=120
isobars calculated in the SkP HF model (top) and SkP
HFB model (middle) as a function of neutron number.
The single-particle canonical HFB energies are given by
ex=(Uk|h|Tk). Solid (dashed) lines represent the orbitals
with positive (negative) parity. The bottom portion shows
the average neutron and proton gaps defined by A =

J A(r)p(r)d®r/ [ p(r)d®r.

with a realistic pairing interaction in which the coupling
of bound states to continuum is correctly taken into ac-
count [8]. (The importance of pairing interaction near
drip lines was discussed, e.g., in Ref. [19].)

In order to describe the coupling between bound states
and continuum due to pairing we performed the HFB
calculations with the SkP force in both particle-hole and
particle-particle channels. In the HFB method the un-
derlying shell structure does not have a straightforward
interpretation in terms of the eigenvalues of the HFB
Hamiltonian, i.e., quasiparticle energies E,. In order
to learn about underlying shell effects one can consider
the basis of canonical states which diagonalize the single-
particle density matrix

p(r,m) =D mTi(r)Ti(r), ®3)
k

where n’s are the single-particle occupation numbers.
Since p goes to zero at large distances, the canonical
states with n, >0 are always well localized. This is in con-
trast to the HF states belonging to the positive-energy
spectrum. The lower portion of Fig. 3 shows the expec-
tation values €,=(U|h|T) of the single-particle Hamil-
tonian, h=6Fyrg/6p [20], in the canonical basis. It is
interesting to notice that the single-particle part of the
HFB shell-correction energy can be written as

AE;;B = anek - <Z nkek> y (4)
k k

where ( ) means Strutinski-type averaging [20]. Equation
(4) suggests that the single-particle canonical energies €,
carry most information on the shell energy. Additional
argument for associating €, with shell structure comes
from the analysis of quasiparticle energies E,. It is well
known [20] that if the pair-gap matrix, A, is diagonal
in the canonical basis of a self-consistent solution, the
coupling (¥ |h|¥ ) (k#k’) disappears and the quasipar-
ticle energy is simply given by

By = \/(ex — N2 + A2, (5)

where A is the chemical potential. For realistic inter-
actions the pair-gap matrix is not diagonal. However,
since pairing forces are short ranged, one can expect the
off-diagonal matrix elements of A;g to be significantly
smaller than the diagonal ones. Indeed, according to our
calculations the average neutron-number dependencies of
low-lying quasiparticle energies obtained from HFB and
from Eq. (5) are similar. Consequently, the low-lying
quasiparticle excitations and proton and neutron separa-
tion energies, S~A+FEj, are governed by €;’s. However,
only the states in the vicinity of A have a clear interpre-
tation in the self-consistent theory and values of ¢, far
from A are less relevant.

For the isobaric chain of A = 120, the neutron Fermi
energy approaches zero near N = 82. As seen in Fig.
3, the N = 82 shell gap dramatically decreases near the
neutron-drip line. This effect is primarily caused by a
lowering of single-particle (canonical) energies of low-j
orbitals relative to those of high-j orbitals. Such an effect
results from a strong interaction between bound orbitals
and low-j continuum, whereas the interaction with high-j
resonance states is much less effective in modifying bound
orbitals. For heavier systems with N > 82 there are more
high-j orbitals in major shells and the lowering of low-j
subshells (which, in addition, are located at the top of
shells) is not sufficient to close the gaps. Therefore, the
quenching of shell effects at the neutron-drip line is only
expected in the systems with N < 82. At the proton-
drip line, the quenching occurs only for light systems
with Z < 28, because the Coulomb barrier prevents low-j
continuum from approaching bound states. A quenching
of this type has recent been demonstrated by the SkP
HFB calculations of spherical drip lines [7].

In part (c) of Fig. 2 the spin-orbit splittings of one-
particle HF levels,

1
bes = CT (ent,j=i-1/2 — €ntj=1+1/2) » (6)

are plotted for 1g orbitals in A = 100 nuclei as a func-
tion of neutron number. For the neutrons, there is no
clear dependence of fe;; on N in the HF model. Inter-
estingly, the RMF approach gives the neutron spin-orbit
splitting that gradually decreases with N. This result
is at variance with the conclusion of Ref. [5]; i.e., the
isovector contribution to the spin-orbit potential is not
negligible. The proton spin-orbit splitting is fairly simi-

983



VOLUME 72, NUMBER 7

PHYSICAL REVIEW LETTERS

14 FEBRUARY 1994

lar in both models; it changes significantly with N and
there is a tendency to reduce (6e;5), when approaching
the neutron-drip line.

Figure 2(d) displays the calculated N=4 shell splitting
for A=100 isobars. It is defined as deny—q4 = be;(3s) —
bey(1g), where ey (nl) are single-particle energies aver-
aged over respective spin-orbit partners, i.e.,

l I+1
dey(nl) = o LT enla=l+1/2 + ST enbi=l-1/2: (7

It is seen that the neutron dey—4 decreases towards the
neutron-drip line. This effect results from the fact that
the diffuseness of the one-body neutron potential be-
comes larger as neutron numbers increase. Consequently,
the shape of the potential becomes more similar to that of
an oscillator potential (see Fig. 1) and the neutron single-
particle spectrum for systems with large neutron excess
can be well approximated by that of the Nilsson model
without the I2 term. This observation also suggests that
the concept of pseudospin [21-23], based on the delicate
balance between the I - s and I? terms in the one-body
Hamiltonian, should break down at large values of V.

Recently, a new force in the RMF theory has been pro-
posed [15]. We checked that this NL-SH interaction pro-
duces results which agree qualitatively with the results
of the NL1 RMF calculations presented in this Letter.

In conclusion, our self-consistent HF and RMF analysis
indicates that there is a significant isospin dependence of
spherical shell effects in medium-mass and heavy nuclei.
It is found that (a) the shell structure of neutron-drip-
line nuclei is dramatically affected by the interaction with
continuum, (b) there are significant differences between
predictions of HF and RMF models for isospin depen-
dence of the neutron spin-orbit splitting, and (c) due to
large diffusenesses of neutron density and central poten-
tial the single-particle spectrum of neutron-drip-line nu-
clei resembles that of the harmonic oscillator with the
spin-orbit term.
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