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Superfluidity of Excitons in a High Magnetic Field
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In a high magnetic field, such that the distance between the Landau levels exceeds the exciton Ryd-
berg, the triplet interaction term becomes the lowest state of the system. Under these circumstances, a
weak pair interaction in the triplet ground state opens a new opportunity to forming the Bose-Einstein
condensate and a superfluid state of excitons at a relatively high temperature. The existence of the Bose
condensate due to an essential decrease of the interaction between excitons and an increase of their bind-

ing energy in a high magnetic field are established. We show that the excitation spectrum satisfies the
Landau criterion for superfluidity, and discuss the observable efl'ects of the Bose condensate of excitons.

PACS numbers: 71.35.+z

The problem of the Bose condensation of excitons in a
semiconductor has attracted a number of authors over the
last two decades [I—10]. The idea is that the small
eA'ective mass of an exciton can make the condensation
temperature quite high even at a relatively low concen-
tration of excitons. Indeed, as is known [11] the critical
temperature of an ideal Bose gas is kit T,
=3.31h N l /M, where lV is the concentration of the

system and M is the mass of the particle. For large-
radius excitons, so-called Wannier-Mott excitons (only
this type of exciton will be discussed throughout the pa-
per), the total effective mass of an excitonic atom is

M =m, +my —10 -10 g, and the condensation
temperature could be quite noticeable, T, -100 K, at the
concentration N -10' cm . In principle, there is no

difficulty in creating the electron and hole concentration
of this order by optical excitation [6,7, 12], but the bind-

ing energy of the exciton, which can be evaluated in the

case of Wannier-Mott excitons by the Bohr formula, is

rather small, %,„-10 -10 eV. On the other hand,

the exciton radius is quite large, ao=sh /me —10
cm, and becomes of the same order as the average dis-

tance between excitons. It was shown [3] that the exciton

operators obey the Bose commutation relations with ac-

curacy to terms of the order of Nao. That implies the re-

striction from above on the concentration of the exciton

gas Nao &&1. Thus, we cannot expect more or less high

temperature of the transition of excitons into the Bose

condensate. Another restriction comes from the possibili-

ty of formation of an excitonic bound state of the

hydrogen-molecule type. Such a state arises mostly in

semiconductors of the type A '"B where the mass of one

of the particles (holes) is much larger than the other. Be-

cause of all these reasons, the creation of a dense exciton

system for observing the eAects of quantum statistics still

remains a very diScult problem [10].
In the previous publications [13-15] we demonstrated

that a strong magnetic field 8, such that the distance be-

tween the Landau levels, eh, B/m, c, exceeds the Coulomb

unit of energy, 2% =m, e /t't, dramatically changes the

properties of a hydrogenlike gas. Under the circum-

stances, the triplet (when the total electronic spin is equal

2

Wo(r) = exp 4&', g
exp

aoQ

~here we chose the z axis in the direction of the magnet-

ic field, k= Jh/eB =ao/48*, tt=1/lnB*, and p =x
+y . So the size of each exciton becomes smaller by the

factor lnB* in comparison with the Bohr radius in the

direction of the magnetic field, and smaller by the factor

to unity) evidently becomes the lowest state for the pair
interaction between the atoms. In this state the pair in-

teraction is strongly anisotropic and pretty weak [13].
The weak pair interaction and the small overlap of the

atomic wave functions lead to a remarkable situation

when the behavior of hydrogen and deuterium gases be-

comes similar to He and He, respectively. The transi-

tion to a superAuid state at a relatively low temperature is

now possible for hydrogen and deuterium in an ultrahigh

magnetic field [14,15].
A high-density gas of hydrogenlike excitons in semi-

conductors is the unique object for laboratory studies of
extreme states of matter in an ultrahigh magnetic field.

