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A search for symmetries based on the compact simple Lie algebras is performed to verify to what ex-
tent the genetic code is a manifestation of some underlying symmetry. An exact continuous symmetry
group cannot be found to reproduce the present genetic code. However, a unique approximate symmetry
group is compatible with codon assignment for the fundamental amino acids and the termination codon.
In order to obtain the actual genetic code, the symmetry must be slightly broken.

PACS numbers: 87.10.+¢

The storage of genetic information in a cell is governed
by deoxyribonucleic acid (DNA). The DNA molecules
are large polymers composed of deoxyribonucleotides
which contain a base, a sugar (deoxyribose), and a phos-
phate. The sugar and the phosphate groups are responsi-
ble for the well known helical backbone of DNA, and the
bases sequence carries the genetic information. In DNA
there are only four bases derived from purine and pyrimi-
dine. The purines, adenine (4) and guanine (G), and the
pyrimidines, thymine (7) and cytosine (C), form the dou-
ble helix through the base pairs C-G and A-T bonded, re-
spectively, by 3 and 2 hydrogen bonds. This pairing rule
manifests itself not only by the spatial conformation on
DNA, but also by the equal rate of cytosine to guanine
and adenine to thymine. It is this pairing rule that makes
one of the helices the exact template of the other one, so
replication can be understood.

The transmission of information from DNA to protein
building is a complex process of transcription and transla-
tion. In eucariotic cells DNA molecules are inside the
nucleus of the cell and the proteins which they code are
made outside of the nucleus in the citoplasma, more
specifically in the ribosomes. The flow of information
from DNA to the ribosomes requires another class of
molecules, the ribonucleic acid (RNA) which are also
constructed inside the nucleus. These molecules, rather
than DNA, are the templates for protein synthesis; they
leave the nucleus to the ribosomes to guide the synthesis.

RNA are unbranched polymers, much smaller than
DNA, and are also composed of a sugar (ribose), a phos-
phate group, and a base. Different from DNA’s, RNA’s
subdivide into classes, messenger mRNA, transfer fRNA,
and ribosomal FRNA. While tRNA and rRNA are part
of the protein-synthesizing machinery, mRNA’s are the
information carrying intermediates in protein synthesis.
The size of RNA varies from as few as 75 to many
thousands of nucleotides. tRNA’s are smaller and they
carry amino acids (a.a.) in an active form to the ribosome
for peptide-bond formation in a sequence determined by
the mRNA template. Ribosomal RNA’s are the major
component of ribosomes, but their precise role in protein
synthesis is not yet known. The concept of mRNA was
formulated by Jacob and Monod [1] in 1961. The genet-
ic information from DNA is transcripted by RNA polym-

erases to mRNA. In a second step the information coded
in the mRNA is translated into proteins. Here the idea
of the genetic code emerges naturally. The code relates
the sequence of bases in mRNA to the sequence of a.a. in
a protein.

The beauty of the code lies in its simplicity. A se-
quence of three bases, called codon, specifies one a.a.
The codons in mRNA are read sequentially by tRNA
molecules in the ribosome. To form a codon we have four
bases arranged in triplets, there are 4x4x4 possible co-
dons to code the 20 a.a., so the genetic code is degenerat-
ed. As soon as the code had been deciphered it was clear
that a systematic investigation of the relation between the
codons and the a.a. properties should be performed in or-
der to understand the code.

A first attempt to explain the relation between the a.a.
and the sequence of the bases was the proposal of a
stereochemical theory by Woese [2]. This theory claims
the existence of physicochemical interactions between the
bases in the triplets and the a.a. which *“fit stereochemi-
cally” with the particular combination. Another point of
view was proposed by Crick [3] in the so-called frozen ac-
cident theory. In its extreme form the frozen accident
theory implies that the allocation of codons to the a.a. at
this point was entirely a matter of chance. In the same
spirit Jukes [4] describes the evolution of the genetic code
in terms of an optimization process in which the code
evolved to a minimum, and the process was interrupted
by a premature freeze in which the code was quenched in
a local minimum. His analysis is based on the global
efficiency of the protein production process rather than on
quantitative arguments. The irregularities of the code
are a testimony of the freeze. A different model was pro-
posed by Wong [5,6] under the name of the coevolution
theory. In this theory a few primordial a.a. existed,
which have been specialized by biosynthetic processes
forming new ones, finally reaching the contemporary
code.

A second class of questions arises when we search for
the relationships between the physicochemical properties
of the a.a. and the code itself. Correlations between po-
larity, hydrophobicity, etc., and the codon assignments
have been the subject of extensive investigations by many
authors, see, for example, Di Giulio [7], Zimmermann,
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Eliezer, and Simba [8], and Jungck [9].

