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Strong Nonlinear Galvanomagnetic ENects in Thin Superconducting Films
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V/e sho~ that in a certain range of parameters the interaction between vortices causes significant
enhancement of galvanomagnetic effects in thin superconducting films, as opposed to thick films. In par-
ticular, the Nernst coefficient acquires a contribution exceeding the single-vortex term at relatively small
external magnetic fields. The possibility of inducing the dc voltage due to either vortex-antivortex pair
production by external ac currents or pair-breaking radiation is also discussed. Our results give a possi-
ble explanation for the experiments of A. Gerber and G. Deutcher.
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N —HC2 H, H Hc (4)

It is easy to see that the solution [6] is applicable to
both thick and thin films, when

(5)

Indeed, near H, 2 the order parameter tends to zero as
JH, 2

—H which makes the result [6] exact, since the
eA'ects of vortex interaction are negligible.

In normal metals, thermomagnetic eA'ects appear to be
hardly observable. However, these effects are enhanced
by about 3 orders of magnitude in superconducting (SC)
phases of metals due to magnetic vortices' motion [1,2].
Particularly, the Nernst eA'ect accounts for an appear-
ance of the transverse electric field Ey in the presence of
both external magnetic field H, and the temperature gra-
dient V„Tas

Ey =NV„T, (I)
where N is the Nernst coeScient. In the SC phase, this
effect occurs because magnetic vortices of one sign of vor-
ticity (e.g. , "+")move in the external temperature gra-
dient with some drift velocity V, and produce the electric
field in the y direction according to Josephson's formula
[3]

Ey =c ' V„40N+ . (2)

Here, N~ =H, /4o is the vortex concentration; @o is the
unit flux. The drift velocity turns out to be related to the
entropy S~ carried by one vortex [2] and the eff'ective
viscosity rl [4], and leads to the expression for the Nernst
coe%cient as

lV =(S,/cg)H, ,

which turns out to be a linear function of the weak exter-
nal magnetic field (in the absence of vortex pinning).
Theoretical estimates of S~ [2] give the correct order of
magnitude for a voltage (I) as high as 10 —10 V/cm
for V T-1 K/cm [5]. One should note that the estimate
[2] was made for thick films, when the thickness d is
much greater than the London penetration length kL.

The exact solution for S~ for the magnetic field close to
the upper critical field H, 2 was given by Caroli and Maki
[6]. In this limit, S~ —(H, 2

—H) which yields

It is known that the pair vortex-vortex interaction is

essentially short ranged in thick SC films. However, as
was shown by Pearl, this interaction becomes long-ranged
in the case of thin films [7]. The force acting between the
two vortices in the near-2D films [see condition (5)] is

given as

Q3n/r, r » A, ~, k~=k.L/d

Qzo/r, r XJ.

@o %0
Q3o=—,Qzo=

Ztr+2) ~

The long-distance behavior of the interaction turns out to
be precisely the 3D Coulomb law with the eA'ective

charge Q3D. It happens because in thin SC films the

magnetic field appears not to be totally screened by the
SC currents (see in [7], p. 60).

Usually, the properties of the 2D SC films are con-
sidered close to the SC transition temperature T„where
the crossover parameter A. & in (6) can be very large and

even greater than the film's largest dimension, R. In such

a case, the ZD Coulomb gas model (CGM; see [8)), ig-

noring the 3D Coulomb "tails" and therefore considering
the limit X&»R, appears to be a very useful description
of the 2D vortex ensemble. As a consequence, the lower

critical field H, ] for thin films happens to be several or-

ders of magnitude smaller than for thick films [9]. In

thin films, the vortex-antivortex pairs can be easily creat-
ed either thermally, leading to the Berezinskii-Kos-
terlitz-Thouless transition (see [8]), or by applying elec-
tric current, causing some peculiarities of the resistive

state [10-12].
The objective of the present paper is to show that the

galvanomagnetic eAects in thin films are significantly
enhanced in comparison with similar eAects in thick films

in a certain range of parameters, where the 2D CGM
[8,9] is still valid.

The idea is that since the eA'ective charges of "vortex
Coulomb gas" and the crossover distance A, & in Pearl's

formula (6) depend on the average SC density n, [8],
even a small gradient of n, may strongly disturb the equi-
librium of vortices, producing additional driving forces
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acting on the system. If this gradient is steady but none-

quilibrium these driving forces can result in a steady
current of vortices, giving rise to the voltage (2).