Since the excitonic binding energy is R,„=me /2e h
—10 -10 eV, where e-10 is the dielectric constant,
and m =m, mhl(m, +my) is the reduced eff'ective mass of
the electron and the hole, the "atomic" scale of a magnet-

ic field for the hydrogenlike excitons 8, =m e c/c tl be-

comes available in a laboratory. This scale of a magnetic

field may be a few orders of magnitude smaller than for

hydrogen atoms. In the fields 8))8, =m e c/s irt, i.e. ,

8*=8/8, )) 1,—the main interaction parameters of the ex-

citon system are completely changed and it may give a

real chance of observing phenomena related to the Bose

condensate and the superliuidity of excitons in different

types of semiconductors. In this case, as a first approxi-

mation, we can treat the motion of the electron and the

hole inside a single excitonic atom as one-dimensional

motion in a Coulomb potential, while considering the

motion only in the magnetic field in a perpendicular

plane. The expression for the ground-state wave function

at a zero excitonic momentum can be written approxi-

mately as [16]
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dB* in a plane perpendicular to this direction. In the
presence of a high magnetic field, a large binding energy
of the exciton, EQ= R,„ln (B/B, )))%,„, and a small
characteristic size, as well as a substantial decrease of the
pair interaction between hydrogenlike excitons in the
triplet ground state, allow us to hope that the Bose con-
densation and the superAuidity will not be suppressed by
the collective effects leading to an electron-hole liquid at
a high density of the system. The weak pair interaction
between the excitons in a high magnetic field ensures that
the scattering amplitude of two excitons as a function of
their energy has no poles on a real axis; i.e., there is no
"molecule" of two excitons. For a semiconductor of type

InSb, the reduced effective mass is 0.01-0.02m, and the
dielectric constant is a= 13-16. As a result, a magnetic
field in the range of 16-20 T corresponds to 8*—100.
Under these circumstances, the binding energy of the ex-
citon is relatively large, —10-15 meV (0.6 meV without

a magnetic field), and at the concentration of excitons
N —10' cm the average distance between excitons is

approximately 10 times as large as their effective size.
Therefore, the formation of the superfluid state becomes
perfectly realistic in a high magnetic field even at a rela-

tively high temperature.
The Hamiltonian of the system of electrons and holes

t

in a high magnetic field has the form

(5)

J\ 1H=g[[e, (p) —iu, japap+[eq(p) pi, jbpb—pl[+ —g Vi,[apapap+iap i,+bpbpbp+i, bp i,—2a-pbpbp+iap i,], (2)
P 2 p, p', k

where Vi, =4ire i~i /sk is the Coulomb interaction, apt

and bpt are the Fermi operators describing creation of to the lowest energy state in a high magnetic field.

electrons and holes, while ap and bp describe electron and The analysis of the properties of the ground state and

hole annihilation, respectively. The chemical potentials its stability in the presence of the condensate of excitons

of the electrons p, and the holes pi, are determined by is carried out by defining a new set of creation and an-

the conditions nihilation operators which is known as the Bogoliubov
canonical transformation,

(a ptap) = (bptbp) =n, (3)
ap =upap+ vpb —

p bp =upbp vpa —p
, -t

where n is the dimensionless exciton number density, and
where ap and bp are operators of quasielectrons and

the dependence of the electron (or hole) energy on the
quasiholes, respectively, and up+vp 1 ~ The functions

momentum p in a high magnetic field is
up and vp are determined from the conditions of min-
imum energy and of stability of the ground vacuum state

s 1(p)= p~ A (4) of the system.2me g c 2nze p&
Having transformed the Hamiltonian in accordance

The electron and hole spin projections are equal to —
1 with (5), we can write out the condition of the stability of

and +1, respectively. This spin configuration corresponds the ground state [3,17) with accuracy within terms of the
order of n ~ inclusively, which gives the equation

se(p)+&h(p) p 2g Vp —p'vp~ upvp
—(up —vp)g Vp pupvp =0. (6)

This equation is reduced in the first approximation in

v~ n'~2 to t-he Schrodinger equation for the single exci-
ton bound state in a high magnetic field,

[s,(p)+si, (p) —iu)v —g Vp v =0.
P

The chemical potential in this approximation coincides
with the energy of the ground state, po= —Eo. In the
next order in perturbation theory, we can obtain the
correction to the chemical potential. We have

