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NMR Evidence for Universal Nonclassical Critical Behavior
of Incommensurately Modulated Crystals
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Nonclassical universal critical behavior is revealed in several one dimensionally modulated incom-
mensurate (IC) crystals by means of quadrupolar perturbed NMR. In the IC phase the temperature
dependence of the NMR line shape leads to the same critical order parameter exponent P for all systems.
Above the phase transition a nonclassical exponent was found for the critical contribution to the spin-
lattice relaxation. All results agree with the theoretical predictions of the 3D XY model.

PACS numbers: 64.60.Fr, 64.70.Rh, 76.60.—k

Some insulating crystals undergo a phase transition at
a temperature T; from a high-temperature normal (N)
phase to a structurally incommensurately modulated (IC)
phase [I]. In these systems at least one local property is

modulated in such a way that the modulation wave vector

q; is irrational with respect to the reciprocal lattice of the
W phase.

Quadrupolar perturbed nuclear magnetic resonance
(NMR) has been proved to be a very sensitive and accu-
rate tool for investigating IC phases and in particular
their static critical behavior [2-7]. In many cases the
electric field gradient tensor (EFG) at the site of the nu-

cleus under investigation is strongly aAected by the IC
modulation. As a result, well-known frequency distribu-
tions occur in the NMR spectra with singularities at the
two edges which are typical for IC phases. In general
this effect is about I or 2 orders of magnitude more pro-
nounced for first-order quadrupolar effects (e.g. , satellite
line splitting) than for second-order ones (e.g. , shifts of
the central and satellite lines).

In previous NMR works [2-6] a universal nonclassical
critical behavior showing up in the exponents P and P was
found for the IC phases in some crystals of the 228%4
type [Rb2Zn Br4, RbzZnCI4, (N H4) 2ZnC14]. The expo-
nents are in excellent accordance with the predictions of
the 3D XV model. It is one purpose of the present Letter
to show that the critical exponent P determined by NMR
for the uppermost IC phase (T; =164 K) of betaine calci-
um chloride dihydrate (BCCD) also agrees excellently
with this model, although both the structure and the ex-
ceptionally rich phase diagram [8,9] of this substance
diff'er considerably from those of the A28X4 systems, thus
demonstrating the universal meaning of the critical ex-
ponents determined.

A one-dimensional incommensurate periodic modula-
tion of the crystal lattice leads to a corresponding modu-
lation of the EFG. Consequently, the EFG in the IC
phase can be described by a symmetry adapted Fourier
series [2,3]. For a nucleus at a lattice site underlying no

restrictions by symmetry observed in a crystal orientation
with the crystallographic a; axis parallel to the external
magnetic field Bo, the edge singularity distance h, v&c of a
satellite frequency distribution is related to the order pa-
rameter amplitude p and its temperature dependence by
[2,4]

tI vie cc I(I'1 "&I ec (p) cc (T T)~.

Here V~;; denotes the amplitude of the first harmonic of
the Fourier series of the EFG tensor element V;; in the
crystal reference frame.

An accurate determination of critical exponents re-
quires a sufficient precise knowledge of the transition
temperature T;. In our experiments a low-temperature
helium liow cryostat was used characterized by a very
good temperature stability (AT =0.05 K over the mea-
suring time) and a very small temperature gradient
(&O. l K/cm). Samples had a size of about 0.7X0.7X I

cm . The temperature was measured by a calibrated sil-
icon diode (accuracy +' 0.02 K) placed about 1 cm beside
the sample.

The Cl (I =
2 ) satellite transitions (m = ~

2

+.
z ) in the uppermost IC phase (T; =164 K) of

BCCD were measured at a static magnetic field 80=7.0
T (Larmor frequency vL =29.4 MHz) for crystal orienta-
tions specified by a, b, cIIBo. In these cases, an eightfold
degeneracy of the spectra occurs leading to a remarkable
increase of the signal-to-noise ratio. The detectability of
the satellite lines in the N and IC phase is a clear indica-
tion of the high quality of the crystals. The results for
the three crystal orientations are shown in Fig. 1. We ob-
tain critical exponents p=0.35+'001 (allBo), p=0.345
+'0.005 (bllBo) and P =0.354 ~ 0.005 (cllBo). This
critical behavior according to Eq. (I) is found to hold in

the whole IC phase.
In contrast to the rather small eAects reported some-

times for the central lines in other substances, the edge
singularity distances observed for the Cl satellite lines
in the IC phase of BCCD depend very sensitively on the
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FIG. 1. Temperature dependence of the distance of the edge
singularities in the IC phase for the satellite lines of Cl in
BCCD [allBp (E), bllBp (0), cllBp (L), left-hand scale] and of
H in deuterated BCCD [bllBp (O), right-hand scale]. The in-

