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Relaxation of 2D Turbulence to a Metaeguilibrium
near the Minimum Enstrophy State
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Relaxation of 2D turbulence has been measured in magnetized electron columns, which follow
the same (r, 8) dynamics as 2D incompressible fluids. The turbulence arises from shear instabilities
on initially hollow columns, then relaxes to long-lasting, axisymmetric metaequilibria. The mea-
sured metaequilibrium vorticity profiles are in close agreement with the minimum enstrophy vortices
predicted by the "selective decay" hypothesis.

PACS numbers: 47.27.Jv, 47.32.Cc, 52.25.Wz

Turbulent relaxation processes in two-dimensional

(2D), nearly inviscid, incompressible fluids have been ac-
tively studied for many years [1], with applications to
magnetized plasmas, geophysical flows, and spiral galax-
ies. An interesting challenge is to predict the relaxed
metaequilibrium state (MES) which persists until being
damped by viscosity. The "selective decay" theory pro-
poses that 2D turbulence relaxes to the minimum en-
strophy state, since fine scale motions strongly dissipate
enstrophy while nearly conserving kinetic energy [2—5].
Similar conjectures have been successfully applied to tur-
bulent plasma systems [6]. Other theories assume that
the MES is a state of maximum entropy. One approach
derives the equilibrium by maximizing the mean-Beld en-
tropy of a point vortex gas, which serves as an approxi-
mation to a real turbulent fluid [7]. A more realistic ap-
proach averages over a continuous vorticity distribution,
which otherwise conserves all the invariants of inviscid
2D dynamics [8]. The connection between these ideas
has been partially explored theoretically [9]; however, to
our knowledge, they have not previously been quantita-
tively tested in experiments.

With low dissipation, simple boundary conditions, and
accurate diagnostics, magnetized electron columns pro-
vide excellent opportunities to study 2D turbulence.
Here, the nondissipative E x B motion in the (r, 8) plane
is described by the drift Poisson equations [10],

n C

t ' B,+v Un=0, v= — 7'Pxz, V $=4zen,

where v(r, 8) is the drift velocity, B, is the axial magnetic
field, and —e is the electron charge. The electron den-
sity n(r, 8) is proportional to the flow vorticity (', since(:—z (V x v) = (c/B, )Vzg = (4 ezc/B, ) nThe elec-
trostatic potential P(r, 8) is proportional to the stream
function, and the nonzero 8$/Br at the wall corresponds
to free-slip boundary conditions. Consequently, Eqs. (1)
are isomorphic to the Euler equation that governs 2D in-
viscid incompressible Buids. Of course, for 6ne spatial

scales or long times, plasma "viscosity" not contained in
Eqs. (1) must be considered [10,11].

In this paper, we present experimental measurements
of freely evolving 2D turbulence in a magnetized electron
column bounded by conducting cylindrical walls. An ini-
tially hollow column undergoes unstable mode growth,
clump formation, turbulent interactions, and relaxation
to a metaequilibrium within a few hundred column ro-
tations. We observe that the MES is axisymmetric with
a monotonically decreasing density profile, and lasts for
about 104 rotations. The number of electrons (circuls
tion), angular momentum, and energy are well conserved.
Less robust invariants, such as enstrophy and mean-Beld
entropy vary significantly, apparently due to measure-
ment coarse graining or dissipation of small spatial scales
intensified by strong mixing. We find that the measured
MES density (vorticity) profiles exhibit close agreement
with predictions of a minimum enstrophy model, while
difFering substantially from maximum entropy predic-
tions. We also see small amplitude ( 1.6FO), shot-to-
shot variations in the MES profiles, suggesting that the
MES also depends on the dynamical details of the evolu-
tion.

The basic geometry of our experimental device is
shown in Fig. 1. Electrons from a tungsten filament
are contained in a series of conducting cylinders (rs
dius R = 3.05 cm) enclosed in a vacuum chamber

( 10 I torr). The electrons are confined axially by
negative voltages (V, = —150 V) on the two end cylin-
ders, and confined radially by a uniform axial magnetic
field (B, = 507 G), resulting in a confinement time of
about 10 s [10]. A trapped column typically has den-
sity n ( 1 x 107 cm s, radius R„2cm, axial lengthL„20cm, and electron thermal energy kT 1 eV.
The electron axial bounce time (~ 1 ass) is shorter than
the column bulk rotation time ( 10 ps), and its gyro-
radius ( 50 pm) is small, allowing the 2D E x B drift
approximation.