The main goal of the present paper is the search for
symmetries in the genetic code and this leads us to the
Lie group theory and the Cartan classification theorem.
The algebraic approach has been used in different fields
of science as high energy physics, the interactive boson
model in nuclear physics, and the vibron model in molec-
ular physics. The basic idea is to assume a fundamental
group G and a chain of its subgroups. A dynamical pro-
cess emerges assuming that the symmetry is successively
broken throughout the chain. The possible symmetries
have been classified. The four classical families SU(n),
0O(2n), Sp(n), and O(2n+1) and the exceptional groups
G,, E4, E¢, E7, and Eg exhausted the simple groups.
Here we not only report this search for the “best’” under-
ling symmetry, but also show that theory of symmetries
can provide a mathematical framework in which a
dynamical evolutionary pattern for the code emerges nat-
urally. Rules for branching of the primitive a.a. into new
ones are especially harmonious using this method.

From the results of this search a new class of models
for the evolution of the genetic code based on the notion
of symmetries has emerged. Group theory provides a set
of well-defined simple rules for the construction of only a
few ‘“symmetric codes” among an enormous number of
possibilities allowed by combinatorial analysis. Most of
them give “non-sense” genetic codes, but only the one
based on the sympletic symmetry is appropriate for ge-
netics.

Let us now turn our attention to the code for mRNA
shown in Table I. Some regularities are easily noted and
a simple counting shows that there are three sextuplets,
five quadruplets, two triplets, nine doublets, and two sing-
lets.

Starting with the 64 codons and arranging different

TABLE I. The genetic code.

First Second position Third
position U C A G position

Phe Ser Tyr Cys U

Phe Ser Tyr Cys C

Leu Ser Term Term A

Leu Ser Term Trp G

Leu Pro His Arg U

c Leu Pro His Arg C
Leu Pro Gin Arg A

Leu Pro Gln Arg G

e Thr Asn Ser U

4 Ile Thr Asn Ser C
Ile Thr Lys Arg A

Met Thr Lys Arg G

Val Ala Asp Gly U

G Val Ala Asp Gly C
Val Ala Glu Gly A

Val Ala Glu Gly G
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ways of distributing them among the 20 a.a. and one ter-
mination code, Bertman and Jungck [10] estimated that
at least 107! to 1034 different genetic codes like our con-
temporary one are possible. The central point in our
analysis is that among this huge number of possible dis-
tributions of codons only a very limited number will cor-
respond to Cartan symmetries and consequently generate
an evolution pattern given by the group and its chains of
subgroups. We look for groups which have a 64 dimen-
sion irreducible representation; this imposition leaves us
with only SU(2), SU(3), SU(4), Sp(4), Sp(6), SO(13),
SO(14), and G,.

In order to obtain the present genetic code, we examine
all chains of the 8 algebras and since the largest multipli-
city in the code is 6, all higher dimension representations
must be broken in representation of dimension smaller
than or equal to 6.

A careful analysis of all the possible chains was made,
including the SO(13) and SO(14), and it was found that
there is no perfect symmetry conservation. Nevertheless
the Sp(6) chain Sp(4) ® SU(2) is the one that best repro-
duces the genetic code. This chain shows a “quenching”
at the last step; i.e., the symmetry loss occurred at a point
that can be detected very precisely in the last step of the
evolution. It is interesting to emphasize here that the
Sp(n) are highly noncommutative algebras, and the ge-
netic code is also a noncommutative code, i.e., while ACU
codes Phe, CAU codes His, and this is true for the entire-
ty of the code. So the noncommutability of the code can
be attributed to the fact that the starting group is Sp(6)
and the chain leads via Sp(4)®SU(2) to the SU(2)
®SU(2) @ SU(2) symmetry.

The Sp(6) chain, with quenching term, that reproduces
the degneracy of the genetic code and the perfect symme-
try are displayed in Fig. 1, where each state is indicated
by a horizontal bar with the multiplicity specified by the
number over the bar; the horizontal axis indicates the se-
quence of the symmetry chain (evolution) as follows:

Step I: The Sp(6) [1,1,0] representation evolved to
Sp(4)®SU(2), breaking the degeneracy of 64 into 6
different states with multiplicity 16, 4, 20, 10, 12, and 2;
these states correspond to the primordial a.a. Step II:
The Sp(4) representation breaking into SU(2) ® SU(2).
Step III: In the transition SU(2) DO(2) the second uni-
tary group lifts the degeneracies as indicated in Fig. 1.
Step IV: The last SU(2) breaks in O(2). It was at this
stage of evolution that the freeze occurred. Step V: Fig-
ure 1(b) shows how the code would be if the symmetry
breaking were allowed to continue. At this stage a per-
fect symmetry code could be written.

