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An envelope equation describing laser pulse self-focusing and optical guiding in plasmas is derived and
is used to analyze self-modulation. Included is the plasma wave generated by the pulse front, which
leads to periodic focusing, radial energy transport, and laser envelope modulation. The onset criterion
and growth rates are calculated and compared to simulations using the envelope equation and a non-
linear fluid code. For a long square pulse, onset of strong self-modulation occurs at one-half the power

needed for optical guiding.

PACS numbers: 52.40.Nk

The propagation and guiding of intense laser pulses in
plasmas is a problem of recent interest with numerous po-
tential applications ranging from wake field acceleration
to short wavelength radiation generation [1]. Optical
guiding is necessary in order to propagate a laser pulse
over distances larger than the vacuum diffraction (Ray-
leigh) length, Zg =rxré/Aro, where rg is the laser spot size
at focus and Ag is the laser wavelength. Possible methods
for guiding laser pulses in plasmas include relativistic
guiding [2-4], which requires a laser power P greater
than a critical power P., and channel guiding [5-9],
which requires a preformed plasma density channel with
a depth An greater than a critical depth An.. Recently, it
has been observed via simulation that a relativistically
guided pulse can undergo severe self-modulation [9-12],
whereby the pulse rapidly (within a few Zg) breaks up
into an axial beamlet structure with a period equal to the
plasma wavelength A,. Consequently, this beamlet struc-
ture can resonantly drive a large amplitude plasma wave
with an axial electric field =100 GV/m [11,12]. Simula-
tions indicate that self-modulation can occur when P
> P, and L > A, where L is the laser pulse length [11].

In the following, an envelope equation is derived which
describes the two-dimensional (2D) evolution of laser
pulses in plasmas, including the effects of relativistic and
channel guiding, plasma wave generation, diffractive
beam head erosion, etc. This envelope equation approach
is advantageous (i) because of its simple form, which aids
in physical interpretation, (ii) because of its ease in nu-
merical solution, and (iii) because it lends itself to analyt-
ical calculations of various phenomena, such as the
dispersion relation describing laser pulse self-modulation.
The envelope equation is derived from the relativistic
Maxwell-fluid equations, assumes that the laser pulse
radial profile is approximately Gaussian, and is valid
provided a¢ <1 and kpr§>>l, where k, =2n/A, =w,/c,
a),,=(47re2no/me)'/2 is the electron plasma frequency,
and ng is the ambient electron density. Also, ap=6
x 10 ~'%7 /2, where A¢ is in um and [ is the laser inten-
sity in W/cm?, assuming circular polarization. In this
Letter, this model is used to analyze self-modulation.
The physical mechanism for self-modulation is delineated
and the onset criterion, as well as growth rates in various

regimes, are calculated. The results of the envelope equa-
tion are compared to Maxwell-fluid simulations using the
nonlinear model described in Refs. [9,11,12].

For a long, axially uniform laser beam with a Gaussian
radial profile, the results below indicate that guiding at a
constant spot size is possible [7] when P =Py, where
Py/P.=1—An/An., P.(GW)=1TA2/A§, An.=1/nr.rd,
re =¢2/m,c?, and a plasma density profile of the form
n=no+Anr2/r¢ has been assumed. A laser pulse with a
finite rise time will generate a plasma wave with a density
oscillation of the form &n~|dn|cosk,(z —ct). This den-
sity wave enhances focusing in regions where 8én/dr >0
and enhances diffraction where d6n/dr <0. Hence, the
envelope of a long pulse L >4, which is at the guiding
threshold P =Py will become modulated at A,. This
modulated envelope resonantly enhances the density wave
and the process proceeds in an unstable manner. Self-
modaulation is characterized by a radial transport of pulse
energy. This is in contrast to the standard 1D forward
Raman instability [11-14] in which modulation occurs
due to an axial transport of energy.