To describe this effect, we should derive an expression
for the total force acting on the ensemble of vortices in

the case when external sources produce a steady none-

quilibrium distribution of normal components, resulting
in the change hn, =n, —n, of superconducting component
density from the equilibrium value n, to some nonequili-
brium concentration n, .

t

The infinitesimal work of external sources, creating

some deviation Bn, can be represented as

bW= gbn, dV, (7)

where ( has to be chosen so that the solution of the ener-

gy balance equation

(+hF(n, )/bn, =0

is satisfied for the steady-state solution n, I.n (8), F
stands for the free energy of the superconductor which

can be taken in Ginzburg-Landau form [7] as

i'�' h' 2e bn,' ' +" (B—H)'F= dx dz (VJn) + n, Ve — A +an+ + dx dz
4m

'
4m

' 4 4 —OO 8x
(9)

2
h 2ef = dVV(b, n, ) Ve — A

4 4m Ac

0
account. Using the definition of electnc current
= —c BF/bA and introducing the 2D current I
—=f"jizdz J we can rewrite (16) as

f= d x A~I
2g z V(hn, )

( 7)17
4 C2 n,

The distribution of currents l(x) can be taken as a sum

of currents produced by each vortex. Making use of
Pearl's solution, we obtain [7]

(n, )dV, (io)
Bp

where p is a center-of-mass coordinate for the vortex en-
semble. If hn, n, —n, is small, then we can make an
expansion in (8), which gives

g+(b F/bn, )d,n, 0.
Substitution of Eq. (11) into (10) yields

where B and H are total and external magnetic fields, re- Substituting (15) into (12) and integrating by parts, we

spectively, A is the vector potential, and 8 is the phase of finally get
order parameter O'= Jn,e'. Parameters a, b, and m
have the same meaning as in BCS theory [7]. In (9), the (i6)
film is located in the (x,y) plane in the region —d/2

where the fact that the phase and the vector potential de
As «Iiows from (7), the external force acting on the

vortex ensemble is defined as f =b p'/bp, or

,

~8 F 8'
f = —~,an, (n, )dV (i 2)

Since we are looking for linear response, we should sub-
stitute the nonperturbed solution n, =n, into (12). A
variation of (9) gives

hz 2e Ii' V n
bn, +a+ Ve —2'

A —" =0 (13)
4m hc 4m

for such a solution. The vortices are well defined if the
correiation length g, determining the size of vortex core,
obeys the condition

g Ny«1 (i4)

1 8 6 2e
(n, ) = Ve — A

8'p '
b 8'p 4m Ac

(is)

of low density of vortices. Therefore, the last term on the
left-hand side of (13) can be omitted as being nonzero in

the vicinity of cores only. It allows us to consider n, as a
smooth variable and to find h F/bn, =b, which does not
depend on center-of-mass coordinate p of the vortex en-
semble. Taking into account that a also does not depend
on p, we obtain

Vins @DEANf=
n 2Ã

R (19)
(I+&~/R) '

Now, we can estimate the drift velocity of the equilibrium
ensemble of vortices by assuming that the motion is de-
scribed in terms of viscous flow [4] with the total viscous

force f~= —VdgN+R d, balancing the external force f.
Consequently, after substituting Vq into (2), we obtain

2275

( ) g c@0 iqxn iqx, (18)
2ir q ( I +k~q )

where [xij are coordinates of vortex cores, ni =(0,0, ~ 1)
is a unit vector along the z axis, and ~ stands according

to the vorticity of the jth vortex. The vortex ensemble

may be treated as the charged 2D Coulomb gas [8,9],
where screening is possible. However, as shown by
Doniach and Huberman in [9], the net effective charge
(read the net paramagnetic moment) in the presence of
the external magnetic field remains unscreened at large
distances. In our case, it means that the harmonic with

q-1/R in (18) is not affected by screening (compare to
[13]). Note that this harmonic gives the main contribu-

tion to (18). It allows us to omit the rest of the harmon-

ics in (18) and after substitution of (18) into (17), to ob-

tain
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IV =/Vi/T, (23)

for Eq. ( I ). Taking into account typical values H,
—10 -10 G, rl= 10 —10 g/s, one arrives at the esti-
mate

E„~(10 '-10 ) (V/cm) . (24)

Therefore, for temperature gradients as small as
0.1T,/cm the produced voltage may be of the order of
mV/cm, exceeding the characteristic values of the Nernst

V„(n, —n, ) @0 X~Hz)Hz~
2

. 20
n, 2zcrI (I +A, ~/R) 2d

Note that in the 3D case the corresponding term disap-
pears as 1i,L/R 0 due to the absence of long-range
forces.

