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Ratchetlike devices can rectify symmetric, unbiased nonequilibrium noise resulting in fluctuation-
induced currents. We study some simple models to investigate the dependence of a nonequilibrium
steady-state current on the characteristic features of the ratchet and the applied noise. It turns out that
the magnitude and the direction of the induced current depend not only on the shape of the ratchet, but

also on the statistics of the fluctuations.
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Feynman used a ratchet example to illustrate some im-
plications of the Second Law of thermodynamics [1], in
particular, that useful work cannot be extracted from
equilibrium fluctuations. In a recent study [2], Magnasco
has pointed out that the same restrictions do not apply to
nonequilibrium noise: An asymmetric potential can recti-
fy even symmetric fluctuations, leading to a “‘coherent”
response from unbiased forcing [3]. One motivation to
study such problems comes from molecular biophysics
where ratchetlike mechanisms have been proposed to ex-
plain nature’s efficiency in transporting large molecules in
the absence of obvious appropriate potential or thermal
gradients [4]. There, the nonequilibrium fluctuations
have been conjectured to arise from the nearly irreversi-
ble consumption of chemical energy. Applications not
withstanding, the basic ideas contained in Magnasco’s ob-
servations have potentially far reaching implications and
deserve further investigation.

Here we study a class of noise-driven ratchetlike sys-
tems with the specific goal of investigating the ingredients
necessary for nonequilibrium fluctuation-induced trans-
port, as well as the robustness of such phenomena to de-
tails of the models. For example, it is desirable to know if
there is a degree of universality in these phenomena in
limiting situations, say, near equilibrium. We present ex-
act, perturbative, and Monte Carlo simulation results for
noise-driven motion in a one-dimensional periodic poten-
tial. The (overdamped) state variable X(z) moves in the
periodic potential ¥ (x) under the influence of a heat bath
at temperature 7 and the applied fluctuation force, a ran-
dom process denoted Z(¢). The state variable then sat-
isfies the stochastic differential equation

X = [0+ VI TED +2), )
where f(x)=—V'(x) is the deterministic force and

thermal fluctuations are represented by &£(¢), a mean zero
Gaussian white noise process [5] with

EWEG) =6 —s). 2)

In the absence of the applied noise or if Z(z) is another
symmetric white noise process, the stationary state corre-
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sponds to a thermal equilibrium state satisfying the con-
dition of detailed balance, in which case no net current is
possible for any shape of the potential. On the other
hand if the noise is unbiased and symmetric and the po-
tential is symmetric, then by symmetry no net current
can flow in the stationary state. If the applied force is not
symmetric then the appearance of a current would not be
surprising [6]. The interesting case from our point of
view is where the static potential V' is asymmetric and the
fluctuations are symmetric but nonwhite, ie., Z(1) is
correlated over time intervals that are long compared to
the thermal fluctuation time scale. For the dynamics of
Eq. (1), the resulting stationary state then no longer
satisfies the condition of detailed balance; the symmetry
of the noise may be broken, resulting in a nonvanishing
probability current in the x domain.

We note that our analysis applies to general periodic
potential shapes. The results and observations presented
specifically for the stylized (piecewise linear) potential
shown in Fig. 1 are not just artifacts of that sim-
plification.

We consider the dynamics in Eq. (1) with noisy ran-
dom forces Z(r) that are Markov processes with infin-
itesimal generator denoted M,. That is, the marginal
probability density p(z,7) of the noise process satisfies

Q%wwzp(z,z). 3)
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FIG. 1. A simple ratchetlike periodic potential.
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Then the joint probability density for the position vari-
able X(z) and the fluctuation variable Z(t), p(x,z,1),
satisfies the Fokker-Planck master equation

9% =-58;{—f(x)—z+kBT5@;}p(x,z,t)

+M,p(x,z,t), 4)

supplemented with periodic boundary conditions on [0,L]
in x, and the appropriate boundary conditions for z. The
fluctuation’s marginal density and the position variable’s
marginal density, r(x,?), are related to the joint density
by

p(z,t)=fp(x,z,t)a’x (5

and
reen) = plez,0dz 6)

and the x-space probability current is

J(x,t)={f(x)—k3T—a— }r(x,t)-l-fzp(x,z,t)dz.
Ix |-
)

In the absence of the nonequilibrium fluctuations (i.e., if
either Z=0 or Z is unbiased white noise for this simple
model) the system achieves an equilibrium state satisfy-
ing detailed balance, characterized by the condition J=0.
Now we consider symmetric, mean zero, exponentially
correlated fluctuation forces. In the stationary state the
fluctuation process Z (¢) satisfies (Z(¢)) =0 and

(Z(1)Z(s))=(D/1)e ~lt=slr (8)

where 7 is the correlation time of the noise and D is its
intensity. The power spectrum for such processes is a
Lorentzian of width 7 ~!. In the limit of vanishing t the
correlation function reduces to a delta function and the
power spectrum becomes flat, corresponding to white
noise. By “symmetric” we mean that the marginal distri-
bution p(z,7) is a symmetric function of z. There are
many stochastic processes—even many Markov process-
es— with the first and second order statistics considered
here, and we focus on three specific examples that are
amenable to analysis.

