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Transmission and Reflection Correlations of Second Harmonic Waves
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We present theoretical and experimental results of the leading order angular correlations of second
harmonic light generated inside random media, for both the transmission and reflection geometries.
We find the striking result that correlations in reflection of the second harmonic light scales with
the sample thickness L, in sharp contrast to the corresponding short-range correlation function
in reflection of the fundamental light in the linear scattering regime, which scales with mean free
path l*.
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Multiple scattering of classical waves is a growing field
of interest. It covers a wide range of applications, from
light to sound waves and electron wave functions in dis-
ordered mesoscopic systems. The observation of the en-
hanced backscattering of light from disordered media
[1] and universal conductance fluctuations in mesoscopic
conductors [2] has shown the importance of interference
effects in the multiple scattering regime, and has served
as new impetus for the investigation of Anderson localiza-
tion of light. Closely connected with the localization of
light are the correlation properties in transmission and
reflection of light in the diffusive, or multiple scatter-
ing regime [3—6]. Many of the interesting linear multiple
scattering effects have their nonlinear equivalent. For
instance, Agranovich and Kravtsov calculated the en-
hanced backscattering peak for second harmonic light,
and found its magnitude to be much smaller than in the
linear optics case [7, 8].

In this Letter we present both theoretical and experi-
mental results for the leading angular correlations (Cire)
of the second harmonic light generated inside random me-
dia, for both the transmission and reflection geometries.
In contrast to the enhanced backscattering peak which
is much reduced for second harmonic light, the C~ ~ cor-
relation function remains a qua, ntity of order unity. We
find generally good agreement between theory and ex-
periment. As we shall see, the correlation properties in
the nonlinear optics regime exhibit richer and more com-
plex features, as they result from the multiple scattering
of both the second harmonic and the fundamental light,
as well as the randomness in the second harmonic light
generation process inside a powderlike random medium
containing nonlinear crystallites. The above mentioned
nonlinear effects in multiple scattering are unique to op-
tics and do not have an easily accessible counterpart in
electronic wave transport systems. The phase coherent
nature in the second harmonic light generation is also dis-
tinct from that in the generation and propagation of light

in random media with luminescent centers. In the latter
case the pump light excites radiating transitions which
do not in general have a well defined relative phase rela-
tion as long as the stimulated radiation effects can be ig-
nored. As a consequence, speckle patterns do not form, in
sharp contrast to the second harmonic generation which
we study here.

We will first describe the theoretical results briefly.
In a polycrystalline powder sample, the small crystal-
lites are responsible for generation of second harmonic
light, as well as for multiple scattering of both the fun-
damental and generated second harmonic light. For con-
venience in theoretical treatment, we assume the sample
has a waveguide geometry, with a cross-sectional area A
corresponding to the area of illumination in the experi-
ment. K = k2A corresponds to the number of propagat-
ing modes (which we label by n), and equals the number
of independent speckle spots in the far Beld that can be
observed. The intensity transmission and reHection co-
efFicients T~p and R~p, respectively, give the fraction of
the power in the incoming mode o, that is coupled to the
outgoing mode P. The lowest order correlation function
(Cf ~) in transmission in linear optics, defined as the lead-
ing contribution to C p p = (hT pbT p )/(T p), with
6T~p = T p

—(T p), has been calculated some time ago,
giving the result (neglecting surface reflection efFects) [3]

- 2

C p .p. (&a~ L) =, .. .
)

4~ .,~~,Slnh(Mq J ~L

Here the angular brackets denote an ensemble average
over the disorder, I is the length of the sample (thick-
ness of slab experimentally), q~ is the transverse wave
vector for a given waveguide mode (incoming and outgo-
ing direction experimentally), and the condition Aq~
q~ —q~ represents the "memory effect. "

It can be shown that the C~ ~ correlation function for
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the one-mode in and one-mode out geometry in reHection is given by the square of the enhanced backscattering
intensity function [1, 9], which takes the form

C p~ l, ~, (Aq~, t*, L) = (L+ 2zp)cosech[kq(L+ 2zp)] cosh[dq(L+ 2zp)] —Aqt*sinh[Aq(L+ 2zp)]
Aq(t*L+ zpL —2zpl* +. 2zp —2t* ) 1 —(Aqt*)z

[1 —(&qt*)']' b~
[1 + (Aql*) ) cosh(kqL) —26qt* sinh(hqL)

AqL, AqLp ~ (2)

This expression is taken from Ref. [10]. Corrections due
to internal reflection are accounted for by zp, zp = t*(2+
6C2)/(3 —6Ci), as described by Zhu, Pine, and Weitz [11],
where Cq and C2 are constants determined by the average
refractive index of the medium. It is crucial to include
the surface efFects for the reHection geometry, as the main
contribution to the C ( ~ correlation function comes from
scattering paths which are only a few transport mean free
paths l' long. This is reflected by the scaling variable
Lq~ l* for this function. For the transmission geometry,
the average path length s L /l*, which gives rise to the
scaling variable Aq~~L, so that surface effects are not
so important. Thus we may use the simplest boundary
condition to calculate the C ( ~ correlation function, as
we have done in Eq. (1).