Strictly speaking, this relation is only valid far from the
critical line H, 2(T) in the phase diagram of a supercon-
ductor. One can easily see that a certain line
H=H (T) &H, 2(T) may exist, such that for H

H (T) the omission of the last term in (13) is no
longer valid and the solution should smoothly transform
into (4), according to [6]. We can estimate H*(T) by
implementing the requirement that in the presence of
external field H, the solution for the average density n, in
(13) does not significantly change. Integrating (13) over
the film and taking (18) into account, we arrive at

' I/2 ' ' 1/2

H*(T) = 1+ 1—,(21)
2 R A, i T,

where the relation [7] a =[H, /4zn, (0)l(I —T/T, ) for
the GL coefficient in terms of the critical field H, and su-

perconducting component density n, (0) at T=0 was em-

ployed.
The 2D CGM assumes the limit k&&)R, in which there

is no limitation on H„since H* in (21) is formally
infinite. In the realistic case, when T is not too close to
T„ this field can be considerably smaller than H, . It im-

plies that the superposition principle for currents (18) is

no longer valid for H) H (T), as the superconducting
density n, changes significantly. This means that the 2D
CGM is not applicable to this case. However, in this pa-
per we will only attempt to estimate the maximum value
of the coefficient IV ~, supposedly achieved at H = H (T).
A substitution of (21) into (20) gives us

(22)
cg 4z T,

In (20), we can express V(n, n, ) in terms —of some
temperature gradient, if there is any in the system. For
T 0, one finds V(R, —n, )/n, ——e + VT, where 6
stands for the superconducting gap. After comparing
with (I), it results in N-e ~ 0. For T near (but
not too close to) T, we have V(n, —n, )/n, — VT/T, and-
consequently

voltage in thick films [1,2,5] by several orders of magni-
tude.

It is interesting to compare our result (23) and (20) for
the Nernst coeScient to that obtained for thick films
[1,2]. Using the results [1,2] and (23) and (20), one ob-
tains the estimate

II XL (T)kL (0)
H g(0)(~+~,'(T)/R)' ' (25)

where E and E stand for the values of the trans-
verse electric field in thin and thick films, respectively.
Let us take a case where kL/d«R and A,L=-1000 A,
(=d=100 A. From (25) we get E 1/Et —(H/
H, )x IO . In this case, (21) implies that H*=—0.1H, .

fhus, we have E t201/E &'» 10'
Analyzing (25), one arrives at the conclusion that for

the fields as high as H ~ H,„where
' 2

H
H., = ' 1+ (26)

Hc2, R

the collective contribution to the Nernst voltage (23) and
(20) exceeds the one-vortex term (25). Note that the
crossover field H« turns out to be smaller than H* (21).
This means that in this region our calculations and the
2D Coulomb gas model are still valid. However, when kj
become considerably large in comparison to the charac-
teristic size of the system R, H„ is of the same order as
H, implying that the interaction effects are insignificant
in the very vicinity of T, .

In case the nonequilibrium gradient in (20) exists due
to a gradient VnI in vortex-antivortex pair density created
by an external current, the estimate for E~ turns out to be

E„~ —(10 '-10 )&'VnI (V/cm),

where it was assumed that for the high density of pairs
the lower estimate for n, should be n, =n, (I gnr)—
(compare with [8,13]).

It is worth noting that the external inhomogeneous
pair-breaking microwave radiation may produce the
steady nonequilibrium gradient of the normal component
in a thin SC film. It should also produce the gradient of
the SC density and, consequently, the driving forces act-
ing on vortices. Then, (20) is still valid and the dc volt-

age is proportional to the square of the external magnetic
field. In this case, the dc voltage docs not contain the
linear terms -H„as opposed to the Nernst effect.

Now, let us consider the recent experiment [14] on the
ac-to-dc conversion in thin superconducting granular
films subjected to both static magnetic field and ac exter-
nal currents. The dc voltage measured across the sample
was dependent upon the external magnetic field 8 and

amplitude of the applied ac current. As mentioned by the
authors in [14], the voltage of the order of tens of micro-
volts was observed at ac frequencies as low as —10 Hz
ruling out an explanation in terms of the inverse Joseph-
son effect. The results of [14] have several peculiar
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features: (i) For small external magnetic fields, the dc
voltage has an odd component as a function of H, . (ii)
When the direction of the sample is reversed, the induced
voltage changes sign. The direction of the sample was
defined as a direction from the grounded side to the side
subjected to external ac current [14]. (iii) The effect has
a threshold with respect to the ac current amplitude and
the typical values of the voltage vary from —10 mkV/cm
to —I mV/cm. (iv) The dc voltage has its maximum
values for H = H, = 10 G and T=- T,.

