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Swollen networks possess permanent elastic constraints that induce static variations (8y ), at a micro-
scopic scale in the polymer volume fraction p. It is shown that the concentration polydispersity (8+2),/p2

is related to the macroscopic osmotic and elastic properties of the gel. An expression is derived for the
dependence of (bp ),/p on swelling. Good agreement is found with previously reported small-angle
neutron scattering measurements in randomly cross-linked polyvinyl acetate and end-link polydimethyl
siloxane networks swollen in toluene.

PACS numbers: 82.70.Gg, 36.20.—r, 61.12.—q, 61.41.+e

Chemically cross-linked gels are composed of flexible
polymer molecules that are mutually connected to form a
three-dimensional structure of unlimited size. The princi-
pal observable macroscopic difference between such sys-
tems and polymer solutions is the appearance of a finite
zero-frequency elasticity. In a gel the local polymer con-
centration may differ significantly from the average, since
the cross-linking process is in general accompanied by a
redistribution of the polymer segments [ll. This local
variation in concentration is an analog of molecular
weight polydispersity in dilute polymer solutions, since a
spread in concentration in a gel is equivalent to a spread
in molecular weight per unit volume. For this reason we
designate it by the term concentration polydispersity.

The phenomenon is of broad relevance. Concentration
polydispersity affects important macroscopic parameters
in gels including their swelling, elastic, transport, and op-
tical properties; it seems probable that it is also related to
their rupture strength.

The architecture of a network depends on the manner
of the cross linking. A consequence of concentration
polydispersity is that a certain fraction of the polymer in

the network is restrained froin participating fully in the
thermodynamic concentration fluctuations that prevail in

uncross-linked polymer solutions.
The microscopic structure of the gel can be character-

ized by applying scattering techniques suited to the
different length scales of the polymer distribution. We
have found [2,3] that the scattering spectra of swollen

gels can be treated as the sum of two separate com-
ponents, a static and a dynamic scattering function I, (Q)
and Id(Q), respectively. I, (Q) is determined by the per-
manent mechanical constraints imposed by the cross
links, and Id(Q), which exhibits solutionlike behavior,
reflects the thermodynamic fluctuations of the polymer
segments. Here, Q=(4tr/k)sin(8/2) is the transfer vec-
tor at scattering angle 8 for an incident radiation of
wavelength k. It was also found that the form and rela-
tive intensity of I, (Q) depends upon the particular system
investigated.

In this Letter we propose a relationship between the
microscopic polydispersity of the network structure and
the macroscopic osmotic and elastic parameters of the
system (swelling pressure, shear modulus, and polymer
voluine fraction). The polydispersity of the polymer den-
sity distribution is calculated from the second inoment of
the static scattering function I, (Q), which is an experi-
mentally accessible quantity. A comparison is made be-
tween the theoretical expression and the results from
small-angle neutron scattering (SANS) experiments on
chemically cross-linked polyvinyl acetate (PVAc) and
polydimethyl siloxane (PDMS) gels.

The free energy function of a gel is expressed as the
sum of two terms [4,5], Fm;„+F,l, where the former, of
osmotic origin, is the free energy of mixing between poly-
mer and solvent, and the latter, the elastic free energy of
deformation of the network chains, is mainly entropic.
At equilibrium, the derivative of the total free energy
with respect to concentration (i.e. , the swelling pressure,
c0) is constant throughout the sample. Hence, at fixed
overall concentration, the swelling pressure

m =H —6 =const, (1)
where H is the osmotic pressure exerted by the network
and 6 is the elastic modulus. In a real network fiuctua-
tions arise in the cross-linking density, thereby affecting
the local value of 6. Since both 0 and 6 depend on the
polymer volume fraction p, we have

a~=(an/av )av SG =0. —

Here [5],

G =aNkTp' /V,

where N is the number of cross links in a volume V of the
dry network, k is the Boltzmann constant, T the absolute
temperature, and the constant a is a topological factor of
the order of unity [5,6]. In the concentration range ex-
plored here, the exponent of & indicated in Eq. (3) is ob-
served [7,8] to be accurate to within 1%.

The nonuniformities in cross-linking density are of
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finite size defined by some average volume v. We define
n =Nv/V as the mean number of cross links within v.

