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Band Structure EfFects of Transport Properties in Icosahedral Quasicrystals
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Transport properties and optical conductivity are calculated for the crystalline approximant
AlMn alloy. The number of electrons at the Fermi energy is very small and, based on the band
structure, the anomalously small dc conductivity and temperature dependent thermoelectric power
are explained. A model calculation for the two-dimensional Penrose lattice with random phason
strain shows that it becomes more conductive than the perfect Penrose lattice. We propose the
mechanism of the interband transition by phason randomness and inelastic scattering for the origin
of the anomalous conductivity in real quasicrystals.

PACS numbers: 61.44.+p, 72.15.Eb

The electronic density of states in quasicrystals has a
pronounced pseudogap at the Fermi energy which sta-
bilizes the quasiperiodic structure [1—3]. The calculated
density of states shows very spiky structures in the whole
energy range and the width of each peak is of order of
0.01—0.02 eV or less, which is another outcome of the
quasiperiodicity [1,4].

Experimental results show very curious transport
properties in quasicrystals. The absolute values of con-
ductivity are anomalously small [5,6] and almost reach
the values of doped semiconductors, e.g. , 1 (0 cm) at
0.5 K in A1PdRe [7]. Generally higher qualified samples
show lower conductivity. Amorphous systems of almost
the same atomic compositions show the values of normal
transition metal alloys [8]. The conductivity of these high
qualified samples increases with increasing temperatures
above 10 K. The temperature and magnetic-field depen-
dence of the transport properties remind us the weak
localization and, therefore, the transport properties have
often been analyzed based on weak localization theory
[8,9], though its applicability is questionable [10]. In fact,
weak localization theory does not explain the small ab-
solute values of the conductivity, because the short mean
free path of the low conductivity contradicts weak lo-
calization. The conductivity in decagonal quasicrystals
is very low and increases with increasing temperature
within the quasiperiodic plane, and, on the other hand,
that along the periodic axis is larger by more than a fac-
tor of 10 and decreases with temperature [11,12].

Many quasicrystals have associated crystalline com-

pounds called crystalline approximants, whose local
atomic structures are almost the same as those in
the quasicrystals. In crystalline approximants such as
AlMnSi [13,14] and A1CuFe [15,16], the transport prop-
erties and optical properties, both their absolute values
and temperature dependence are quite similar to the qua-
sicrystalline systems.

The crystalline approximant a-AIMnSi (A172 &-

Mni74Sitp i), the [1/1] approximant, is of simple cubic
Pm3 symmetry and contains 138 atoms in a unit cell
[17]. We use a model Alii4Mn24 for n-AIMnSi, whose
structure is a simple cubic aggregation of icosahedra of
54 atoms, called Mackay icosahedra with Al atoms substi-
tuted for all Si atoms. The electronic structure was cal-
culated self-consistently by the linear muon-tin orbital
method in the atomic sphere approximation (LMTO-
ASA) [18]. Both for Al and Mn atoms, s, p, and d states
are included with 20 k points in the irreducible Brillouin
zone for the self-consistent calculation and 35 k points
for the final results of the density of states (DOS) and
the conductivity elements [19]. It should be mentioned
that the spiky structures in the DOS and conductivity
are more pronounced by increasing the k points. The ef-
fects of Al d states are appreciable both below and above
the Fermi energy. The Al d states near the Fermi energy
push down the occupied Al p states due to the orthog-
onality within the same atomic sphere and narrow the
occupied bandwidth. Based upon the resulting electronic
band structure and the Boltzmann theory, the transport
coefficients cr p and cr (3~ can be calculated:
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where En(k), Ap, r, T, and f are the energy of the band n at k, the unit cell volume, the relaxation time, the
temperature, and the Fermi-Dirac function, respectively, and v (k) = V't, E„(k)/h. The Hall coefficient and the
thermoelectric power can be evaluated by

4166 0031-9007/93/71(25)/4166(4) $06.00
1993 The American Physical Society



VOLUME 71, NUMBER 25 PH YSICAL REVIEW LETTERS 20 DECEMBER 1993

B =o.H
xyz xyz &xx&yyy ~

(~ —p) ( Bfi«I
I, T I~ (s)l—

B j ~~)
A:BS
e l

The ac conductivit o.~ ''
y cr&z(w) is also given by

dscr (s)I—Bfi
~&) (4)

E„k
xI

1 1

lE„(k)—E„(k+he) '
) E kE„(k)—E„(k)—h(~ ~ '

)riB
(5)

) ( +

Here P
RB

is the transition matrix eleme
mentum operator P = (5/ ( /

i i, / )

ere e self-consistentl deere —
'

y etermined Fermi en-

y and the pseudo a
—008R d —002 R. Th t

+ 3 +5d)
a ou Ry wide anf'b t 2R g

x 0 states/(Ry unit eel}i. Th
DOS"' " """t' '1 fl gynsi ive y fluctuatin functi

'
s e ween 1200 states' R un'

70 t /(R 't 11) h'

of less than
ni ce i within a ver sm

or equal to 0.01—0.02 eV.