We turn now to the calculation of the leading (C~il)
correlation function for the second harmonic light. The
physical picture for this correlation function is the follow-
ing [7, 8]: The fundamental light, which is impinging on
the surface of the sample at z = 0 from a direction charac-
terized by q~, propagates inside the sample while suffer-

ing multiple scattering, thus setting up a sample specific
specklelike random amplitude (electrical field function)
E~(r). Second harmonic light is generated on the ran-
domly placed (and oriented) microcrystallites, described
by a source function Sq = y2(r) [E (r)], where the ten-
sor field yz(r) describes the random nonlinear suscepti-
bility of the crystalline powder. This randomly gener-
ated second harmonic light then propagates throughout
the sample, also being multiply scattered by the disor-
dered powder sample. The reflected and transmitted 2a
light in the far field then exhibits a speckle pattern whose
correlations we must calculate.

The diagram for calculating the average second har-
monic (SH) intensity is given in Fig. 1(a). The corre-
sponding diagram for the C( ~ correlation function is
given in Fig. 1(b). Upon evaluating these diagrams,
we obtain for the correlation functions for both the
transmission geometry as well as the reflection geom-

C &,&,
——(bR &6'R, &, )j(Rs&), the following simple

analytical form:

CT,sH (i) &+
6 2

Aqg L sinh(26q~ L)
(3)

C p, p, (Aqg L) =R,sH (c) tanh(Aqg L)
~26qp, Aqua p ~

po,L (4)

In calculations leading to the above results an integration over the position of the SH sources S2 is performed.
In transmission the simplest boundary conditions can be used for the same reason as in the transmission case for
the fundamental light. In deriving Eq. (4) we have put zp = 0, which amounts to the neglect of surface effects. As
Berkovits showed recently [12], a nonzero zp should be included for finite size samples, leading to the expression

C p, p, (hqg, I,L) =a, sH (i) L sinh[Aq~ (L —2zp)]fsinh [Aq~ zp] + sinh [Aq~ (I —zp)]}
5

Aq~~ sinh [0 q~ L] cosh[Aq~ L][(L—zp) —zp]

As the ratio L/zp increases, the surface corrections be-
come less important, and Eq. (5) converges to Eq. (4).
In this limit the correlation in reflection is a pure bulk
effect. This leads to a striking difference between the SH
and the fundamental (linear) correlations in the reflec-
tion geometry: The SH correlation in reflection [Eq. (4)]
depends, to first approximation, only on the product of
the thickness L and the transverse wave vector change
Aq~, whereas the fundamental correlation in reflection
[Eq. (2)] is dominated by Aqg l*. In transmission the
half-width of the SH correlation is half the half-width of
the fundamental (linear) correlation, while both show an

exponential decay with Aq~L. Although it is hard to
predict the absolute yield of SH light in a random sam-
ple, one can easily predict the ratio of the SH intensity
in transmission over the SH intensity in reflection be-
cause the unknown prefactor is divided out. The ratio
(Tsg)/(RsH&) is approximately 1/3 for large L/zp, upon
evaluating the diagram in Fig. 1(a) for both the trans-
mission and reflection geometries (corresponding to the
Ag~ ~ 0 limit in the calculation of the correlation func-
tions). This is an interesting theoretical result which de-
serves further experimental investigation, but will not be
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FIG. 1. (a) Feynman diagram for the ensemble average
second harmonic intensity transmission and reflection coef-
ficients (T &) and (R &). (b) Diagram for the leading or-
der (C 'l) correlation function for the second harmonic light,
(6T & bT, &, ) or (6R &6R,&,). Dashed lines connect a series
of identical scatterers.
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addressed in this paper.
The experimental setup is shown schematically in