Local variations in the number of cross links, Bn =6N
x(v/V), develop when the gel forms. Hence, from Eqs.
(2) and (3),

ment of the normalized scattering intensity

M2 = [I,(Q) +lg(Q) ]Q dQ

=2ir'Ap'&8v '& (9)

(~—G/3)(Bp/p) =8n(akT/v)p' (4)

8ai

where K =p(|11I/|Ip) is the osmotic compression modulus

of the system. For gels in which the cross-link clusters
obey Gaussian statistics, the mean value &8n) =n, the
angular bracket denoting an average over the sample.
Assuming small relative concentration excursions, one
then has &(bp/p) ) =&Sp ),/p, where &6p ), is the mean

square concentration fluctuation due to the static concen-
tration polydispersity. Thus

&8v '),
2

is an invariant [101. Here, Ap is the contrast factor, and
&6y ) =(1 —p)y is the mean square amplitude of the to-
tal fluctuation in polymer volume fraction. [The restric-
tion of this treatment to two phase systems with sharp
boundaries does not in fact apply to the low Q region of
the scattering spectra. Low resolution scattering experi-
ments cannot distinguish between a uniform object with
sharp boundaries and a real structural element having an
uneven nuclear density distribution. Thus, provided the
principal contribution of the static scattering intensity
I, (Q) is confined to the low Q spectral region, its second
moment belongs to an invariant. ]

Application of this concept to swollen polymer net-
works gives

=CG GK ——
3

(5) ~,=2~'~p'[&Sv '), +&Sv '),], (lo)

H=Ap

where the exponent m depends on the thermodynamic
quality of the solvent. In excluded volume conditions,
m = 4 . For a gel, the equilibrium swelling concentration

p, in the pure solvent is defined by the condition co=0,
and we thus have

(ankT/v) =Ay,

Substitution into Eq. (5) yields
& rn —I/3

&8v '&, v=C m
pe

1

3

—2

(7)

Equation (8), although in agreement with the known

concentration dependence of the swelling pressure and
the elastic modulus of the gel [7-9] is a simplification
based on scaling considerations, and so in principle ap-
plies only in the semidilute concentration range. At high
polymer concentrations, where the osmotic pressure in-

creases faster than indicated by Eq. (6), the osmotic
modulus K may be better approximated by a Flory-
Huggins type expression [4].

Estimates of the concentration polydispersity &6p ),/p
are obtained from the small-angle neutron scattering
spectra of the gels. In statistically isotropic two-phase
systems exhibiting no long range order the second mo-

where the constant C =1/n. The value of C consequently
depends on the nature of the cross-link distribution.

For not too high concentrations (say p ~ 0.4), a scaling
approach gives a fair approximation [7-9] to the behavior
of the parameters in Eq. (5). In scaling theory of poly-
mer solutions in the semidilute regime [6], the concentra-
tion dependence of the osmotic pressure obeys a power
law of the form

where &Bp )d is the mean square amplitude of the ther-
modynamic fluctuations of p.

It is found [2,3, 11,12] that Id(Q) corresponding to
&Bp )d can be represented in the low Q region by an
Ornstein-Zernike function [13,14]

( ) kTAp p 1 (»)E+46/3 I+Q'g' '

where g is the polymer correlation length (a correction
for the finite cross section of the polymer chain is includ-
ed [3] at higher values of Q).

The static scattering intensity 1,(Q) is approximated
satisfactorily by the empirical form

I, (Q) =I, (0)exp[ —(Q:-)~l, (12)

where = is the mean radius of the static concentration
fluctuations. The exponent p may depend on the network
structure. For randomly cross-linked PVAc gels swollen
in toluene [3],p = 0.7, while for end-linked PDMS [12],
an acceptable fit to the neutron scattering spectra was
found with p=2. The second moment of Eq. (12) then
yields

I, (o)r(3/p)
8p 13

2z pbp =

where I (x) is the gamma function. The scattering func-
tion is not unique. A model for gels close to the percola-
tion threshold, developed by Bastide and co-workers
[15,16] gives an alternative expression whose central
property is the slope of the scattering curve. For the
present PVAc data, however, this model gives an unsatis-
factory fit to the spectra and yields unphysical values for
I, (Q).

We now apply these relations to experimental observa-
tions made on two sets of chemically cross-linked PDMS
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1og l(Q) /cm

2

TABLE I. Measurements of scattering parameters from
PVAc and PDMS gels swollen to different degrees in toluene
[3,12].

Sample (By ) /p (x 10 )

-2
-2.5 -2.0 —1.5 —1.0 -0.5

FIG. 1. SANS scattering curves for a PVAc gel (p, =0.146)
at different swelling degrees in toluene; O: p =0.146;
p=0.208; +: p 0.399. Continuous curves are the fits of
Id(Q)+I, (Q) to the data using Eqs. (11) and (12). Dots: data
from a PVAc/toluene solution at @=0.114 [dashed line is the
low Q extrapolation of these data from Eq. (11)].

and PVAc network systems swollen in toluene. The
PVAc gels were prepared by cross linking of polymer
chains in solution following a method described elsewhere
[17]. The PDMS gels were synthesized by end linking
undiluted hydroxyl terminated PDMS chains using
triacetoxysilane as the cross-linking agent [2,7].