The self-consistent laser-plasma interaction can be de-
scribed by Maxwell’s equations coupled to the cold elec-
tron fluid equations. In the limits a2<1 and k7r§>1,
the Maxwell-fluid equations reduce to [9,10,13]

2ik

vi+ 2509 ik 2 ap+p)i, (1a)
¢ Ot

08¢ +k2)sp=—k}al*/2, (1b)

where a=eA /mc? is the normalized vector potential of
the laser field, a= % (ae, —ia*e,) +c.c. (circular polar-
ization, a-a=|a|?), 8p=bn/no—|a|¥/2, Ap=n©/ng—1,
n@(r) is the initial electron density profile, no=n©(0),
and dn=n—n® is the perturbed electron density. In
deriving Egs. (1a) and (1b), the independent variables
¢=z—ct and t =t were introduced, the quasistatic ap-
proximation [4] (8/87 =0) was assumed in the electron
fluid equation, Eq. (1b), and the slowly varying envelope
approximation was assumed, i.e., a =a(r,¢, 7 )exp(ikof),
where |94/9¢|,|84/9ct| < |kod| and ko=2m/ro. Furth-
ermore, |8n©@/3r|~n©/ry and wl/wf<1 were as-
sumed, where wq is the laser frequency. In Eq. (1b), the
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term Vi|a|%/2 has been dropped from the right side,
which is valid provided k2r§>1. Notice that Eq. (1b)
implies 8p=f§dl'g(¢ — C)Ialz(C) where g(¢) =(k,/2)
xsink,¢ and =0 is defined to be at the pulse front; i.e.,
a(¢£=0) =0 (the pulse exists in the region £ <0). In the
following, the effects of certain instabilities, such as large
angle Raman scattering [13,15], are neglected.

An envelope equation describing the evolution of the
laser pulse spot size r;(£,7) can be derived using the
source dependent expansion method [16], in which the ra-
diation envelope a is expanded in a series of Gaussian-
Laguerre modes, obtaining equations similar to Egs.
(14a) and (14b) of Ref. [16], which were there applied to
the free electron laser. Assuming that a is adequately
represented by the lowest order Gaussian mode, d =dg
xexpl — (1 —ia)r?/r?], then r, evolves according to

r2

92 2 o ‘
L. 4 f f dx (1 —x)e ~UHmx2g(x)
ago 0

972 kér?

(2)

where x =2r%/r2, a=(ko/4c)drf/d7, and S(x) is the
source term appearing on the right side of Eq. (la).
Furthermore, |do| =aoro/ri, where ro and ag are indepen-
dent of . At t =0, rp =r¢ and 8r; /37 =0 are assumed
for convenience. Hence, ao(¢) is the initial axial profile
of the laser pulse. Since only the fundamental mode is
retained, Eq. (2) is limited to the study of laser pulses
with Gaussian radial profiles. Non-Gaussian profiles and
certain transverse instabilities, such as filamentation or
the laser-hose instability [17], can be examined by retain-
ing higher order Gaussian-Laguerre modes.

Assuming an initial density profile which is parabolic,
n©@ =ny+Anr2/rd, then the envelope equation, Eq. (2),
can be written in the form

R _ 1| _ P _ An o,
61‘2 R3 l P. AncR ]
P(L)/P.
4Rf d¢ cosk, (' =) — 3(’ R2O+RAT

(3)

where P/P.=k}réad(()/16, R=rp/ro, and 7=c7/Zg.
The second, third, and fourth terms on the left in Eq. (3)
represent the effects of vacuum diffraction, relativistic
focusing, and channel focusing, respectively, whereas the
term on the right side represents the nonlinear coupling
of the envelope to the plasma wave. Equation (3) cor-
rectly describes well-known laser pulse evolution, such as
the inability of relativistic guiding to prevent the
diffraction of short pulses L <2, [4,9,13].

In the following analysis of self-modulation, an ideal-
ized axial pulse profile will be assumed consisting of a
finite rise followed by a long flattop region. This sim-
plifies analytic calculations and allows for a clear discus-
sion of the physical mechanism. Realistic axial pulse
profiles can be examined by numerical solution of either
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the envelope equation, Eq. (3), or the quasistatic
Maxwell-fluid model, as was done in Refs. [11,12].