The analysis of Fig. 1 shows some aspects of the evolu-
tion of the genetic code. At step II the Sp(4) ® SU(2)
chain goes to SU(2)®SU(2)®SU(2), and the model
resembles the product of three SU(2) groups, one for
each base of the codon. This property is interesting if we
are analyzing mutations. Also at this step the 6 primor-
dial a.a. subdivide themselves into 14 a.a. with only one
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FIG. 1. (a) The genetic code multiplicity can be obtained
from the_ Sp(6)DSp(4) ®SU(2) DSU(2) ®SU(2) ®SU(2)
DSUQ)®0(2)®SU(2)DSUR)®0(2)®0(2).  The last
SU(2) breaking is partial. A tentative assignment of the pri-
mordial a.a. is suggested in step I. (b) The total break of the
last SU(2) in O(2). In this case Phe, Ser, Arg, and Cys would
further subdivide leading to a code with 26 a.a. and the ter-
mination code.

of them, Cys, remaining unalterated. We note that Jukes
[4], based on the study of tRNA’s of various species, sug-
gested an archetypa! code containing 14 or 15 a.a. In the
next step the symmetry is broken in the second SU(2),
the Casimir operator used at this step is the square of L,
and after this break a code with 16 a.a. results. The evo-
lution of the code proceeds in IV, again breaking the last
SU(2) in O(2). However, at this stage the symmetry un-
dergoes a freeze. After Ala and Val are separated, Phe,
Ser, Arg, and Cys would normally subdivide under the
action of O(2), and instead they did not subdivide, freez-
ing the code with only 20 a.a. “A symmetry perfect
code” would have 27 a.a. Again Jukes suggested that the
code should have generated 28 a.a. if the freeze had not
occurred.

An operator that reproduces the multiplicities of the
(standard) code is given by

H=hoth Li+q \Li+q:L3+q3L3+p L2

+p2(LE+L3)(D3—3)L,,, (1)
where ho, h1, q1, g2, g3, p1, and p, are arbitrary con-
stants, L4 i$ the Sp(4) Casimir operator, L, L,, and L;
the angular momentum operators for each one of the
three SU(2) groups, L;, and L,, the z components of the
angular momentum operator of the O(2), and D3 denotes
the dimension of the last SU(2) representation. The ei-
genvalue of H when applied to a state assigned by the
quantum numbers INl,Nz,Kl,Kz,K;;,ml,mz,m3>, where
Ni,N; correspond to the representation of the Sp(4), K,

K3, and K3 to the representation of the SU,;(2), SU,(2),
and SU3(2), respectively, and m,, m,, and mj to the rep-
resentations of the three O(2), is given by

E=ho+h [(N+N)(Ni+Ny+4)+No(Ny+2)]
3
+ Y gt (KD K;+2)+pim,
i=1

+prt (KF+K3(K3—2)m3, )
where K are the eigenvalue of the 4, algebra given by
McKay and Patera [11]; the correspondence with the
commonly used /; is I; =K;/2.

At this point we have matched the multiplicities of the
standard genetic code, but there is a large ambiguity in
the assignment of the doublets, quadruplets, and sextup-
lets. The tentative assignment shown in step IV of Fig. 1
was done relating the eigenvalue given by Eq. (2) to the
measured Grahtham polarities [12]; this was done by a
minimization of the root mean square (rms) between cal-
culated and measured polarities. The rms was calculated
in the same spirit as that used for the IBM [13] and
VIBRON [14] models. To the eigenvalues of the opera-
tor H we associated the polarities, and the correspon-
dence of the group theoretical states to the a.a. is done
after the minimization procedure considering the multi-
plicities.

In Table II we show the group theoretical assignment

TABLE II. Group theoretical assignment of the a.a. and po-
larities calculated by the present model.

Group theoretical states Polarities

Name Ni,Na;, K1,K2,K3;, my,ma,m3 Calc. Expt.
Trp [2,0;0,2,1; 0,0,+ 3 7.77 5.3
Met [2,0;0,2,1;0,0,— ) 6.59 5.2
Cys [0,0; 0,0,1; 0,0, = +) 3.92 4.8
Lys [0,1;0,0,1; 0,0, = +) 9.02 10.1
Asn [2,0;0,2,1;0,+1,+ %) 8.77 10.0
Gln [2,0;0,2,1;0,+1,— %) 7.59 8.6
TyV [1,0;0,1,0; 0, = +,0) 5.68 5.4
Phe |1,0; 1,0,0; £ +,0,0) 5.05 5.0
Asp [1,1,0,1,0;0, = 1,00 12.08 13.0
Glu [1,1;1,0,0; + +,0,0) 11.45 12.5
His [1,15;1,2,0; * +,0,0) 7.05 8.4
Ile [2,0;2,0,1; (£1,0),0,+ %) 5.60 4.9
Term [2,0; 2,0,1; (+1,0),0,— +» 6.77 e