The first and simplest example is the symmetric dichot-
omous Markov process, also known as the random tele-
graph signal. This process takes on two values, D/,
staying in one state for an exponentially distributed time
before switching to the other state for another indepen-
dent identically distributed time, and so on. The margin-
al density of this process takes the form

p.)=P+()6(z—D/T)+P-(1)6Gz+~/D/t), (9)
where the probabilities P + (¢) satisfy

P4 1 =1 1 Py
P_| 271t —-1)|P-

d

< (10)

For this noise the 7 =0 problem can be solved exactly, in
closed form.

The second example is the Ornstein-Uhlenbeck process,
the unique Gaussian Markov diffusion process. It has
continuous sample paths and corresponds to low-pass
filtered Gaussian white noise. Its marginal density
satisfies the Fokker-Planck equation

aggzt,t) =%%{z+g%}p(m (1)

with vanishing boundary conditions as z— o, We
cannot solve the full problem exactly for the Ornstein-
Uhlenbeck process, but we can compute the current in
perturbation theory about the equilibrium white noise
(r— 0) limit.

The third example is a whole family of stochastic pro-
cesses known as ‘“kangaroo processes” [7], parametrized
by a probability distribution g(z). Here, the process
Z () waits at some value in the support of g for an ex-
ponentially distributed time, and then jumps to a level
chosen independently according to the distribution gq,
where it waits for another independent identically distri-
buted time before jumping again, etc. The marginal den-
sity for the kangaroo process evolves according to

i’B%l='-%{p(z,t)—q(z)fp(z',t)a'z'}, (12)

where g(z) is the stationary distribution which we take to
be symmetric with second moment D/r. (If g is a
discrete two-level distribution, then Z is equivalent to the
dichotomous process. If g is a Gaussian then Z is Gauss-
ian and Markovian, but it is not the Ornstein-Uhlenbeck
process.) We cannot solve the full problem exactly with
the kangaroo process but we can compute the O(t) con-
tribution to the current. The kangaroo process is a par-
ticularly valuable example because of the variety of
statistics available in the choice of ¢ (z).

For the dichotomous Markov process, in the zero tem-
perature case and provided D/t > sup,|f(x)|, the exact
stationary current is

J=(1—e*L=4@) /0 (13)
where
-1 (*_fO)dy
o0 == f T (14)
and
_ L e—o L 1 "
o= o;,:_—fzfo l?*" *
_ L —o(y) y
— (1 =etW-s@) [~ 4 e 1 _ .
¢ ‘I; yD/r—f(y)zj;’[r Vet
(15)
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The current as a function of the noise intensity D is plot-
ted in Fig. 2 for some specific parameter values. There is
an “optimal” noise strength which maximizes this noise-
induced current. This result illustrates the fact that co-
herent, asymmetric motion can be extracted from un-
biased, symmetric nonequilibrium fluctuations. Note
that for the ratchet potential as shown in Fig. 1, the
current is positive (to the right) in accord with the con-
siderations in Ref. [2].

The specific factors responsible for the fluctuation-
induced current are not altogether transparent in the full
solution in Egs. (13)-(15). Near the white noise limit
—i.e., near an equilibrium state— the solution can be ex-
panded as a power series in the noise correlation time. To
first order we find

T JE(x)3dx
D f(l).e+V/DJ'OLe—V/D ’

indicating a current proportional to 7 (which in these
cases is a measure of the “distance from equilibrium”)
and depending in a particularly simple way on the asym-
metry in the static potential. Even though V is periodic,
so the integral of f over the period vanishes, the integral
of f3 does not generally vanish. The steeper slopes in V
are emphasized by the integral of /3, which for a shape
like that in Fig. | results in a positive value for J. The
first term in the small r expansion is also plotted in Fig. 2
for comparison with the exact curve.

It is reasonable to conjecture that the near-equilibrium
functional dependence on the noise-induced current on 7,
/. V, and D is typically of the form in Eq. (16), although

(16)
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FIG. 2. Fluctuation-induced current for dichotomous Mar-
kov noise vs noise strength, at 7 =0, from Egs. (13)-(15) (solid
line). In this plot the potential barrier height E =1 in units of
D, the period is L =1, and the (%) forces are piecewise con-
stant on 20% (+) and 80% (—) of the interval, respectively.
The correlation time is 7 =0.001 in this plot. The first-order
approximation from Eq. (16) is also shown (broken line), as are
the results of direct Monte Carlo simulation (discrete data).
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perhaps with numerical prefactor adjustments.