set shows how the upper Cl satellite transforms from the sin-
gle line in the 1V phase (top) into the frequency distribution in

the IC phase.
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FIG. 2. Temperature dependence of the 35Cl spin-lattice re-
laxation time T] in BCCD above the N-IC phase transition
measured in the crystal orientations allBp (a), bllBp (%), and
cllBp (&) at the central line. In the inset the convergence of
I/(T~T2) to a constant at higher temperatures is demonstrated
exemplarily for the crystal orientation allBp (see text).

temperature (see inset of Fig. 1). Thus, by inspecting the
NMR spectra T; can be fixed within a temperature inter-
val of 0.05 K. The value for T; determined this way is

confirmed, moreover, when choosing T; as a third param-
eter in a fit of hvic according to Eq. (1). In a tempera-
ture range T-T; ~ 2 K close to T; we find a broadening
of the line from 2 to 10 kHz which is very small com-
pared to the edge singularity distance of about 100 kHz
measured only 0.2 K below T;. Thus, this line broaden-
ing has no consequences at all for the evaluation of our
data, neither for the determination of 7; nor for the
determination of the edge singularity distances. This
seems to contrast some of the results and conclusions
presented in Ref. [10] for the Rb central line in Rbz-
ZnC14.

In addition, H (1=1)NMR spectra (vL =46. 1 MHz)
of the water molecules in deuterated BCCD were mea-
sured in the IC phase in the crystal orientation bllBp (Fig.
1). The temperature dependence of the corresponding
edge singularity distance is also found to follow the power
law (1) in the whole IC phase with the same critical ex-
ponent P =0.35+ 0.02.

While the NMR spectrum is determined by the static
part of the EFG, its fluctuating part is responsible for the
transition probabilities between the nuclear spin levels.
The spin-lattice relaxation rate I/T~ of the nuclear mag-
netization is given as a linear combination of these proba-
bilities, which are a measure of the spectral density of the
EFG fluctuations at the Larmor frequency (= 10 Hz).
In suitable cases they are strongly aAected by order pa-
rameter fluctuations [11,12]. It is a further purpose of
this Letter to demonstrate that for some incommensurate
systems these critical contributions are sufticiently strong
to allow a rather precise determination of a corresponding
critical exponent above T;.

Because of the extreme sensitivity of the Cl satellite
line intensity in BCCD to the smallest misorientations of
the sample T~ was measured at the Cl central line ap-
plying 90 -i-90' pulse sequences and the same experi-
mental arrangement and crystal orientations as described
above. The magnetization recovery showed a weak devia-
tion from a single-exponential behavior. Nevertheless, a
well-defined relaxation time could be determined from its
initial slope.

Approaching T;, a drastic decrease of T~ is observed
(Fig. 2). In order to extract the considerable critical con-
tribution to the relaxation rate the relaxation rates caused
by independent noncritical processes are to be subtracted.
We assume a two-phonon Raman process to be responsi-
ble for the background relaxation rate I/T~, leading to a
temperature behavior I/T~ s =AT, where A is a constant
[13]. This assumption is confirmed by the convergence of
I/(T~ T ) to a constant value for temperatures well above
T;, where the critical contribution vanishes (an example
is given in the inset of Fig. 2). Consequently, the critical
contribution to the spin-lattice relaxation rate is given by

(2)

If this procedure is applied to the T~ values measured for
Cl in BCCD in the crystal orientations a, b, cll80, the

critical contributions show the same temperature depen-
dence in a temperature range of about 40 K above T;
(Fig. 3).

Assuming order-disorder fluctuations of the order pa-
rameter with relaxation times fulfilling the condition
r (q) «(2xvL) ' (fast motion limit) for all wave vectors
q, a direct process for the relaxation of the nuclear spin
system, and the well-known van Hove theory for critical
dynamics, the critical contribution to the spin-lattice re-
laxation rate is given by [11)
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FIG. 3. Temperature dependence of the critical Cl spin-

lattice relaxation time Tf"' obtained by means of Eq. (2) from
the T& values measured for BCCD in the crystal orientations
allBp (R), bllBp (Q), and cllBp (&). The fit curves according to
Eq. (6) correspond to the parameters given in the text.
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FIG. 4. Same as in Fig. (3) but for the Rb satellite transi-
tion in RZC (crystal orientation bllBp) for Larmor frequencies
vL =98.2 MHz (Q) and 51.9 MHz (+). The inset shows for
vL =98.2 MHz (0) the deviation from the fit curve IEq. (6)l
very close to T; (see text).