V Vpo+ BV P = Po+ $P (8)
with bvp being orthogonal to vpQ. Taking (7) and (8)
into account, we rewrite, accurate to terms linear in Bc p
and terms of the order of n, the condition of the stabili-
ty of the ground state (6),

[s,(p)+eh(p)+EQ]bvp —g Vp —pbvp = /jp+v~bp, —
P

(9)
where

Pp ~ Vp p~ivpQ[4vpQ 4vp'QvpQ+ vp'Q)
2 2

2 p

Projecting (9) onto vpQ, we obtain the correction to the
chemical potential,

biu = —"g V % Q(p')O'Q(p)
2 P.P

x [4+$(p) —4%'Q(p') O'Q(p)+ O'Q (p') 1 . (10)

After integrating (10), the final result for biu is

bp = (16n%',„/B*)@(B),
where @(B)is a dimensionless slowly varying function of
the magnetic field. It changes from 0.42 at 8*=10 to
0.6 at 8 =100.

The excitation spectrum of excitons in the condensed
state is determined by the poles of a two-particle Green's
function. In fact, we must introduce two exact Green's
functions: the normal Green's function G2(P;p, p')
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describing the propagation of an electron-hole pair
through the medium and the anomalous Green's function
G2(P;p, p') describing the appearance of two electron-
hole pairs from the condensate. Here P=(P,E) is the
summary momentum and frequency of the exciton;
p=(p, co) and p'=(p', r0') are the relative momentum
and frequency of the exciton. It is worth pointing out
again that, if the pair interaction of excitons corresponds
to the triplet ground state in a high magnetic field, the

formation of a molecular state can happen under no cir-
cumstances. The vertex Z(P;p, p') (which describes the
scattering of an exciton by excitons of the condensate)
and Z(P;p, p') (which describes the creation of two exci-
tons with opposite momenta from the condensate and
their departure to the condensate) therefore have no pole
character and the perturbation theory can still be applied
in the present case. The analytical form of Dyson's equa-
tions can be written, accurate to terms linear in all three
parameters n, E, and P /2M, as follows [3]:

+ EJ p&
Gp(P;p, p') = G, (p+P/2)G&( —p+P/2) 4 Z(0;pi, p')G2(P;pi, p')

(2z)'
1J p)+G, (p)Gi, ( —p), &(0;pi,p')G2(P;pi, p')
(2z)'

+G, (p+ P/2) Gh ( p+ P—/2) &(p,p') G, (p'+ P/2) G& ( p'+ P/—2),

G2(P;p, p') G, (p P/2)G—i, ( —p P/2) —
4 &(0;pi,p')G2(P;pi, p')

d4
+G, (p)Ga( —p) 4Z(0;pi, p')G2(P;pi, p')+G, (p)Gi, ( —p)Z(p, p')G, (p')Gh( —p') .

(2ir) '

G, (p) =G, (pi, p2, co) =G, (p„pi~,p„p2~, ro) =

where

D(pi~, pp~) = d ri&d r2~exp[ —(i/h)[ri~ pi~ —r2~ p2&]]exp(—

He«ri=lril =&x'+y', pi =Ipil =4'p'+p&'.
similar expression also holds for Gi, (p).

The solution of (12)-(13) indicates that the two-

particle Green's function of an excitonic gas in a high
magnetic field formally coincides with the single-particle
Green's function of a dilute nonideal Bose gas [20] with

the correction to the chemical potential Bp which strongly
depends on the magnitude of the magnetic field. The ex-
citonic spectrum in the presence of the condensate has the
usual form for a low-density Bose gas,

E(P) 428pe(P)+e (P) . (I S)

The dependence of the energy of a free exciton in a high

magnetic field s(P) on its momentum is [21]

(P) =P /2M+(P +P )/2MO, (i6)
where M m, +my is the total efl'ective mass of the ex-
citon, and the finite transverse mass appears as a result
of the Coulomb interaction in the excitonic atom: Mo
=Majja/A, =MB /InB*

Thus, the spectrum of an exciton gas in a high magnet-
ic field becomes

[ri& —r2~] /4k +2i [xi —xq][yi+y2]/ii. ) .