Fig. 2. A Spectra Physics 3800 Nd: YAG laser was used,
giving 90 ps pulses at 1064 nm with a repetition rate of
82 MHz and an average power of 11 W. The beam was
chopped and focused to 560 pm on the sample, which
consisted of 0.1 to 5 pm LiNbos particles on a quartz
window. Sample thicknesses were 27, 38, and 65 p,m.
The average SH intensity was about 15 counts/sec, mak-
ing it necessary to accumulate signal for 5 sec at each
point in an angular scan. The intensity at the fundamen-
tal frequency was measured simultaneously by a photo-
diode. The detectors can be rotated independently from
the sample, with an accuracy of 18 grad and 43 grad re-
spectively for the detectors and the sample. The sample
holder was placed on two translation stages, one to po-
sition the sample surface exactly over the rotation axis,
and the other to translate the sample perpendicular to
the incoming beam to probe difFerent areas of the sam-
ple when making multiple scans of the same sample. To
ensure detection of only one outgoing mode, polarizers
were placed in front of the detectors, and the solid an-
gles seen by the photodetectors for the fundamental and
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I"IG. 3. fundamental and second harmonic correlation in
transmission as a function of sample rotation, Symbols are
experimental data for A, L = 27 pm; o, L = 38 pm; C',
L = 65 pm, with L the thickness of the sample. Smooth
lines: theoretical curves.

the SH light were chosen to be smaller than the solid an-
gle of a single speckle spot. The fluctuating intensity in
transmission was recorded as a function of the angle of
rotation of the sample. In the reHection measurements
the detectors were also rotated to satisfy Aq~~ = Aq~p
(linear) or 26q~ = Aq~p (SH). From these scans the
(experimental) short-range (C( )) correlation functions
were computed.

The mean free path of each sample was determined by
measuring the total (linear) transmission coefficient be-
tween 1100 nm and 500 nm wavelength, with a Fourier
transform infrared spectrometer, using the formula (T) =
2l*j(L + 2l*) [13j. The mean free paths for the different
samples which are used for the computation of the cor-
relation in the reHection geometry are given in Table I.

Both in transmission and reHection we were able to
observe a clear speckle pattern in the SH light. Fig-
ure 3 shows the measured correlation function in trans-
mission for the SH and the fundamental light, together
with their respective theoretical curves [from Eqs. (1) and
(3)]. The experimental correlation functions were aver-
aged over six to eight scans. The thickness of each sample
was determined by fitting the theory to the experimen-
tal curves (the only adjustable parameter). The values
found agreed within the experimental accuracy of the mi-
croscopic thickness determination. VVe observe that the
agreement between theory and experiment is excellent.

Figure 4 shows the measured correlation function in
reHection for the SH and the fundamental light, together
with their respective theoretical curves [from Eq. (2) and

photon
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TABLE I. Values of the mean free paths for the wave-
length of 1064 nm (fundamental) and 532 nm (second har-
monic) for each sample used in our measurement.

I IG. 2. Experimental setup for recording the angular
speckle fluctuations in transmission and reflection. The sam-
ple and the detectors can rotate independently over 360 de-
grees. PMT: photomultiplier (for detecting SH speckles); PD:
photodiode (for detecting fundamental light speckles).

Sample
thickness
I (pm)

27
38
65

l'(u))
1064 nm

(pm)
1.9
3.7
3.4

l (2~)
532 nm

(pm)
1.1
3.2
2.5
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FIG. 4. Fundamental and second harmonic correlation in
reflection as a function of sample rotation. The detectors are
rotated at twice the angle of the sample rotation. Symbols
are experimental data for L, L = 27 p,m; o, L = 38 pm;
0, L = 65 p,m, with L the thickness of the sample. Lines:
theoretical curves for the respective sample thicknesses.

Eq. (5)]. The experimental data were averaged over eight
to ten scans. The thickness used in the theory is obtained
from the transmission experiment. The different theoret-
ical curves for the fundamental correlation reflect their
strong dependence on the mean free path. A fit of the
average refractive index of the samples to the fundamen-
tal reHection data gave n = 1.5, a relatively high value.
This results in zo = 2.4l* [ll] in Eq. (2) and Eq. (5).
The different theoretical curves for the SH correlation
are close together, reflecting their scaling behavior with
LqL.

In Figs. 3 and 4, the second point of all experimental
curves was normalized to 1, rather than the first point,
because all the high frequency autocorrelation noise is
accumulated in the first point C(Aq~ = 0). The ex-
perimental data in reflection are in good agreement with
the theory. The relative rms Huctuations, defined as the
square root of C(Aq~ = 0), were between 0.7 and 0.9
for all measurements. The small deviation from the the-
oretically expected value of unity for this quantity may
be attributed to the heating of the sample by the in-
tense fundamental beam, which made the static disorder
slightly unstable.

In conclusion, we have studied both theoretically and
experimentally for the first time the leading contribution
(Ci i) to the correlation properties in SH light generated
inside a random sample, and shown that the measure-
ments are in good agreement with our theoretical results.
The measurements clearly demonstrate the different scale
dependence of the SH and fundamental correlation in re-
Hection.
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