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Correlations in the Actions of Periodic Orbits Derived from Quantum Chaos
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We discuss two-point correlations of the actions of classical periodic orbits in chaotic systems. For
systems where the semiclassical trace formula is exact and the spectral statistics follow random matrix
theory, there exist nontrivial correlations between actions, which we express in a universal form. We il-

lustrate this result with the analogous problem of the pair correlations between prime numbers. We also
report on numerical studies of three chaotic systems where the semiclassical trace formula is only ap-
proximate, but nevertheless these unexpected action correlations are observed.

PACS numbers: 05.45.+b, 03.65.Sq

Semiclassical trace formulas relate the quantum spec-
tral density to classical periodic orbits [1]. In this Letter
we use this link to express a classical two-point correla-
tion function, involving the actions and stabilities of the
periodic orbits of chaotic systems, in terms of a two-point
statistic of the quantum energy spectrum. We first con-
sider systems for which the trace formulas are exact. As-
suming that the spectral fluctuations follow the predic-
tions of random matrix theory (RMT) [2,3], we derive a
universal expression for the classical correlation function.
This expression represents in some cases a tendency to-

!
wards action repulsion. Studying in exactly the same way

the correlations between pairs of prime numbers, i.e. , as-
suming that the zeros of the Riemann zeta function fol-
low RMT, we get a correlation which is consistent with
the Hardy-Littlewood conjecture of number theory [4,5].
Surprisingly, we find that such correlations also occur in

other chaotic systems which we studied numerically, and
for which the semiclassical approximation (SCA) is not
expected to be valid in the limit of long times. For
definiteness we consider Hamiltonian flows with 2 free-
doms and maps with 1 degree of freedom.

Trace formulas express the spectral density by the
Selberg-Gutzwiller sum [1],

lÃ

2
rv&d(E) =d(E)+d „(E)=d(E)+ —g exp rS&——

h t, r !det(M" I)!'I'—
where d(E) is the mean level density, and the summation is over primitive periodic orbits p and repetitions r (both posi-

tive and negative). S~, T~, g~, M~, and v~ are the action, period, multiplicity, monodromy matrix, and Maslov index of
the pth orbit, respectively. We label the preexponential factor in (1) by AI, where j signifies the pair (p, r), and define

SI =rS&, vj =re, and Tz =rT&. Equation (1) is strictly valid only for a few systems, e.g. , some billiards on Riemann
surfaces of negative curvature [6], but it comprises the leading term in ttt for generic systems. We concentrate first on

cases where (1) is exact.
The spectra form factor K(r ) is a useful statistic [3], which is defined as the Fourier transform of the spectral density

autocorrelation function,

p oo i I dE'
K(z) = deexp eT dz E—'+ —dz E' ——

d(E) " — It " — AE 2 2
(2)

Here r = T/hd(E) is the normalized time, and the notation dz(E') =d„,(E')2I(E' E) has been int—roduced to limit the
integrations to a spectral band of width hE around E which contains many levels but which is classically small,
d ' « AE «E. We choose [7] the weight function g as g(u) =exp( —tru /2AE ), which transforms to

g (t ) = (J2/AT)exp( —2trt /AT ), where AT =h/AE
K(r) can be expressed in terms of classical quantities by substituting (1) into (2). If we limit AE to the range

AE«dhE/T (or, equivalently, VIt T/E «AT((T), we have S~ (E') =SJ(E)+(E' —E)TJ, which leads to a semiclassi-
cal approximation for K(r ):

K"(r) = (3)
AEd(E) ~ QAg (T —T )+ g A 8'cos —(S —S') ——(v. —v. ) g (T —T )II(T —T).

In systems without systematic degeneracies the first (diagonal) term can be approximated, for times long enough for the
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classical behavior to become ergodic, by

KD'(z ) =(I/hd)Q, AJ b(T —T, ) =gl z I,
where g is the mean multiplicity [3,8]. The second (non-
diagonal) term K~(z) is the main object of our investi-
gation. We emphasize that as K "(z) is not self-av-
eraging, smoothing over some parameter is absolutely
necessary [7].

General considerations imply that K(z) 1 for z))1
[3]. Hence for (3) to be valid also for z & 1, the various
terms in K~'(z) should conspire to cancel the increasing
KD'(z) so that K"(z) approaches unity. However, as
noted above we should expect this only if

tz «EAT, h, « V/AT, h. «EAT /T, (4)

xATg (T —Ti)g (T —Tg) .

P(x;T) contains information about correlations between

(s)

where we have used the Thomas-Fermi estimate
d(E) = V(E)/h, with V(E) the phase space volume of
the energy shell. When combined, these inequalities pro-
vide an upper limit z,„=(ET /V)'~ on the range of z
for which K "(z) may be expected to approximate K(z)
[for systems which exhibit scaling the last inequality in
(4) may be avoided and z,„relaxes to (ET /V) '~ ].
Note that ergodicity implies T))dV(E)/E. Correspond-
ing behavior was confirmed for the octagon billiard on a
Riemann surface and for the zeros of the g function.