The evolution of a long, axially uniform laser beam can
be examined using Eq. (3) in the limit where the non-
linear coupling term is neglected; i.e., the right side of Eq.
(3) is set equal to zero. Matched beam propagation (r;
=ro=const) requires that the power satisfy [7] P="Py,.
When P# Py, the equilibrium spot size oscillates accord-
ing to k2ZAR*2=y4+—y-cosk.ct, where k2Z=4An/
An.ZE and y+ =1—P/P.*An/An.. For kect <1,
RI=1+y_c2t?/Z}, ie., focusing for y— <0 and ex-
panding for y - > 0.

The beam head generates a density wave given by én
=[§dCh (¢ —$)dlal?/d¢, where h(¢) = § cosk,{ and a
=gn/ny. Hence, the envelope equation will have the ini-
tial form 82R/8t2=y_ —2Psh/adP., where R(r=0)
=1. If én~cosk,{, then the density wave produces
periodic regions of enhanced focusing and enhanced
diffraction. The onset of strong self-modulation corre-
sponds to y- < 2|84 |P/adP.. If this is not satisfied, the
envelope diffracts at all values of ¢ (for k.ct < 1) and
modulation is reduced. For example, if k,,zL,ZiSe <1,
where L is the rise length of a long flattop pulse, then
6i=(ag/2) cosk,¢. In this limit, the onset of strong
self-modulation occurs at half the power needed to opti-
cally guide an axially uniform pulse, i.e., P=Py/2 (for
k,,erzise > 1, the onset power approaches P =Py).

The stability of a matched, axially uniform laser beam
can be examined by expanding about the matched beam
solution (rp =rg). Letting R=1+6R and assuming
|6R| <1, 8R=6Rexp(ik,{) and |d6R/3¢|< |k,oR|.
the equation governing the perturbed spot size is given by

62

where 6 =4—5P/2P,.

For sufficiently early times, 7 S L., where L.~ 1/T is
the e-folding length and I' the growth rate of the instabil-
ity, deER*» CSR i.e., the coupling term is secular in &
This implies an unstable mode, 6R~expl"r with a
growth rate I' =T, where I'; =(Vo?+ v? —G)'/z/\ff and
v=—k,{P/P.= 0. The approximation JdLSR=(5R is
valid provnded vi/a(o2+vi) A< 1.

For sufficiently late times, 7 > L., the behavior of the
instability can be found using asymptotic theory of con-
vective instabilities [11,13]. Assuming &R ~expli(k¢
—éwt)], Eq. (4) yields the dispersion relation D =k (o
—8w?)+k,P/P.. The asymptotic behavior of a convec-
tive instability can be found by letting dow'=6w —rk,
where ¢ =¢/7, and by setting D(Sw',k)=0 and
dD(6w',k)/dk =0 while holding 6w’ constant. This gives
(8w?—0)?=2k,|v|6wP/P.. The asymptotic growth,
5R~exp(l“t) can be solved in various limits. For exam-
ple, letting o= Sw, + /o, where |6w||<<\/—, implies
=T, where [',7=Qv#/v/o)"% This is valid provided
£ v/26%? (late-time asymptotic regime). In the limit
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|6w|>> o, I =T, where [37 =+/3Qv#2)'3. This is val-
id provided 7<«3%¥2v/46*? (early-time asymptotic re-
gime).

Numerical solutions of the envelope equation, Eq. (3),
have been performed and compared to the above theoreti-
cal results as well as to numerical simulations using the
nonlinear Maxwell-fluid code of Refs. [9,11,12]. Here, as
in Ref. [9], the wave operator used in the fluid code is
identical to that on the left of Eq. (1a). In this approxi-
mation the laser group velocity vy =c and the radially in-
tegrated laser power is constant at fixed {. The following
simulations assume A9=1 um and an initial normalized
intensity which rises from a2=0 at {=0 to its full value
a=ap at {= — L= — 5\, and remains constant out to
[¢lmax=15A,. Initially, r,=ro=10%, and 8R/dt =0.
For fixed values of ro/Ap, Lrise/Ap, P/Pc, and An/An,, the
results of the envelope and fluid codes were independent
of wo/w, (simulations were performed with wo/w, =30~
300).