SANS measurements were made on the D11 instru-
ment at the Institut Laue Langevin, Grenoble, using an
incident wavelength of 6 A, and sample-detector dis-
tances in the range 1.2 to 15 m. A 64&64 element area
detector was used. The gel samples of area approximate-
ly 2 cm and thickness 1 mm were held between 1 mm
thick quartz plates in a thermostated sample holder at
25'C. The concentration dependence of the swelling
pressure co was measured in the range up to 100 kPa, us-
ing an osmotic deswelling technique [17]. The osmotic
pressure of the network polymer, H, was calculated from
these independent measurements of co and the shear
modulus.

In Fig. 1 are shown the SANS spectra from a random-
ly cross-linked PVAc gel in deuterated toluene at three
diAerent degrees of swelling. The spectrum composed of
dots in the figure are the experimental data points from
an uncross-linked solution. The excess scattering visible
in the gel spectra at low Q is due to the static concentra-
tion polydispersity.

The above analysis refers to binary systems. It is
essential that the samples should be chemically homo-
geneous. Previous contrast variation measurements per-
formed on these lightly cross-linked PVAc and PDMS
gels demonstrated [2,3] that the neutron scattering signal
originates from the pure polymer, and on the length
scales investigated, is unperturbed by the chemically
different nature of the cross linker.

PDMS
y, -0.166

PVAc'
p, =0.146

PVAc
p, =0.074

0.166
0.177
0.223
0.254
0.353
0.146
0.208
0.270
0.315
0.399
0.074

0.91
0.60
0.44
0.25
0.06

35.2
9.7
2.9
1.4
0.5

34.7

'Mean number of monomer units between cross links equal to
50.
Mean number of monomer units between cross links equal to

400.

Values of the polydispersity (Bp ),/p, calculated from
the fit of Eqs. (11) and (12) to the gel spectra (Table I)
were given in Refs. [3] and [12]. It can be seen that
(Bp ),/p decreases as the gels deswell, i.e. , concentration
diA'erences between nonuniformly cross-linked regions of
the gel progressively disappear. The numerical values of
the polydispersity for the PVAc system are significantly
larger than for the PDMS gel.

In Fig. 2 the values of (By ),/p are plotted against the
right-hand side of Eq. (8). For both PVAc and PDMS,
reasonable agreement is found with the straight line be-
havior predicted by Eq. (8). For the PVAc system, the
slope C is approximately 1.25; this corresponds to a wide
distribution of structural nonuniformities, as expected
from a randomly cross-linked gel. In the figure is also
displayed a datum (open circle) obtained from a more
lightly cross-linked PVAc sample in the fully swollen
state: the (Bp ),/p values for the two gels almost coin-
cide. For the PDMS gel, the corresponding value of C is
approximately 0.033. This small value reflects the fact
that in the randomly cross-linked PVAc gels the per-
manent structural perturbations extend to much higher Q
vectors (smaller spatial separations) than in the end-
linked PDMS system.

The numerical values of these slopes obviously must
depend on the analytical form chosen for the static
scattering function I, (Q) in the decomposition procedure.
To estimate the uncertainty introduced by diAerent
forms, the scattering spectra of the PDMS gels were
reanalyzed replacing p =2 by p =0.7 in Eq. (12). In this
case, although the quality of the fits to the scattering
spectra becomes poorer, the linear dependence described
by Eq. (8) remains valid. The slope C, however, in-
creases by about 25%. The much larger diff'erence in
slopes between the PVAc and the PDMS gels (one and a
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FIG. 2. Dependence of network polydispersity (Bp2),/p~ on
the function of [m(y/p, ) '/3 ——,

' ] for PVAc/toluene (+:
v, =0.146; o: p, =0.074) and for PDMS/toluene gels (rj:
y, =0.166). The value for m is taken to be —', . Note the factor
of 10 diA'erence in vertical scale between the PVAc data (left-
hand scale) and the PDMS data (right-hand scale).

half orders of magnitude) is therefore not a consequence
of the choice of the function I, (Q). It reAects, instead,
intrinsic structural diA'erences between the two networks.

In summary, in contrast to polymer solutions, where
the osmotic pressure ensures long range uniformity in the
structure, swollen networks possess permanent elastic
constraints, which induce a static concentration poly-
dispersity (Bp ),/p on a microscopic scale. We have
shown that (By ),/y is related to the macroscopic osmot-
ic and elastic properties of the gel. Its amplitude is deter-
mined by the molecular architecture of the network. The
concentration dependence of (Bp ),/p predicted by the
model proposed here is in agreement with the SANS data
of PVAc and PDMS gel systems.

We are grateful to the Institut Laue Langevin, Greno-
ble, France for beam time on the D11 instrument. This
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