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Ferrimagnetic Long-Range Order of the Hubbard Model
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In this paper, we show rigorously that there exists the ferrimagnetic long-range order in the
ground state of the positive-U Hubbard model at half 6lling on some bipartite lattices. When
NQ ) NQ (N~ and Ns are the total site numbers of two sublattices A and B), except for the
ferromagnetism which was found by Lieb [Phys. Rev. Lett. 62, 1201 (1989)], there also exists
the antiferromagnetic long-range order in the ground state. This result only requires U ) 0 and is
independent of the dimension of the lattices.
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The existence of antiferromagnetic long-range order
in an itinerant electron system has been an open prob-
lem for a long time. Four years ago, Lieb showed that
the unique ground state of the Hubbard model on some
bipartite lattices at half filling has the total spin S =
]NA —Np]/2 [1]. When NA ) Nz, it is nonzero macro-
scopically. However, in the large-U case, this model is

very close to an antiferromagnetic Heisenberg model. It
is believed that the ground state should favor the anti-
ferromagnetism, or more accurately, the ferrimagnetism.
Except for the nonzero spin, the ferrimagnetism also

possesses the antiferromagnetic long-range order. Thus
whether there exists such a long-range order is the sub-

ject of this paper.
After some preliminary definitions and introduction,

we present a theorem on two-point spin correlation func-

tion in the Hubbard model. Then incorporating Lieb's
theorem [1],we prove that when NA )NB [2] and at half-

filling, i.e. , N, = NA+N~, the ground state possesses the
ferrimagnetic long-range order. To our knowledge, this is

the first example that the ferrimagnetic long-range order
exists exactly in an itinerant electron system.

The positive-U Hubbard model on a finite bipartite
lattice A is defined by

t). C,'.C-+-]Ul).(n'i- -,')(n'1 - -,'), (1)
(~i) ~

where C; and C,. are the annihilation and creation oper-
ators of electron with spin cr (=t', $) at site i, respectively.
(ij) means all pairs of the nearest neighbor sites and i
and j belong to two sublattices. This model possesses
SO(4) symmetry [3] and the global ground state must
belong to the subspace, Nt = Nt (Nt and Nt are the
total numbers of electron with spin-up and spin-down,
respectively, and both are the good quantum number of
the system). Therefore we limit our discussion in this
subspace.

The raising and lowering spin operators are

S,+ = C,.iC, t, S, = C,.tC, T,

and the z component is

(2)

m(q) =
l $ e(~)s+

~ ) c(1)s, )),

where (.*(i) = 1 when i 6 A, and —1 when i c B and
the angular brackets denote the ground state expecta-
tion. The existence of ferromagnetic (antiferromagnetic)
long-range order requires that m(0) [m(q)] has order of
NA (NA = NA+N~), i.e., m(0) = 0(Np). The ferrimag-
netism requires that both m(0) and m(Q) have order of
NA. Now we present Theorem I.

Theorem I.—In the positive-U Hubbard model on the
bipartite lattice A and at half-filling,

S+S & 0, when (i, j) c A or B,
& 0, when i 6 A (or B) and j c B (or A.).

(6)

Proof. The proof of t—his theorem is based on the
particle-hole symmetry of H on the bipartite lattice and
the uniqueness of the ground state of a negative-U Hub-

bard model with even number of electrons.
The partial particle-hole transformation is de6ned- [4]

C'T ~ e(i)bI), C,t

Under this transformation, the Harniltonian [Eq. (1)] is

S; =
~ (n, g

—n, t).