Val lo,1; 1,1,1; £+, £, - 1) 5.30 5.6
Thr [o,1; 1,1,1; £+, £+ + 1) 5.89 6.6
Gly [2,0; 1,1,1; £+, £+ — 1) 8.45 7.9
Pro [2,0; 1,1,1; £+, £+ + 1) 7.86 6.6
Ala [1,1;1,2,0; £ 5, £ 1,0 8.05 7.0
Leu 11,0;0,1,2,0, %= +,(+1,0) 5.11 4.9
Ser [1,0; 1,0,2; + $,0,(x1,0)) 5.74 7.5
Arg |1,1; 2,1,0; (£1,0), *+ +,0 6.68 9.1

Parameters

ho=3.88; h1=0.64; g1 = —2.70; g= —2.2
g3=0.03; p1=1.00; p2=1.18; rms =1.314
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for the a.a., the values of the constants found in the
minimization, and the calculated and experimental values
of the polarities. This minimization was done in a very
small phase space for the constants, but the agreement is
good enough to show that this approach can be used to fit
the other physicochemical properties of the a.a. It is of
course a much more detailed study to verify which of the
properties are best reproduced by our model; this will in-
dicate the property that guided the evolution of the code
in this symmetry path.

The assignment given in step I of Fig. 1 is based in the
following arguments:

(1) If step 1V corresponds to the present code and the
termination signal was present in the primordial soup,
then the 20-fold state in step I must be assigned to term.

(2) Since there are only two negatively charged a.a. at
neutral pH (Asp on Glu), and both of them are in the
same multiplet in step IV, we assigned Asp as a primordi-
al a.a.

(3) From the three possible a.a. with multiplicity 6, Ser
is easily formed in experiments designed to reproduce the
original soup. Since the states with multiplicity 12 subdi-
vide only in multiplets of dimension 6, Ser was assigned
in the multiplet as primordial.

(4) The other three primordial a.a. have been assigned
according to structural simplicity inside the multiplet.

Before our concluding remarks, we shall establish the
limitations of the present approach. First it is not our in-
tention to replace with our model a detailed microscopic
biological, physical, and chemical analysis of the genetic
code. Symmetry principles can and should be used only
as a guide principle and a general framework in comple-
ment of a microscopic theory. Group theoretical princi-
ples will not tell which of the a.a. were primordial, but
will only answer questions relating to the multiplicities
and connectivities between different states (each state
refers to one a.a.) with a defined multiplicity. Also the
nonuniversality of the code can be analyzed in this for-
malism because different forms at breaking the symmetry
will lead to different codes. Our program includes the
study of other codes and we will search for the regulari-
ties among the models.

The use of symmetry principles to establish a spectrum
generating algebra that reproduces the multiplicities of
the genetic code can be viewed as a remarkable coin-
cidence; and even a more drastic objection can be made
remembering that there is no a priori justification for the
use of symmetries in molecular biology or even in science.
We stand on a technical basis: If there is any symmetry
it should be found among Lie groups, discrete groups, or
in the newly developed super and quantum groups. In
this sense our search has the strength of a theorem, be-
cause all Cartan groups were studied. The other groups
will be analyzed in a future work.

The main goal of the present paper is to introduce the
group theoretical methods in the study of the genetic
code. From this search a picture based in the Sp(4)
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xSU(2) symmetry has emerged, and in general we estab-
lish the following: (1) From all the possibilities for the
generation of the code and from the very small number of
possible ways to arrive at a code guided by a dynamic
breaking of a particular Cartan group, the genetic code
can be obtained by immersion of the Sp(4)®SU(2)
DSUQR)®SU((2) ®SU(2) in the Sp(6). (2) In the last
step of the evolution the symmetry was “lost” in terms of
its perfection but there is one way of breaking partially
the symmetry so that the code is reproduced as known to-
day. (3) A series of correlations concerning the evolution
of a.a. with different multiplicities can be made.

The mathematical description of the a.a., in terms of a
set of numbers, presented here and used to calculate the
Grahtham [12] polarities, immediately suggests several
topics for further investigations. For example, the full set
of a.a. properties [Nakai, Kidera, and Kanchisa (1988),
the database was kindly furnished to us by Peter Sibbald,
EMBLI] must be analyzed with this new model. A more
ambitious project is to correlate the numbers that define
each a.a. with important properties such as the folding.

Finally the newly found fact that there are only two
different classes of syntheses [15] for the 20 a.a. must
also be studied by this approach.
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