First, consider a predominantly channel-guided case
with P=0.1P. and An=0.9An.. In this case, the growth
rate is small compared to ¢/Zg and it is appropriate to
compare the numerical results to the theoretical growth
rate [';. To compare with theory, the simulation points
190=ZRr/5 and o= —L,s/2 are taken as the “initial”
values; i.e., the theoretical expressions were evaluated at

N
R RAARE et
FUTEU T ST

<£l-.i -5
5 £
,6% E
7t o
12 10 -8 -6 -4 -2
<IN
B
[ (bﬂ
4k dl
(\% G- ﬁ
L |
,8 - ﬂ
-102 . k,é___*_‘a__*__i
0 2 4 6 8
et /7y

FIG. 1. Modulation amplitude In(§R) plotted (a) versus ¢’
at fixed ct'=7.8Z¢ and (b) versus t’ at fixed {'=112,. Results
at P=0.1P. are from I27 (solid line), the envelope code
(crosses), and the fluid code (squares).

§'=¢—"Co, ' — 10, where {7 are the simulation coordi-
nates. Figure 1(a) shows plots of In(6R) versus ¢ at
fixed ¢ct'=7.8Zx from I's7 (solid line), the envelope
equation (crosses), and the fluid code (squares). Figure
1(b) shows corresponding plots of In(SR) versus 7' at
fixed {'=11x,. Virtually identical plots were obtained
from the envelope code and the nonlinear fluid code (in
the fluid code, r; is defined as the radius containing
86.47% of the power). For the P=0.1P, case, excellent
agreement among theory, the envelope code, and the fluid
code is obtained.

Next, consider a relativistically guided case with P =P,
and An=0. In this case, the growth rate is significantly
larger, such that comparison to the theoretical growth
rates I'y and I'3 is appropriate. Figure 2(a) shows plots of
In(6R) versus ¢ at fixed ct'=1.2Zg from I';7 (solid
line), I'/7 (dashed line), and the envelope equation
(crosses). Figure 2(b) shows corresponding plots of
In(6R) versus 7' at fixed {'=111,. The agreement be-
tween |7 and the simulation is somewhat surprising in
that the inequality v#/4(c2+v2)"# <1 is not well satis-
fied throughout the simulation.

For the An =0 case, the fluid code exhibited a larger
amount of modulation than the envelope code. The en-
velope equation assumes a Gaussian radial profile. In the
fluid simulations, the radial profile deviated from Gauss-

FIG. 2. Modulation amplitude In(6R) plotted (a) versus ¢’
at fixed ct'=1.2Zg and (b) versus ' at fixed {'=11,. Results
at P =P, are from I'37 (solid line), I'17 (dashed line), and the
envelope code (crosses).
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FIG. 3. Envelope code result showing the normalized modu-
lation amplitude R/(R) plotted versus t with L =0.12, and
P/P.=0.25, 0.5, and 0.75.

ian in such a way as to produce a large modulation in the
intensity on axis and a relatively small modulation in the
spot size; i.e., |do| =aoro/r. no longer holds. Simulations
indicate that the degree of distortion increases as the
modulation increases. In fact, for large modulation am-
plitude, the radial profile oscillates in { between a sharply
peaked profile and a hollow profile.

The onset of self-modulation is illustrated in Fig. 3,
which shows results from envelope code calculations with
An=0 and L =0.11, for the powers P/P.=0.25, 0.5,
and 0.75. In each case, the normalized modulation am-
plitude SR/(R) is plotted versus 7, where (R) is the ¢-
averaged value of R. Theory predicts strong self-mod-
ulation to occur when P2 P./2, as is confirmed by Fig. 3.
Notice that for P/P,=0.25, a small degree of modulation
is present even as the pulse is everywhere diffracting (R
increases for all ).

Previous analyses of short pulse Raman scattering
have assumed a 1D nonevolving, plane wave laser field
[11,13,18]. These results are expected to be valid when
k7rg>1 and ct < Zg. In the limit ct < Zg, the relevant
growth rates of 1D forward Raman scattering [11],
I'p, and of self-modulation, I'3, are related by I'p/I';
=(krg/2k8) . Hence, the growth of 1D forward Ra-
man scattering becomes comparable to that of self-
modulation when k,roX wo/w,. Antonsen and Mora [13]
find a growth rate for small angle scattering for a 1D
laser field with scaling identical to that of I';; however,
this is an early-time asymptotic result (I'; is a late time).
Although these growth rates can be comparable, such
comparisons are problematic, due to the 1D versus 2D
nature of the calculations. For significant propagation
distances, ¢t 2 Zg, the 2D effects of focusing, diffraction,
and guiding cannot be neglected.

