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Lattice Dynamics and Dielectric Properties of Si02 Stishm ite
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Using the variational density-functional perturbation theory, we compute the phonon band struc-
ture, the interatomic force constants, the dielectric tensor, and the Born effective charge tensors of
stishovite, a cryst~&»ne form of SiOq with sixfoM coordinated silicon atoms. Comparison with avail-
able experimental data shows agreement at the level of a few percent. Access to the real-space
interatomic force constants allows us to analyze the interplay between long-range ionic interaction
and short-range covalent bonding, as well as criticize available two-body interatomic potentials.

PACS numbers: 63.20.Dj, 61.50.Lt, 77.22.—d

Silica (SiOq) exists in a surprising variety of poly-
morphs [1]. There have been abundant experiments [2—4]
and theoretical work [5—7] on the structural, dynamical,
and electronic properties of silica polymorphs like cs- and
P-quartz, tridymite, a- and P-cristobalite, coesite, etc. ,

in which the silicon atoms are fourfold coordinated and
the oxygen atoms are twofold coordinated. In stishovite,

by contrast, silicon atoms are sixfold coordinated, and
oxygen atoms are threefold coordinated. Of fundamental
interest to geophysics and geochemistry because it is one
of the stable high-pressure phases of SiQs, a major com-
ponent of the Earth's crust, this form is still incompletely
characterized. Experimental problems stem mainly from
the smallness of the existing monocrystals which are typi-
cally less than 0.3 mm. Phonon frequencies are available

only for zone-center modes [3,8-12], and we have been
unable to find a study of the low-frequency dielectric ten-
sor. In this context, information from state-of-the-art ab

initio techniques proves valuable.
In this Letter, we present the results of ab initio cal-

culations of the phonon band structure, the real-space
interatomic force constants, the high- and low-frequency
dielectric tensor, and the Born efFective charge tensors
of stishovite. We elucidate the interaction between the
constituent atoms by a careful analysis of the interatomic
force constants and the Born efFective charge in the local
coordinates whose axes are along and perpendicular to
the bond direction.

Our method of calculation is based on the variational
density-functional perturbation theory [13,14]. Linear re-

sponse functions, such as the dielectric tensor, the Born
effective charge, and the dynamical matrix [15], are eval-

uated as second-order derivatives of the total energy, us-

ing an expression which is variational arith respect to the
first order perturb-ations of the wave functions. The lat-
ter quantities are obtained through a self-consistent mini-

mization using a conjugate-gradient algorithm [16]within
the local-density approximation (LDA). A detailed de-

scription of the method can be found elsewhere [14].

The exchange-correlation expression, as well as pseu-
dopotentials and plane-wave kinetic energy cutoff (30
hartrees), are identical to those used in a previously pub-
lished study [13]. Convergence of the Brillouin-zone (BZ)
integration is studied with grids of 1, 2, 3, 6, and 12 spe-
cial k points [17].

Stishovite has rutile structure with space group D4&
having Si atoms at (0, 0, 0) and (z, z, 2i) and 0 atoms
at (u, u, 0), (1 —u, 1 —u, 0), (z —u, z + u, &), and

( zi +u, z
—u, z); see Fig. 1. We calculate the equilibrium

geometry and the response functions with the different
sets of k points given above. For 3 k special points, we
find the geometry is well converged (0.001 estimated rela-
tive error), as well as the response functions (1/c relative
error at most). Therefore, results with the 3 k point
set are presented in the following. The calculated lattice
constants a and c and the calculated internal atomic co-
ordinate u are 4.14 A, 2.66 A., and 0.305, respectively,
while the corresponding experimental values are 4.18 A,
2.67 A. , and 0.3062 [18]. Our theoretical lattice constants
will be used for further calculations.

The dielectric tensors are calculated in the high- and
low-frequency limits. The high-frequency dielectric ten-
sor components along the a and c axes are found to be

FIG. 1. Unit cell of stishovite. White circles denote 0
atoms, and dark circles Si atoms. Si atom at the center of
the unit ceQ with 6 0 atoms shown make up a Si06gs octa-
hedron.
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TABLE I. Calculated Born effective charge tensors Z,'~ and
their principal values t,", for the Si atom at (0, 0, 0) and the
0 atom at (u, u, 0). The effective charge tensors for other Si
and 0 atoms can be found by symmetry consideration. The
components not shown are zero.

Component
Z+ ) ZQQ

Zxp t Zgx
Z:

2

Si
3.803
0.343
4.055
4.146
3.460
4.055

0
—1.902
—0.557
—2.027
—2.459
—1.345
—2.027

3.31 and 3.50, respectively, with the corresponding exper-
imental values 3.24 and 3.33 [19]. The discrepancy can be
attributed to the LDA, which usually underestimates the
size of band gaps, as well as to the diflicult experimental
conditions. Inclusion of the "scissor shift" [20] of 0.17
eV [21] leads to the values of 3.23 and 3.42, respectively.
Without local-field corrections (and without the scissor
shift), the calculated values are 3.41 and 3.65, respec-
tively. Therefore, local-field efFects contribute about 4%.
The low-frequency (static) LDA dielectric tensor compo-
nents, for which no experimental data are available to
our knowledge, are 11.01 along the a axis and 9.14 along
the c axis. These predicted static dielectric constants
are very large compared to the high-frequency ones. For
n-quartz, the low- and high-frequency dielectric tensors
are difFerent by a factor of about 2. Therefore, the dis-
placement polarizability in stishovite is larger than that
in o.-quartz.