Experimentally, we first inject and trap a stable quies-
cent column, then hollow it by temporarily raising V, to-
ward ground on one end cylinder, allowing electrons &om
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FIG. 1. Schematic of the experimental apparatus, with
end-plate collectors viewed from the filament.
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the central region to escape. The column then evolves
during a hold time t, after which we dump the column ax-
ially onto the end-plate collectors shown in Fig. 1. Here,
lower-case radial coordinates are normalized to the wall
radius, i.e., r:—R/R, with R in cm. A mobile collec-
tor Cr (diameter 0.20 cm) can be placed at any radial
position, and nine fixed collectors (diameter 0.40 cm) en-
able angular and radial correlation measurements. The
z-averaged electron density n, (r, 8, t) is calculated as the
number of electrons collected for shot i on a collector po-
sitioned at (r, 8), divided by the collector area and by
I„.We calculate mean densities, fiuctuation levels, and
spatial correlation functions by ensemble averaging over
1000 shots with nearly identical initial conditions [11],
e.g. , n(r, t) = (n, ) and A(r, t)—:((n; —n)s)i~s.

An initially hollow density profile, shown as cross sym-
bols in Fig. 2, evolves to the stable, Mdsymmetric meta-
equilibrium profile shown as square symbols. The cor
responding time evolution of the central mean density
n(0, t) and fiuctuation level A(0, t) are shown in Fig. 3.
The initial evolution is dominated by unstable diocotron
modes (Kelvin-Helmholtz shear instabilities) varying as
cos(l8) [12]. These diocotron instabilities grow exponen-
tially and saturate with the formation of density clumps

[12], as refiected by the rise and peaking of A. Nonlin-
ear turbulent interactions then cause density filamenta-
tions, vortex merger, strong mixing, and inward convec-
tive transport, resulting in a stable column with mono-
tonically decreasing density profile and a lower Quctua-
tion level [11]. By about 2 ms, the column has relaxed
to a low-noise (n/n 1.6%), axisymmetric metaequilib-
rium state which remains efFectively unchanged for 100
ms, i.e. , for 104 column rotations. In about 1 s, this MES
evolves due to "viscosity" from 3D collisions and exter-
nal asymmetry-induced particle transport [10],which are
outside the scope of this paper.

During the relaxation to metaequilibrium, the number
of electrons Nr„canonical angular momentum Ps, and
electrostatic energy H~ [10] are well conserved, whereas
the entropy S [7] and enstrophy Z2 [1] vary significantly.
These integrals are invariants of the ideal dynamics of
Eqs. (1), and are experimentally calculated in scaled form

NI. = R~ rn,

Pg= r 1 —r nnp,

1
Hp = —— d r (P/Pp) n/np,

2

S —= —jd'r (n/no) ln(a/no),

1Z:—— der (n/np)
m

where m = 2, 3, 4, . . .. Here, the characteristic density
np and potential Pp are defined as np

—= NL, /R~ and

Pp
—= eNL„calculated at t = 5 ms. Note that Nr„PO,

and Hy are the circulation, angular impulse, and kinetic
energy of the E x B drift fiow of Eqs. (1).

Table I lists these ideal invariants, as calculated from
the measured density profiles at t = 0, 5 ms, and 50 ms.
Between t = 0 and t = 5 ms, NI„Pg,and Hy drop by 4%
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FIG. 2. Measured radial density profiles of the initial and
metaequilibrium state, and theoretical predictions from the
four models discussed.
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FIG. 3. Temporal evolution of the central mean density

n(0, t) and fluctuation level n(0, t)

2188



VOLUME 72, NUMBER 14 PH YSICAL R EVI EW LETTERS 4 APRIL 1994

TABLE I. Measured 2D ideal invariants at various times. Values at 5 ms are absolute; other
values (except for 8) are expressed as % changes from t = 5 ms.

t
0

5 ms
50 ms

+max
+4.1%

3.05 x 10
—1.0%

NI.
+1.2%

1.77 x 10~
—0.1%

Pg
+1.5%
0.861
—0.3%

Hy
+3.4'
0.896
—1.0%

Z2
+2270
0.510
—1.8%

Z3
+45%
0.396
—3.370

S
—0.082
0.087
0.104

or less, perhaps largely due to systematic errors such as
changes in column end shape. Similarly, the maximum
density n ~„,which is a local ideal invariant, drops 4%
after being transported from r 0.4 to the column cen-
ter. In contrast, Zz and Zs fall by more than 20%, and
8 increases by more than a factor of 2 while changing its
sign from negative to positive. All the ideal invariants
then remain essentially constant between t = 5 ms and
50 ms, indicating that dissipation is negligible for these
large spatial scales and intermediate times.

Two variational principles, maximization of entropy
and minimization of enstrophy, have been proposed to
predict the MES. Maximum entropy profiles from the
point vortex model [7] and from the continuous fiuid
model [8) are calculated numerically from the measured
density profile at t = 0, and are plotted as dashed curves
in Fig. 2. These two profiles are both relatively fiat near
the column center, apparently due to the assumption of
thorough ergodic mixing of the fiuid elements. The dis-
agreement with the experimental data suggests that the
freely evolving turbulence considered here has not mixed
ergodically.