We now specialize to systems for which all Maslov in-
dices are even, and define the following classical function:

P(x T)=g~ W ( —I)'& "'"a(x—(S, —S,'))
J+J

periodic orbits of energy E with periods within h, T of T
and action difference x. However, it involves their stabili-
ty exponents (through the AJ. 's) and Maslov indices as
well, and is thus a weighted action correlation function.
Obviously P(x;T) is easily related to Kz'(z), and hence
to K(z). Specifically, keeping the classical parameters E,
T, and AT fixed as h. is varied, we find from (3) an expli-
cit expression for it as a Fourier transform in h

P(y)= ' P V' T
2ÃT2 2RT'

1
dz z [K(1/z) —g/z]cos(yz) .

~ &o (6)

By introducing the dimensionless action difference y
=2nxT/V and normalizing, we have obtained a function
which is independent of T, AT, and V (this scaling prop-
erty is very useful in numerical investigations).

The conditions (4) limit the range of z values for
which K"(z) gives a fair approximation of K(z). This
implies that the result (6) pertains only to the small-scale
structure, x —V/T, and may be superimposed on a back-
ground with possible structure on scales )'(EV /T) '~ .
For systems in which all Maslov indices vanish, this back-
ground component is exponentially large for large T.

We now assume, supported by extensive numerical
studies [2], that K(z) can be taken from RMT. For sys-
tems which are invariant under time reversal, the Gauss-
ian orthogonal ensemble (GOE) form factor must be
used, with g=2 in KD', while for systems without time-
reversal invariance, the Gaussian unitary ensemble
(GUE) form factor is appropriate and g =1 [2]. Substi-
tuting the RMT form factors in (6), we find that

and

' 2

PGOE(y) = ——4 sin(y/2) + [cosy [si(y )cosy —Ci (y) siny] +Ci(2y )sin2y —si (2y )cos2y],JR' (7a)

' 2
2 sin (y/2)

PGuE(y) = ——
Z'

(7b)

Note that PGoF has a logarithmic singularity at y =0,
due to the quadratic behavior of K(z) gz near z =0. —
For the GUE case this difference vanishes in the interval
0~ z ~ 1 and the dip at y =0 is finite.

Action correlations for periodic orbits of discrete maps
on a compact phase space can be derived in a similar
manner. Consider the spectrum of the quantum one-step
evolution operator UL, where L =1/h is the dimension of
the Hilbert space. The spectral form factor is K(z )
=L 'lTrULl, where n is the number of applications of
the map and z =n/L. For chaotic maps with L ~, one
can use RMT. The action correlation function is ob-
tained by expanding TrUL semiclassically using periodic
orbits. The results are the same as (3) and (5) with T re-
placed by ng (T —T~) by 8„„,, and AEd(E) by L.

We now turn to a mathematical model which captures
all of the essential ingredients of this analysis and for

which independent information about the analog of
P(x;T) is available —the nontrivial zeros of the Riemann
zeta function [9]. According to Riemann's hypothesis,
the zeros in question all lie on the line s =

& +iE with

real E. The mean density of the zeros E„along the E
axis is dn (E ) = (I/2n) 'ln

l E/2' l. A form factor
Kg(z) can be defined exactly as in (2). Extensive nu-

merical evidence [10] shows that KR(z) approaches the
GUE form factor of E

For the zeta function, there is an exact formula for the
form factor which is analogous to the periodic orbit ex-
pansion (3). It is obtained by identifying prime numbers

p with primitive periodic orbits of period T~ =lnp, action
S~ =E lnp, stability ldet(M~ —I) l

=p ', multiplicity g~
=1, and Maslov indices v~ =0. We also set 6 =1. The
diagonal contribution can be evaluated using the prime
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number theorem to give KD(r ) =
~
r

~
for E ~ [5].

One can define a prime number correlation function
PR(x;T), in direct analogy to (5) and (6), and rewrite it
as a Fourier transform (now with respect to E) of the
diAerence between Kz and KD, multiplied by d&. This
may be evaluated [5] using RMT for Kg (r ), giving
PR(x;T) = —I/2~x~ for ~x(e ))1. The only difference
between this and the previous calculation comes from the
diAerence in the functional form of the mean level densi-
ties. As before, the existence of a large, nonuniversal
background component is not precluded, and indeed
Pz(x;T) behaves asymptotically as exp(T) —I/(2~x~).
Importantly, there exists independent information about
the pairwise distribution of primes, the Hardy-Littlewood
conjecture [4], which can be shown to directly imply this
behavior (see also [5,11]), resulting in a pleasing con-
sistency check.

We next turn to generic systems where it is expected
that the SCA for K(z) breaks down for long times [12].
We evaluated P(x;T) numerically, and found that the
scaling property as well as the gross features predicted in

(7a) and (7b) are reproduced by the data. In order to see
the correlations we are looking for, one has to have an ex-
tensive database —hence the choice of systems.