Additional fluid simulations indicate that for P> Py,
self-modulation is reduced since the “effective potential”
associated with the focusing forces is strong enough to
overcome the diffractive effects of the plasma wave.
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Self-modulation may also be reduced for highly nonlinear
cases in which the majority of electrons are expelled radi-
ally from the region of the laser pulse. Although severe
self-modulation may be a hindrance to some applications,
it can be a benefit to those requiring a large amplitude
plasma wave, which is resonantly driven to large ampli-
tudes by the modulated pulse structure.

This work was supported by the Department of Energy
and the Office of Naval Research. The authors wish to
acknowledge useful conversations with A. Ting and W.
Mori.

[1] See, e.g., Ref. [6], and references within.

[2] A. G. Litvak, Zh. Eksp. Teor. Fiz. 57, 629 (1969) [Sov.
Phys. JETP 30, 344 (1969)]; C. E. Max, J. Arons, and A.
B. Langdon, Phys. Rev. Lett. 33, 209 (1974); P. Sprangle,
C. M. Tang, and E. Esarey, IEEE Trans. Plasma Sci. 15,
145 (1987); W. B. Mori ef al., Phys. Rev. Lett. 60, 1298
(1988).

[31 G. Z. Sun et al., Phys. Fluids 30, 526 (1987); P. Spran-
gle, A. Zigler, and E. Esarey, Appl. Phys. Lett. 58, 346
(1991); A. B. Borisov et al., Phys. Rev. A 45, 5830
(1992); L. A. Abramyan et al., Zh. Eksp. Teor. Fiz. 102,
1816 (1992) [Sov. Phys. JETP 75, 978 (1992)]; X. L.
Chen and R. N. Sudan, Phys. Fluids B 5, 1336 (1993).

[4] P. Sprangle, E. Esarey, and A. Ting, Phys. Rev. Lett. 64,
2011 (1990); Phys. Rev. A 41, 4463 (1990); A. Ting, E.
Esarey, and P. Sprangle, Phys. Fluids B 2, 1390 (1990).

[5] E. Esarey and A. Ting, Phys. Rev. Lett. 65, 1961 (1990).

[6] P. Sprangle and E. Esarey, Phys. Fluids B 4, 2241
(1992).

[7] A similar result has been derived by H. S. Brandi er al.,
Phys. Fluids B (to be published).

[8] C. G. Durfee, 111 and H. M. Milchberg, Phys. Rev. Lett.
71, 2409 (1993).

[9] P. Sprangle, E. Esarey, J. Krall, and G. Joyce, Phys. Rev.
Lett. 69, 2200 (1992).

[10] N. E. Andreev et al., JETP Lett. 55, 571 (1992).

[11] J. Krall, A. Ting, E. Esarey, and P. Sprangle, Phys. Rev.
E 48, 2157 (1993).

[12] E. Esarey, P. Sprangle, J. Krall, A. Ting, and G. Joyce,
Phys. Fluids B 5, 2690 (1993).

[13] T. M. Antonsen, Jr. and P. Mora, Phys. Rev. Lett. 69,
2204 (1992); Phys. Fluids B 5, 1440 (1993).

[14] J. F. Drake et al., Phys. Fluids 17, 778 (1974); C. J.
McKinstrie and R. Bingham, Phys. Fluids B 4, 2626
(1992).

[15] P. Sprangle and E. Esarey, Phys. Rev. Lett. 67, 2021
(1991); E. Esarey and P. Sprangle, Phys. Rev. A 45, 5872
(1992); C. B. Darrow et al., Phys. Rev. Lett. 69, 442
(1992); W. P. Leemans et al., Phys. Rev. A 46, 1091
(1992).

[16] P. Sprangle, A. Ting, and C. M. Tang, Phys. Rev. Lett.
59, 202 (1987); Phys. Rev. A 36, 2773 (1987).

[17] G. Shvets and J. S. Wurtele (to be published).

[18] W. B. Mori et al., Phys. Rev. Lett. 72, 1482 (1994).