Two minimum enstrophy profiles, from the global
model and from a "restricted" model, can be derived ana-
lytically [4]. In both models, we solve for the axisymmet-
ric equilibrium profile n, (r) by minimizing Zz subject to
constraints that NI„Ps,and Hy remain constant. This
variational analysis gives

dn, ldn,„„;+-„„„'+P'(n.+~) =0, (2)

measured (Nr„Ps,H~), with no adjustable parameters
This prediction, plotted as the solid curve in Fig. 2, is
close to the experimentally measured metaequilibrium
density profile, supporting the "selective decay" hypoth-
esis [2—5].

In this restricted model, the explicit Ps dependence
can be eliminated [11]. The rescaled minimum enstro-

phy Zz '" = 4z(l —Ps)ZQ'" is then only a function
of excess energy H exc ~ ~min Here H'min

(1/2 —inj2(1 —Ps)} //2 is the minimum energy pnssi-
ble for a column with given Ni, and Ps, which occurs
for a uniform density profile. The solid curve in Fig. 4
shows the predicted Z2

'" versus H&"'. At H&"' ——0,
the minimum enstrophy state is a uniform density col-
umn of radius rp = [2(1 —Ps)]i/2, with Zzm'" = 1.
For H&"' ) [5/12 —ln(3/2)]/2 = 5.6 x 10 s, the "tem-
perature" of this state is negative, in analogy with the
maximum entropy analysis [7]. As H&"' approaches
H„=[12/ji2 i + ln(1 —8/ji2 i)]/2 = 1.5 x 10 z, ofF-Mds

states with slightly lower enstrophy may exist [13]. Fi-
nally, for H&~"' )H„,analytic solution of Eq. (3) is not
possible [11].

We have experimentally measured the relaxed meta-
equilibrium states resulting from initially hollow columns
of various diameters, "hollowness" depths, and axial
lengths, in several magnetic fields. The measured MES
profiles give rescaled enstrophy Z2 versus H&"', plotted
as circles in Fig. 4. Here, the specific evolution of Figs. 2

and 3 is shown by the solid symbols: The rescaled en-

with the solution n, (r) = ch Jp(Pr) —p, where Jp is the
zeroth order Bessel function. The parameters (n, P, p)
and the minimum enstrophy Zzm'" are obtained from

(Nl,„,Ps, Hy). For the global minimum enstrophy model,
we use n, (r) in the entire region of 0 ( r ( 1. This
profile, shown as the dash-dotted curve in Fig. 2, typi-
cally goes negative near the wail and is not monotonically
decreasing. Clearly, negative density would be unphysi-
cal, and nonmonotonic profiles are generally unstable to
diocotron instabilities.

In our restricted minimum enstrophy model, n, (r) fol-
lows the solution of Eq. (2) until it reaches zero at some
radius rp, aker which n, = 0. This yields a solution
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where (n, P, rp) and Z2~'" are again determined from the

FEG. 4. The rescaled enstrophy Z2 of the metaequilibrium
state versus excess energy HP', from measurements (circles)
and from the restricted minimum enstrophy model (curve).
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strophy varies from Z2 = 1.084 at t = 0 to Z2 = 0.892
at t = 5 ms, with the restricted minimum enstrophy pre-
diction being Z2~'" ——0.890. For comparison, the point
vortex maximum entropy profile would have Zs = 0.900.
The measured enstrophy of the MES is close to the pre-
diction of the restricted mimmum enstrophy theory for
each initial condition, typically within 1%—2% of the en-
strophy available for dissipation. This reflects the fact
that the measured n(r) profiles agree well with Eq. (3),
comparable or better than the MES shown in Fig. 2.

The measured 1.6% fluctuation level of the MES in
Fig. 3 is typical of these evolutions, and reflects shot-to-
shot variations in the radial density profile. At t = 5 ms,
there are essentially no angular variations: two-point cor-
relations between the four collectors at r = 0.36 (see
Fig. 1) are about 0.90, indicating that any remaining
8 variations are less than 0.2% of the mean density at
that radius. Structured radial correlations are also ob-
served in the MES profile, which apparently reflects the
requirements that Ng, Ps, and Hy are constant from shot
to shot [ll]. We also note that this 1.6% radial profile
variation level is about 4 times greater than the varis
tions in the initial condition from which they presumably
arise. This suggests that the details of the turbulent evo-
lution affect the MES profile; however, these effects are
small compared to the differences between the measured
and predicted MES proflles. Experimentally, there is one
caveat: If the / = 1 (center-of-mass) mode is not care-
fully removed from the initial condition, it will remain
indefinitely and dominate the late time fluctuation mes
surements.

Some»astable initial conditions such as two merg-

ing vortices [14], have H&"') H„,and the measured
MES profiles are not describable by Eq. (3). Further
theory may establish what the general minimum enstro-
phy states are, and further experiments may determine
when»nstable initial conditions do relax to these states.

Finally, we note that these experiments may model the
emergence of coherent vortices from a region of nonzero
net circulation within a larger field of turbulence with
vanishing total circulation [15].Of course, our cylindrical
walls give complete isolation of this region, whereas in
a turbulent flow other regions may perturb any given
vortex, with merger of like-signed vortices being perhaps

the most extreme case.
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