The Born efFective charge tensors Z;. are calculated
and summarized in Table I. Unlike those of o,-quartz
[13],the effective charge tensors for both Si and 0 atoms
in stishovite are symmetric. We take the principal axes
along and perpendicular to the bond direction to diago-
nalize the effective charge tensors. We obtain the princi-
pal values (; of the effective charge tensors, also shown
in Table I. Since Si atoms are in a sufficiently symmetric
environment, i.e. , a center of a SiOs/3 octahedron, their
effective charge tensors are nearly isotropic, with princi-
pal values difFering by 17%. Meanwhile, 0 atoms have
anisotropic efFective charge, with principal values differ-
ing by 55%.

Next, we present the phonon frequencies at the I' point.
In Table II, we compare the calculated and experimen-
tal values for the frequency of each mode at the I' point.
Comparison between this work and the known experi-
mental data gives a rms of absolute deviations of 30.3
cm, and a rms of relative deviations of 4.0%. Our
results are also similar to theoretical calculations by Vi-
gasina et al. [11], while their results have a rrns of de-
viations from experiment of 53.3 cm ~, and 9.3%. The
LO-TO splittings are vrell reproduced except for the Aq„
splitting. It is not clear that the LO-TO splitting of the
A2„mode in Ref. [12] is well established from the experi-

TABLE II. The phonon eigenmodes and the vibrational
frequencies of stishovite at I'. The experimental data are from
Ref. [11] for the Raxnan modes and Ref. [12] for the infrared
modes. The frequencies are in cm

Mode

Byg
Eg
Agg

A2g

B2g

Bz„
E„(TO)
E„(LO)
E„(TO)
E„(LO)
Bi„
A2„(TO)
Ag~ (LO)
E„(TO)
E„(LO)

This work
Rarnan modes

214.0
585.4
754.9
599.1
954.1

Infrared modes
383.6
469.0
568.9
595.1
705.0
761.4
648.8

1048.5
821.6

1043.4

Experiment

234
586
751

Silent
964

Silent
470
565
580
700

Silent
650
950
820

1020

mental point of view because difficulty is reported in the
signal-to-noise ratio owing to a small sample size and the
region is dominated by the E„mdoe. Note that taking
the Az„mode frequencies away from the experimental
database of phonon frequencies brings down the rms of
absolute deviations to 11.0 cm ~ and the rms of relative
deviations to 2.8%. Experimental values of the LO-TO
splittings of the three E„mdoes are 95, 120, and 200
cm ~, respectively. The full efFective charge tensors pre-
dict the corresponding values as 99.9, 109.9, and 221.8
cm ~, while the isotropic parts (traces) of the efFective
charge tensors Z'6';~ with Z' = 3.887 for Si and —1.944
for 0 atoms predict 119.8, 128.8, and 197.6 cm ~, re-
spectively. Therefore, the LO-TO splittings would be
well described by the isotropic parts, unlike the case of
o.-quartz in which the isotropic parts alone lead to inad-
equate results. In Table II, one also finds the theoretical
values of the three silent modes.

We calculate the real-space interatomic force constants
by first subtracting the ionic dipole-dipole interaction,
then Fourier transforming the sets of dynamical matrices
defined on the Monkhorst-Pack [17] (1,1, 1), (2, 2, 2), and
(2, 2, 4) grids [22]. The long ranged (1/rs) anisotropic
dipole-dipole interaction is treated in an analytical way
[23] using the Born efFective charge tensors previously cal-
culated. The remaining part is electively short ranged,
and we will refer to it as the covalent part. We interpolate
the phonon spectra over the whole BZ by inverse Fourier
transforming the covalent part of the real-space inter-
atomic force constants, then restoring the dipole-dipole
interaction. The interpolated phonon frequencies from
the set on the (2, 2, 4) grid show satisfactory agreement,
within 2%%uo error, to those from the direct calculations at
high-symmetry points in the BZ including Z, X, M, R,
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FIG. 2. Phonon spectra of stishovite. The phonon frequen-
cies are in cm '. Diamonds represent experimental data from
Re&. [11]and [12].

and A [24]. In Fig. 2, we show the complete phonon dis-
persion over the whole BZ. However, as there has been
no inelastic neutron scattering experiment for stishovite
to our knowledge, we cannot compare the calculated fre-

quencies to experiments except the I' point. There is no
reason for ab initio predictions to be less accurate for the
entire Brillouin zone than at the I' point.

The real-space interatomic force constants are useful
not only for the interpolation of the phonon dispersion,
but because they also give us physical insights in the
interaction between atoms.