' h' y small energy range

h b"d"'d '"dan repulsively interactin a
t}1 t' bra ion etween two ad

)

2x10 3R. Thy. erefore, the DOS ma
adjacent bands is just

the value of 1000
may fluctuate around

states/(Ryunit cell), which is really

the case here. e effective value of "
e ective mass)" (n/m* is

d05 bet "n0.1ween . and 1, or even less. T

lu' 'f th' "1' 't t ansition metal al-axa ion time w for tr
s, t enwecanobo tain a value cr 13.8—

cm, which explains the ex er'
d '"' '1'u'1 1

this small value is t d
ous y sma 1 conductivit . Th'

y. e reason for
e is part y due to lar e e

but mainly due to the s
g e ective masses,

on the Fermi surf 1

e o e small number densitsi y of electrons
'

sur ace. nly a few ban
Fermi surfac 'the wi a small dis ersion

1 an s intersect the

electron and holean o e pockets appear. Most of
effective masses f

os o the calculated
ses o respective bands
ermi energy. Thegy. e spikiness of the DOS

varia ion of n m* , and the character
c ions is very important. The F

p p
o e associated structural insta ' '

a omic compositions shifts
Fermi level fro

s s i s the position of the
rom a narrow valle to an

a large variation
y o another and causes

ia ion o conductivity at T = 0 K
t 11 [5,20,21].

The spikiness of the DOS is due to
folded bands in thes in e superstructure of cr st
imants and, theref

crys alline approx-
ere ore, i neglectin an e

tic "'tt"'" th' DOSe in quasicr stals
1 i 1 . A

1 1 o h
d' 'f 'h' " '"'ll

r ou t e spikiness be
crys a ine approximant with a

velocitymaybeeno h t fenoug to form the s ik
ver, e actual situation sho

more carefull bu y ecause the intrinsi
should be examined

crucial.
'nsic chemical disorder is

The Hall conductivity in c s Gg )
ec ric power are shown in Fi

spectively. These
ig. and Fig. 3, re-

ation time ~ and h
ese are properties inde ependent of the relax-

~, an t e temperature de en
from the very fin

ependence originates
ne structures of the DOS

bu'"" fun""n h' fle uctuation of the Hall
Fi 1 dbmp icate because it depends 't'sensi ive y

4000

O

2

M

0.5

0
-0.1

I I

-0.05 0 0.05

Fermi Energy Ef (Ry)

FIG. 1. TThe dc conductivit act

tion of the Fermi e . Th
in a- lMn as a func-

mi energy. The dashed line
'

energy —0.0596 R de
ine indicates the Fermi

y etermined by the self-c
tion. The arrows ind

se -consistent calcula-
ws in icate the position of

for the thermoel t 'ec ric power show
o the Fermi energie

own in ig. 3.
es

criB(~) = .
2e ).I&~k:~ i I' f(E~(k))[1 —f(E~ (k))] E k- )i

4167



VOLUME 71, NUMBER 25 PHYSICAL REVIEW LETTERS 20 DECEMBER 1993

800

P 600
400 I-

200

-200
-400

-600
-800

-0. 1

'h

I

-0.05 0
Fermi Energy Ef (Ry)

0.05

40

20—

~ -20—
O
E
w -40—

56
96
56
72
73

60 I I I I

0 50 100 150 200 250 300 350 400
Temperature (K)

FIG. 2. The Hall conductivity in a-AlMn as a function of
the Fermi energy. The Fermi energy by the self-consistent
calculation is —0.0596 Ry, shown by the dashed line.

on whether the contribution comes from either an elec-
tron pocket or a hole pocket. The positions of valleys in
the dc conductivity approximately correspond to the po-
sitions changing the sign of the Hall coefBcient, which im-

p ~eslies the crucial role of the band structure effects. Then
the Hall coeKcient is sensitive to the Fermi energy and
possibly on the atomic composition as observed [5,20,21].
The thermoelectric power in Fig. 3 changes nonsystem-
atically and very drastically with very little change of
Fermi energy because of the fine spiky structure in the
conductivity, and the peak value is determined by the
energy derivative of the dc conductivity cr(z). An as-
sumed Fermi energy of each curve is chosen to be at the
bottom of the conductivity curve shown by an arrow in
Fig. l. All have a structure at 100 K and 300—400 K.
These overall features of the thermoelectric power show a
quite reasonable coincidence with the observed one with
an appropriate Fermi energy [13,15].