These features can be understood within the frame-
work of the model presented above. Indeed, general sym-

metry and time-reversal considerations imply the pres-
ence of some steady current changing its sign after time
reversal. This can be due to either the Nernst effect
(enhanced, as it was shown above) in some uncontrollably
small temperature gradient, or to inhomogeneity of vor-
tex pair creation by the external ac current. Feature (ii)
gives a hint of this possibility. The pair creation mecha-
nism seems to be more realistic, because the simple
analysis of data [14] shows that the dc voltage increases
almost linearly with the current amplitude above the
threshold. This behavior resembles the regime considered
before in [10,11], when the density of vortex pairs in-

creases linearly with current. As was emphasized in

[10,11], the conditions for pair creation in thin films are
very sensitive to different parameters of the film, includ-

ing the temperature. Therefore, a small temperature gra-
dient can produce a pair concentration gradient which in

its turn causes the unipolar vortex motion and creates dc
voltage.

Note that the typial size of a granule in [14] was of the
order of 10 3-10 cm with thickness of film being
about 10 cm. In a dirty superconductor, one should
expect XL to increase up to —10 A (see [7]). Going
back to (21), we see that the range of applicability of the
CGM expands to H =-H, . In this case, the crossover
field H„, given by (26), is of the order H„=H,
x(g/A, L)«H, . There is another interesting feature of
the results [14], which can probably be prescribed to
some vortex pinning inside a grain. The odd component
of dc voltage as a function of the external magnetic field
has well-pronounced peaks. As was mentioned by the au-
thors [14], those peaks approximately corresponded to the
penetration of one additional elementary flux into the
grain. The reason for that might be a finite vortex pin-
ning, which we did not take into account. One can expect
that the penetration of one additional flux into the grain
may change the balance between the collective forces
considered above and pinning and cause a finite flow of
vortices.

However, the more detailed interpretation of the re-
sults [14] requires some additional analysis, which should
probably take into account some percolation properties of
the samples. For example, here we only concentrated on
the voltage component which was antisymmetric with
respect to the external field. In [14],both symmetric and

antisymmetric components were observed. For that sym-
metric component, our simple considerations of a "steady
flux" flow may be reconsidered. In fact, for the odd com-
ponent we had for the local electric field E-j((H() &&H

where j((H)) stands for the gradient of some thermo-
dynamical variable. This seems to be the only possibility
to satisfy both the features (i) and (ii) due to the general
considerations of T invariance and feature (ii). However,
for the even component we may have J—H x D, where D
is some vector characterizing asymmetry of the sample.
This gives E-D(H) . The more detailed analysis will

be a subject of our further efforts.
In summary, the contribution to the Nernst coe%cient

in thin superconducting films due to vortex-vortex in-

teraction was obtained. We also consider another situa-
tion, typical for thin films, where the external electric
current applied to the system creates nonequilibrium gra-
dient of vortex-antivortex pairs density. Our calculations
are valid in the region where the 2D Coulomb gas model
[8,9] is applicable. The contribution we obtain turns out
to be several orders of magnitude larger than a single-
vortex term. We compare our results with unusually

large values obtained in the experiment [14] and find that
our calculations give the same order of magnitude values.
For this reason, we think that the more detailed experi-
mental studies of galvanomagnetic effects in thin super-
conducting films would be of major interest.

One of us (A.B.) would like to thank M. Strongin and
Z. Olami for stimulating discussions and hospitality at
BNL. We thank A. Gerber for a discussion of the paper
[14]. This work was supported in part by CUNY and the
PSC-FRAP program. A. B. is supported by a Robert E.
Guillece Fellowship from the Graduate School of CUNY.

[I] F. A. Otter and P. R. Solomon, Phys. Rev. Lett. 16, 681
(1966).

[2] M. J. Stephen, Phys. Rev. Lett. 16, 801 (1966).
[3] B. D. Josephson, Phys. Rev. Lett. 16, 242 (1966).
[4] J. Bardeen and M. J. Stephen, Phys. Rev. 140, AI197

(1965).
[5] J. Lowell, J. S. Munoz, and J. Sousa, Phys. Lett. 24A,

376 (1967); R. P. Huebener, Phys. Lett. 24A, 651
(1967).

[6] C. Caroli and K. Maki, Phys. Rev. 164, 591 (1967).
[7] P. G. de Gennes, Superconductivity of Metals and Alloys

(Benjamin, New York, 1969).
[81 P. Minnhagen, Rev. Mod. Phys. 59, 1001 (1987).
[9] S. Doniach and B. A. Huberman, Phys. Rev. Lett. 42,

1169 (1979).
[10] K. K. Likharev, Sov. Phys. JETP 34, 906 (1972).
[I I] L. G. Aslamazov and A. I. Larkin, Sov. Phys. JETP 41,

381 (1975).
[12] V. Ambegaokar, B. I. Halpcrin, D. R. Nelson, and E. D.

Siggia, Phys. Rev. Lett. 40, 783 (1978).
[13]P. Minnhagen, Phys. Rev. B 23, 5745 (1981).
[14] A. Gerber and G. Deutcber, Phys. Rev. Lett. 64, 1585

(1990).

2277