First, we define "local coordinates" with axes along
and perpendicular to the bond direction. The inter-

atomic force constant tensors can be decomposed into the
longitudinal and the transverse components with respect
to these coordinates. In Table III, we compare the lon-

gitudinal components of the interatomic force constant
tensors from this work and from two widely used pair
potentials for SiOq [6,25]. It is easy to establish that
interatomic force constants derived from two-body (cen-

tral) interatomic pair potentials have only longitudinal

components. The discrepancy between the ab initio and
pair-potential longitudinal force constant is rather large.
A measure of the strength (half the spur) of the trans-
verse parts of the interatomic force constant matrix is
also provided. These traasverse parts are in some cases
as important as the longitudinal part. Therefore, we be-
lieve that two-body potentials are inadequate for the de-
tailed description of the lattice dynamics of stishovite. A
similar conclusion can be reached for n-quartz [23]. Our
results clearly advocate the use of thr=-body potentials.

Each Si atom, at the center of the 0 octahedron, sees
four short (1.75 A.) Si-0 bonds and two slightly longer
(1.79 A) Si-0 bonds. This environment is clearly differ-
ent from the one found ia tetrahedral SiOz polymorphs.
From the data in Table III, one finds that the tiny
bond length difference (less than 3%) has a drastic ef-
fect on longitudinal force constants, and a smaller efFect
on transverse force constants. One should also notice
the very large longitudinal force constants between clos-
est oxygen pairs or between closest silicon pairs The.se
trends are also observed in the pair potentials. These
large force constants can be traced back to dipole-dipole
and covalent contributions being of the same sign, while
these contributions nearly cancel in the ease of Si-0 force
constants. Note that the covalent parts deereacw. rapidly
with distance, as expected. The decrease of force con-
stants from ab initio data is faster than that from pair
potentials.

In order to get a quantitative estimate of the range
of the covalent interatomic force constants, we calculate
the phonon frequencies including covalent forces only for
pairs of atoms withia some cutofF distance. When this
cutofF distance reaches 4.4 A., we obtain agreement within
2% for the phonon frequencies and within 1% for static
dielectric tensors with respect to the calculatioa with-
out cutofF. This corresponds to the 11th nearest shell of
neighbors for Si atoms aad the 1?th for 0 atoms.

Ref. [6] Ref. [25]Dipole-dipole
Si-0

13.4495
15.1346
1.451S
2.3274

O-O
—4.3118
—1.9999
—1.9076
—0.6171

Si-Si
—7.6305
—3.7628

1.75
1.79
3.14
3.20

-6.5054
—3.7046

2.9187
2.7416

4.6101
3.6797
0.5593
0.4266

-8.0687
—4.7579

0.9572
1.4412

—5,2436
—2.2017

3.1714
2.9614

—21.5182
—19.8915
—0.4946
—0.8863

2.28
2.50
2.66
3.00

—9.2669
—3.8784
—2.2788
—0.3819

—0.6802
—0.7973
—0.8926
—0.5797

—4.9551
—1.8785
—0.3722

0.2352

—12.7502
—8.2750
—5.9642
—2.9616

—12.9813
—8.4713
—6.1552
—3.1136

—8.3525
—5.0018

2.66
3.21

—0.7881
—1.0039

—0.7220
—1.2390

—8.4433
—4.9086

TABLE III. The longitudinal (C ) and the transverse (C+) components of the interatomic force

constant tensors (see text). C 's are decomposed into dipole-dipole and covalent parts. C shouid

be compared with the force constants from pair potentials of Refs. [6] and [25]. Interatomic distances

d are in A and force constants are in eV/A~.

d gL +IT Covalent
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In conclusion, we have presented a detailed analysis of
lattice-dynamical and dielectric properties of stishovite,
as obtained using the variational density-functional per-
turbation theory. The high-frequency dielectric tensor
and the phonon &equencies at the I' point agree at
the level of a fear percent with experiments. We pre-
dict the frequency of three silent phonon modes at I',
the low-frequency dielectric tensor, the phonon band
structure, and the Born efFective charge tensors (includ-
ing their anisotropies). The LO-TO splittings of the
phonon frequencies at I' are well reproduced by either the
full anisotropic efFective charge tensors or their isotropic
parts. The interatomic force constant tensors have also
been calculated. The two kinds of Si-0 bonds have rather
difFerent longitudinal force constants, and less different
transverse force constants. The longitudinal force con-
stants between closest Si atoms or closest 0 atoms are
strikingly large, due to dipole-dipole and covalent contri-
butions of the same sign. It is found that the Coulombic
and covalent parts of the force constants are compare
ble and large for the directly bonded atoms, while far-
ther atoms have much smaller covalent parts than the
Coulombic parts, as expected. We estimate the range
of covalent force constant to be on the order of 4.4 A..
We compare the interatomic force constants derived from
widely used two-body interatomic potentials to those de-
rived from our Brat-principle values and Bnd them rather
different.
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