The observed optical conductivity is also unusual,
showing a linear energy dependence in a wide energy
range and no Drude peak [14,16]. The absence of the
Drude peak is due to the small density of conduction
electrons at the Fermi energy and the short relaxation
time for intraband scattering [14,16]. The optical con-
ductivity due to the interband transition is shown in Fig.
4, with several different relaxation times ~B. The lin-
earity and the peak position are reasonably reproduced
in the calculation. The linearity is due to the absence of
the Drude term and the presence of the pseudogap at the
Fermi energy. The peak at 0.25 Ry is the contribution of
the interband transition.

In order to understand the efFect of randomness at
T = 0 K, the conductance of the two-dimensional Pen-
rose lattice with random phason strain is calculated in
the tight-binding nearest neighbor model with a constant
hopping integral t as a function of the Fermi energy and
the random phason density [22]. We can see that at some
Fermi energy, the conductance reduces with increasing
the density of the random phason. The static random

hason destroys the quasiperiodicity of the systems andp a
(( 7)the states are localized in a two-dimensional random

FIG. 3. The calculated thermoelectric power in the model
a-A1Mn. The assumed Fermi energies are —0.0756, —0.0596,
—0.0556, —0.0272, and —0.0173 Ry, and also indicated in Fig.
1.
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FIG. 4. The optical conductivity in the model n-AlMn, for
h/7is = 0, 0.05, 0.1, 0.2, 0.3, and 0.4 Ry.

system. However, the conductance increases with in-
creasing static random phason density at other energies
(e.g. , E/t = 0.1) for a finite system size, as shown in Fig.
5. To introduce the phason strain, we shift the grid lines
from their ideal positions for the perfect Penrose lattice
while constructing the lattice by the grid method. The
parameters shown in the figure specify the width of the
random distribution of this shift normalized by the aver-
age grid-line spacing. Presumably this energy E/t = 0.1
locates in a very small energy gap of the perfect two-
dimensional Penrose lattice. With increasing density of
the random phason strain, the dense and very small en-
ergy gaps are smeared out. Then the DOS increases or is
smeared out and the channels of the electronic transport
open out. In other words, the interband transition due to
elastic scattering by the random phason strain increases
the conductivity in the two-dimensional Penrose lattice.
The spiky structure exists in the three-dimensional qua-
sicrystals, though it is not the actual energy gap, and the
phason assisted conduction is presumably the case also
in three-dimensional quasicrystals.

To understand the temperature dependence of the dc
conductivity, the effects of the random phason strain can
be replaced with the effects of interband transition due
to electron-phonon or electron-electron inelastic scatter-
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FIG. 5. Length dependence of the conductance in the
two-dimensional Penrose lattices of the width M = 178 with
random phason strain at the energy E/t = 0.1. Parameters
specified are the strength of the randomness of phason strain
or the density of random phason strain.

ing. These inelastic scattering mechanisms enhance the
electron transport at elevated temperatures. A static
magnetic field also induces interband transitions and this
may explain the abnormal magnetoresistance. The wave
functions in crystalline approximants and quasicrystals
are not uniform but a percolated "stain" connecting sev-
eral specific atoms of atomic clusters. This feature is one
aspect of the power law decaying wave functions. Some
of the power law decaying wave functions found in the
two-dimensional Penrose lattice are actually this type.
We believe that, in three-dimensional quasicrystals, this
is really a possible form of wave functions which show the
very spiky structure in the DOS, because a certain spiky
peak originates mainly from some particular atoms while
others originate from other atoms. Therefore, the above
interband transitions are the local hopping mechanisms
between states separated infinitesimally in energy. The
interband transition mechanism was also proposed very
recently by Mayou et at. [23], but we should emphasize
that the spiky structure of the DOS separated by about
0.01 eV is essentially important to this mechanism.

In conclusion, we presented the electron transport
properties in a crystalline approximant based on the band
structure and the conductance in two-dimensional Pen-
rose lattices with random phason strain to discuss the
abnormal electronic transport in quasicrystals. The elas-
tic scattering due to the random phason, and the inelas-
tic scattering by electron-phonon and electron-electron
interactions are crucial, and are responsible for the
anomaly of the transport in quasicrystals. The pseudo-
gap and spiky structures in the DOS are also the key to
the interband transition affecting the electron transport.
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