In the case where Z(¢) is the Gaussian diffusion pro-
cess, the Ornstein-Uhlenbeck process, no full exact solu-
tion is known, but the current can be computed as a
power series in 2 in a singular perturbation expansion
[8]. The O(r'?) term vanishes identically, and the first
nontrivial terms appear at O(r). The net result of the
T =0 calculation to O(z) for the Ornstein-Uhlenbeck
noise, though, is

J=0. (17)
This result is not inconsistent with the conjecture in the
paragraph above—it is just that the prefactor is zero [9].

For the kangaroo process a similar short 7 singular

perturbation expansion can be carried out for general sta-
tionary distributions g(z), and the result at T=0is

z4> T f&f(xﬁdx
(z2)2 D f(l)_e+V/Dfé,e —Vv/D

J=[2— +0(z?) . (18)

where (z") are the moments of the noise process:

= [ 27 ()a: . (19)

The current in Eq. (18) has the same form as Eq. (16),
modified with a prefactor depending on the noise statis-
tics through the “flatness,” the ratio of the fourth mo-
ment to the square of the second moment. The rub is
that the flatness can take on any value between 1 and oo,
depending on the choice of g. When the statistics of the
nonequilibrium noise are such that the flatness is greater
than 2 the sign of the current changes. For example, a
Gaussian distribution has flatness 3, so the first-order
fluctuation-induced current for the Gaussian kangaroo
process is exactly the negative of the dichotomous noise
case (the minimum flatness distribution).

These results are not limited to the zero temperature
model. The expansion can be carried out as well for the
kangaroo process for temperatures 7> 0, and the first-
order current is

(z4) D?
J=|2—
[ (z5)? | (D+kpT)?
J&1(x)3dx

X (20)
+ + —V/(D+kgT) *
fé‘e vi(D kgT)fée /( 8

Finite temperature renormalizes the noise strength D in
the exponents in the denominator, and it modifies the pre-
factor in a simple way: In the presence of nonzero equi-
librium fluctuations, the current induced by low-am-
plitude nonequilibrium noise is proportional to D% The
qualitative shape of the magnitude of J vs D curve is still
as in Fig. 2 for T > 0, and the same dependence of the
sign of the current on the noise statistics is present.

Our prediction that the direction of the nonequilibrium
fluctuation-induced current depends on the details of the
statistics of the nonequilibrium fluctuations is a perturba-
tive result, so it is desirable to check it by other means.
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FIG. 3. Current per unit t for Gaussian kangaroo process vs
noise strength, to first order in z, from Eq. (18) (broken line).
The system parameters are the same as in Fig. 2, and the
discrete points are, from top to bottom, Monte Carlo data for
7 =0.005, 0.0025, 0.001, and 0.0005.

The problems outlined above may be studied via Monte
Carlo methods, and we have carried out direct simulation
of the stochastic differential equations for the cases of di-
chotomous fluctuations and Gaussian kangaroo noise.
The data for the dichotomous noise case are shown in
Fig. 2, a test case indicating the quality of the simula-
tions. In Fig. 3 we plot the current per unit 7 from Eq.
(18) along with the data from Monte Carlo simulations
for the Gaussian kangaroo process. The current induced
by the Gaussian kangaroo noise is opposite in direction to
that induced by the dichotomous noise, and as 7— 0 it
appears to be converging to the first-order values predict-
ed by the perturbative analysis.

We have constructed and analyzed theoretical exam-
ples of fluctuation-induced transport in nonequilibrium
systems. For the models studied here, the nonequilibrium
fluctuations give rise to a statistical stationary state of the
system that lacks detailed balance. Although lack of de-
tailed balance means precisely that the current does not
vanish in phase space (x,z), it is the ratchet’s mechanical
rectification of completely symmetric noise in configu-
ration space, i.e., in the x domain, that is of importance.

The direction of the current under the influence of
large flatness noise might be understood as follows, at
least in the case of a three-level noise process [Z(¢)
€ {+ F,0}). Large flatness implies relatively large [say,
F>supy|f(x)|] fluctuations which are relatively rare.
During the time between the large rare fluctuations, the
particle becomes localized near a stable equilibrium of
the periodic potential. When the large force is applied,
the periodic force is negligible and the particle will be
displaced— perhaps over a distance of several periods of
the potential—in the direction of the noise force. When
the noise changes back to Z =0, the particle finds itself

with an essentially random phase within a period of V
and the particle will move toward the nearest minimum
of V. On average, the large displacements when Z =+ F
yield no net displacement by the symmetry of the noise.
Referring to potentials oriented as in Fig. 1, though, the
relaxation process to the nearest minimum of ¥ when
Z =0 will preferentially be to the minimum on the left
because its basin of attraction is larger than that of the
minimum on the right. This mechanism is similar in spir-
it to that generating current in the presence of a fluctuat-
ing potential [10].

Whether or not nature takes advantage of this kind of
effect at the subcellular level remains to be seen.
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