(i) The hyperbola billiard. —This is a planar billiard
bounded by the x and y axes and the hyperbola y =1/x,
with Dirichlet boundary conditions. Its area is unbound-
ed, but its energy spectrum is purely discrete, with the
mean level density given by V/h with V —In(EA )
weakly depending on 6. Correspondingly, the classical
behavior is only approximately ergodic, with the relevant
phase space volume increasing with T. Previous studies
have shown that the SCA (1) is applicable down to the
lowest energy eigenvalue [13,14]. The symmetry of the
system was removed by adding a wall along the line

y =x, and even and odd states were considered separately
by taking appropriate phase factors for orbits hitting this
wall. A list of the fist 101 265 periodic orbits with
geometric lengths l & 25 was recently compiled using a
three-letter code, and was used here to determine K"(r ).
Even with this many periodic orbits, K "(r ) could be cal-
culated only within a relatively limited range of r. The
results are shown in Fig. 1(a), averaged over even and
odd states, and over different choices of T corresponding
to orbits of length 12 & l & 25. It is seen that K"(r ) fol-
lows the diagonal approximation KD' for small r, and
then saturates at K= 1 (the slope of Ko' is somewhat
smaller than 2 because of the deviations from ergodic be-
havior). The results for P(y) are shown in Fig. 1(b), and
compared with the RMT prediction [15]. Note that the
hyperbola billiard is the only one of the three systems
with nonzero Maslov indices.

(2) The deformed cat map —The cat map is a simp.le
chaotic system whose classical and quantum properties
were thoroughly investigated [16-18],but its classical ac-
tions are highly degenerate and the quantum spectral
statistics do not follow RMT [18]. However, one can de-
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FIG. l. K"(r) and smoothed P(y) for (a) and (b) the hy-
perbola billiard; (c) the deformed cat map; and (d) and (e) the
baker map. The results of the SCA (full lines and circles) are
compared with the predictions of RMT and (7a) (dotted lines)
and with the diagonal approximation for K(r) (dashed lines).
The results (d) and (e) for the baker map are scaled to take ac-
count of the additional unitary symmetry.

0 0.5

form the cat map in a way that lifts the degeneracies
while preserving its structural simplicity. This is done by
modifying the Markov transition matrix [19], which is
known from ergodic theory to uniquely define the map-
ping [20]. The time-reversal symmetry is also broken by
the deformation. The SCA for TrUL can be written as
TrVL, where VL is a semiclassical transfer operator, and
the trace is taken over the classical phase space. VL de-
pends on the action which defines the mapping, and on
the stability, and its form can be written down explicitly
once the Markov transition matrix is specified [19,21]. A
finite representation of VL is obtained by coarse graining
phase space using a Markov partition, whose level of
refinement depends on the desired accuracy. This pro-
vides a very efficient method for calculating K"(r). The
results, averaged over L ~ 50 for 0 ~ r ~ 2, are shown in
Fig. 1(c). One sees clearly that the data follow the GUE
curve within the statistical uncertainty. A systematic de-
viation does occur at larger values of i, and its magni-
tude can be estimated from the deviation of the eigenval-
ues of VL from the unit circle [19]. A direct evaluation
of the action correlation function was not performed, be-
cause the individual orbits of the deformed cat map are
not known. However, since K"(r) and P(y) are related
by (6), there is no doubt that the action correlations
would follow (7b). We note that for both the hyperbola
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billiard and the deformed cat map it is essential to in-

clude the weights —replacing them by their mean values
causes the correlations shown here to disappear.

(3) The baker map. —This is another simple and well-
known chaotic system [22-24]. The classical dynamics is

Bernoulli with an unrestricted binary code, and so the
periodic orbits can be characterized by finite sequences,
whose length n is the period of the orbit. Quantization of
the baker map [22,23] yields evolution operators with
RMT behavior [25]. We calculated K"(r) and P(y) us-

ing two different approaches. In Figs. 1(d) and 1(e) we
show the results of a straightforward calculation for or-
bit lengths in the range 18 ~ n ~ 29 for K"(r ) and 18
~ n ~ 26 for P(y). r, y, and P(y) were scaled by a fac-
tor of 2 to compensate for the unitary symmetry present
in the baker map, and a smooth background component
was removed from P(y). Here P(y) is a true action
correlation function, since the Maslov indices vanish and
the stabilities depend only on n. We also applied the
semiclassical transfer operator technique, described
above, and were able to reach L values of order 1000.
These studies [26] show that the SCA error starts to be
appreciable at times n) n*(L) c»-L' . In other words,
K"(r ) diverges from the RMT prediction for r of the or-
der of L ' and higher. This fact would appear to seri-
ously undermine our analysis, and so it is very interesting
that the action correlations were still found to exist [261.

In summary, we have found numerical evidence for
(weighted) correlations between the actions of classical
periodic orbits, which, furthermore, appear to follow the
predictions of our analysis. It would be interesting to ex-
tend the scope of the numerical study, e.g. , to include sys-
tems with odd Maslov indices, for which the expression
for the implied correlations is more involved, or to sys-
tems with focusing elements. The real challenge, though,
is to find out whether these action correlations can be ex-
plained on a completely classical level.

The result (7b) was also obtained by Dr. J. H. Hannay
(personal communication), with whom we have since en-

joyed several helpful discussions on this subject.
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