where 8 is the angle between the direction of the magnet-
ic field and the momentum P. The excitation spectrum
vanishes linearly as P 0, with a slope equal to a macro-

scopic speed of sound; i.e., this spectrum satisfies the Lan-
dau criterion for superfluidity. The macroscopic speed of
sound in the superfluid state of the exciton gas depends
on the direction of the magnetic field,

V, = cos 8+ sin 8Bp 2 ln8*
M

Thus, the superfluidity arises in the excitonic system in

a high magnetic field and, as could be expected, it is like-

ly to appear in directions close to the direction of the

magnetic field. Our analysis shows that a high magnetic
field helps to resolve those main problems of stability of
the many-exciton system at high density, the problems

which became the main obstacles on the way to achieving

an exciton quantum liquid.
The system of excitons allows the formation of the

Bose condensate in a high magnetic field and behaves it-

self as an almost ideal Bose gas does. The excitons can

transfer their excitation energy and also their angular,

electric, and magnetic moment if there is any. Therefore,
the superAuidity of excitons could imply, for instance, the

existence of a superAow of energy in the absence of a

E(P) cos 8+ sin 8 P6p 2 InB
M

' 2 I/2

+ cos 8+ sin 0P 2 ln8*
4M2 B*

Here G, (p) and Gp(p) are the Green's functions of a free electron and hole in a high magnetic field. In the presence of
an external field G, (p), for example, is a function of two momenta [18,19],

D(pi i,p2~) (142''[r0 —(p,2/2m, —p, )+ib] '
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temperature gradient and a chemical-potential gradient;
that is, the existence of superthermal conductivity. One
can also expect that after the transition into the super-
fluid state, the anomalous diffusion of the excitons will

take place. The expansion rate of the excitons from the
point where they were created can be 2-3 orders of mag-
nitude greater than that predicted by simple diffusion.
The excitons can penetrate into the crystal over a dis-
tance which is a few orders of magnitude larger than the
classical diffusion length. Besides the interesting kinetic
and thermal properties, it is perfectly natural to expect a
manifestation of the excitonic Bose condensate in unusual

optical properties of a semiconductor. For instance, one
possible experimental evidence for the Bose-Einsetein
condensed state can be the appearance of a sharp spike in

the luminescence spectrum at zero wave vector of exci-
tons.

As was pointed out [5], in the presence of the exciton
condensate the expression for the dielectric polarizability
can be approximately written as

1+NI
to+ pp

—E(P)+i8
NI

to+ p p+ E (P ) +I8

(19)
where co is the frequency of an external electromagnetic
field and Np [8p+a(P) —E(P)]/ZE(P) is the distribu-
tion function with respect to P of the supercondensate ex-
citons. The imaginary part of the dielectric polarizability
which determines the absorption is

g"(co,P)- (I +Np)b(to+ pp
—E(P))

—Np8(to+pp+E(P)l . (2O)

The complex dielectric constant can be represented in the
form of the dispersion formula

e(co) 1+Cg,

where C is the constant depending on the properties of
the medium. We see that in the presence of the conden-
sate there is an increase in the absorption at the frequen-
cy co Ep+E(P). This absorption comes from the pro-
cess in which the energy of the absorbed quantum goes
into the formation of an exciton. Besides the increasing
absorption, arnplification of the light at the frequency
to=Ep —E(P) takes place, where E(P) is given by ex-
pression (17). The amplification of the light comes from
stimulated annihilation of excitons in the presence of the
condensate. Finally, the dielectric constant is equal to
unity at the frequency to =Ep —Bp —e(P), where s(P) is
given by (16). In effect, the crystal would seem to be to-
tally transparent. The "laser" effect, supertransparency,
and other exotic properties of semiconductors would take
place only in the presence of the exciton condensate.

In conclusion, we would like to emphasize that the
Bose condensation add superfluidity for hydrogenlike ex-

citons in a high magnetic field become quite realistic even

at room temperatures because these phenomena are not
suppressed in a high magnetic field by the collective ef-
fects leading to an electron-hole liquid without a magnet-
ic field at a high density of the system. It opens new pos-
sibilities of studying and creating a great number of new

phenomena relating to hydrogenlike quantum liquids.
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