Two correlation functions that we are interested in are
defined by
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transformed into a negative-U Hubbard model:

H = t —) bt b; —lUl) (ng;y ——,')(ne;l ——,'), (8)
(ij},o

where nei = b, b; T. his transformation maps one
eigenstate of H onto that of H. When the system is ex-

actly half filled (NA is even), the number of particles do
not change and the global-ground states of H are mapped
onto the global ground state of H [5]. The ground state

of H is unique [1] and its wave function has the form

l~) =).c-~l~-~) [~~i), (9)
cxP

where (@ ) is a real orthonormal basis for N~ = N~ =
N, /2 fermions [6]. C p is the coefficient and the ma-

trix C = (C ' ) is Hermitian and positive (or negative)
definite (here we choose a positive one which does not
affect the final result). Using this wave function [Eq.
(9)], one can find that for any pair i and j, the quantity

(b,~b;~b. &b.&) is always non-negative:

(b,yb;lb, lb, &)
=. ) Ca&C~e(C'~)lb'yb, 'gl@~r)(@pglb, gb~l l@el) = Tr(C BCB ) & 0, (10)

where (B) p = (4' lb; b l@@) (the spin index is dropped).

Since (@~)is a real orthonormal basis, (B)~p is also real
and B+ = Bt. At the last step, we have made use of the
positive definition of C. Inequality (10) was also found

by one of us in a previous paper [7]. Now we transform

(b, yb;gb ib &)
b. ack to the original representation, then we

have

(') U)(s,+s,. ) o0. (11)
L

From this inequality, one can easily obtain the inequali-
ties in Eq. (6). Q.E.D.

Remark (1). This theorem is valid for any bipartite
lattice. It also holds for the antiferromagnetic Heisen-
berg model. Its physical meaning is very clear: the spins
of the electrons on different sublattices tend to favor dif-
ferent directions. In an antiferromagnetic system, it is
very well understood, but in an itinerant electron system
such as the Hubbard model, it is not trivial and transpar-
ent. After the discovery of the relevance between high-T,
superconductors and the Hubbard model, one has been
expecting that the ground state at half filling would be an
antiferromagnetic one [8]. But there is no rigorous proof
to this conjecture until now. We guess Theorem I may be
of some relevance to the above conjecture. The fact that
this property holds for the copper-oxygen lattice (high-T,
superconductors) could underline the physical relevance
of this results.

A direct corollary of Theorem I is the following
Corollary. Under the con—dition of Theorem I,

(14)

When N~ & Ner, m(0) is order of NA, i.e. ,

1
lim m(0) ) 0.

~NA

Combining this theorem and the corollary of Theorem
I, we have Theorem II.

Theorem II. In the positive—-U Hubbard model on the
bipartite lattice A with Ng )Ng and N, = NA,

Q.E.D.
From this corollary, m(Q) is always greater than m(0).

This is a very natural conclusion for an antiferromagnetic
system. If m(0) has order of NA, m(Q) must also be
of order of NA, and in this case, there must exist the
ferrimagnetic long-range order. In his second theorem for
a repulsive case in Ref. [1], Lieb showed the following:

Lieb's Theorem. When N, = NA and on a bipartite
lattice, the unique ground state of the Hubbard model
has the total spin S = [N~ —N~ l/2.

We can express this theorem in the language of m(0)

(o) = (I ) ~,+ II ) ~, I)
i i

1 (s+s-)
NA

N
4 (NA Npp

m, (Q) & m, (0). (12) m(Q) & m(0) = O(NA). (16)

Proof of corollary. Since e(i)e(j)—(S,+. S ) is always
non-negative for any pair of i and j, we have

m(0) = ) (S+S;. )
t3

) l(s,+s;. )I

) e(i)e(j)(s+S, ) = m(Q).

Both the antiferromagnetic and ferromagnetic long-range
order coexist in the ground state. In another word, the
ground state possesses ferrimagnetic long-range order.

Now we make two remarks:
Remark (i): Theorem II also holds in the antiferro-

magnetic Heisenberg model on a bipartite lattice with
N~ ) NB. In this model, the existence of the ferro-
magnetism in the ground state was shown by Lieb and
Mattis [9] three decades ago.

Remark (ii): When N~ = Ng, rn(0) = 0. In this case,
no ferromagnetic order appears and whether the antifer-
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romagnetic long-range order exists or not is still unclear.
As the ground state of the antiferromagnetic Heisenberg
model on a cubic lattice has long-range order [10], we
believe that at least in the large-U case, rn(Q) also has
order of NA.
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