I/'T«t' tx T eaU/keTQ 2(k) (3)

where [14]

g(k) =g(k =0)/[1+ (kg) ' (4)

is the order parameter susceptibility depending on the re-
duced wave vector k=q —q;. In Eqs. (3) and (4) we
denote as usual by h, U the activation energy of the un-

coupled dipole system, by g the correlation length, and by

g the critical exponent which characterizes the long-
range behavior of the correlation function. Replacing in

Eq. (3) the sum by an integral yields

gd 6 Q (I X2 —rI)2
(5)

where k, is a constant cutoA' wave number whose magni-
tude is of the order of the radius of the Brillouin zone.
Since g diverges as (T —T;) "near T;, the integral can
be represented by a constant. Consequently, Eq. (5) re-
duces to

I/Tcrit ~ T2 4U+eT(T T )
—t' (6)

where for the critical exponent g of the relaxation rate
the relation

(=2y —dv = y
—2P (7)

holds and where the usual definitions of critical exponents
and relations among them [14] were used. Thus, al-
though T~ is principally a dynamical quantity it is related
to the static critical behavior as long as the fast motion
condition holds.

The fits according to Eq. (6) lead to the parameters
dU/ks =600 K~ 100 K and /=0. 625~0.025 for all
three curves in Fig. 3. Note that the factor T exp(AU/
kBT) has a negligible effect on the fit value of I,

" in a tem-
perature interval of about 10 K above T;.

A critical contribution to the relaxation rate can be ob-
served for the H spin-lattice relaxation time in deuterat-
ed BCCD, too. Since this eA'ect is comparatively small, a
quantitative analysis as described above is not possible.

Moreover, we succeeded in measuring the temperature
dependence of TI of the Rb (I= 2 ) upper frequency
satellite line in high quality crystals of Rb2ZnC14 (RZC)
in the orientation bllBO at two diA'erent Larmor frequen-
cies vL =98.2 and 51.9 MHz above T; (304 K). Because
of symmetry the magnetization recovery was single ex-
ponential in this special case. The behavior of TI agrees
qualitatively with that found for the Cl relaxation in

BCCD. Consequently, a procedure for separating the
critical contribution 1/T I"' similar to that described
above [cf. Eq. (2)] was applied. The fit of these data
(Fig. 4) according to Eq. (6) results in the same critical
exponent I,'=0.625+ 0.025 as found for BCCD and in a
more or less indeterminable value for AU/kyar. The exper-
imental accuracy of these results allows us to exclude the
mean-field value I,

"=0.5 reported previously [15,16].
Very close to T;, however, a systematic deviation of the
measured TI values from the fit curve is observed (inset
of Fig. 4). This result can be explained by assuming that
the fast-motion condition r (q;) «(2rrvL) ' = 10 s is
violated and thus Eq. (6) becomes invalid. This assump-
tion is supported by taking into account the explicit tem-
perature dependence of r(q;) derived recently from ul-
trasonic data on RZC [17]. On the contrary, the fact
that T I does not depend on the Larmor frequency for
T —T; & 1 K demonstrates the validity of the fast-motion
condition.

Our TI measurements have shown that (i) the TI
anomalies which are observed above T; allow us to deter-
mine a universal nonclassical critical exponent g for that
temperature range and (ii) the extension of the critical
region above T; is of the same order of magnitude as that
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observed in the IC phase.
In conclusion, our results demonstrate that for sub-

stances diferent in composition and structure but equally
characterized by the occurrence of a one-dimensional in-
commensurate modulation the NMR investigations of
critical phenomena lead both in the IC phase and in the
lV phase to the same critical exponents p and g, respec-
tively, as required by the universality hypothesis. Com-
paring the values of P and g found experimentally with
those obtained theoretically [18], an excellent agreement
with the predictions of the 3D XY model (P=0.345,
(=2@—dv=0. 625) is ascertained. This model is char-
acterized by a two-dimensional order parameter with
three-dimensional interactions and consequently applies
to the case of a one dimensionally incommensurately
modulated lattice. The independent experimental deter-
mination of the exponents P and g with sufficient high ac-
curacy allows the calculation of the remaining critical ex-
ponents by applying the well-known relations among
them [14] so that now a complete set of critical exponents
is available.

We are indebted to A. Klopperpieper for growing and
characterizing the crystals. Financial support by the
Deutsche Forschungsgemeinschaft is gratefully acknowl-
edged.
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