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Vortex Dynamics and Superfluid Relaxation near the He A, Transition
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The superfluid relaxation time near the He X transition is calculated using a vortex-ring theory of the
phase transition. The diAusive response of the vortices is found by solving the Fokker-Planck equation,
and the resulting relaxation time at low frequencies is in agreement with Landau-Khalatnikov theory
and with dynamic scaling. At higher frequencies there is a deviation from the Landau-Khalatnikov
form, with both the dissipation and superfluid density remaining finite at T& as the transition broadens at
finite frequency.

PACS numbers: 67.40.Bz, 67.40.Fd, 67.40.Vs

Considerable progress has been made in understanding
the dynamics of phase transitions using the methods of
dynamic scaling and perturbation expansions of model
Hamiltonians [1]. When applied to the superfluid He X

transition these techniques have provided in some cases a
good description of experimental results [2). However,
the perturbation expansions are diScult to implement,
and the physical interpretation of the results is often quite
obscure. In this Letter a new approach to the dynamics
of the superfluid k transition is proposed, based on the dy-
namic response of the vortex rings that are the fundamen-
tal topological excitations underlying the phase transition
[3-7]. The method is an extension of the two-di-
mensional calculation of Ambegaokar et al. [8] into three
dimensions. The results for the superfluid relaxation time
at low frequencies are found to be in full agreement with
the Landau-Khalatnikov theory [9] and with dynamic
scaling [1). At higher frequency there is a deviation from
the Landau-Khalatnikov form, with both the real and
imaginary parts of the superfluid density remaining finite
at Tz as the transition broadens at finite frequency.

The response of a thermally excited vortex ring of aver-
age diameter a to a perturbing superflow v, =v,
x exp[i(k. r —cot)] is found by solving the Fokker-Planck
equation [10] for the vortex distribution function I,
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where p= 2 tr (6/m)p, a is the momentum of the ring
in a direction perpendicular to the plane of the ring, m is
the helium mass, and p, is the unrenormalized superfluid
density (taken to be equal [6] to the liquid density p). F
is the energy (divided by kttT) of the ring in the flow v„
F=U(a) —g(k)p. v, /kBT, where U(a) is the renormal-
ized ring energy, and g(k) is the finite-wave-number
response function calculated in Ref. [6]. In the present
paper we are interested in the long-wavelength limit
k 0, and set g(k) =1. The equilibrium value of I with
no flow is [8,10] I 0 = (ao) exp( —U). The ring energy
U is found from the static calculation of Refs. [3-7],

P/a =(a/a )'l" (3)

A similar result was also found in Monte Carlo simula-
tions [13] of the three-dimensional XY model. The drag
force is then A = yP, where y is the mutual friction
coe%cient characterizing vortex-ring energy loss defined

by Barenghi, Donnelly, and Vinen [14].
Assuming v„ is small, Eq. (1) can be linearized, and

setting I =I p+BI e '"' gives an equation for BI,
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Changing the variable from BI to a response function

g (co,a ) using

k~7 t m

g(to, a) =— SI cospsinpdp,
2 I ppv,

(s)

where p is the angle between p and v„, Eq. (4) becomes

Pa
g daU(a) =tr K„[ln(K )+11 +tt KOC,
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where K„=(6 /m )p, ao/kttT with p, the renormalized
superfluid density, K =K, (a/ao), Ko is the initial value of
K when the ring diameter equals the vortex core diameter
ap, and 0 is the Flory exponent characterizing the self-
avoiding random walk of the vortex loop, taken [4-7] to
be 0=0.6. The values of the core energy constant C and
the core diameter were determined [6,7] to be C=1.03
and ao=2. 3 A. Using the scaling relations of Ref. [6],
K, is found to fall to zero at the transition as a power law
of the reduced temperature t =(Tq —T)/Tq =1 —Ko, /Ko,
and an exponent v=0.671 68 ~ 0.00003 is found from fits
[11] to the calculated values of K„ in the range 10
& t & 10 . This is in excellent agreement with

Shenoy's prediction [4] v =0.6717.
The quantity A in Eq. (1) is the total drag force on the

ring [10], proportional to its perimeter P. By computer
simulations of the self-avoiding walk [12] the perimeter
has been shown to scale with the average diameter a as
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where E =x K, (a/ao) [ln(K )+1] is related to the
screened ring energy U, and like U it becomes a constant
near Tq (E—5 for rings smaller than the coherence
length). In Eq. (6) the diffusion constant D has been
defined by D =ykctT/rcao(p, h/m), and as shown by
Donnelly [15] this is the diffusion coefficient of the small-
est ring of diameter ao. Once g has been determined
from Eq. (6), the frequency-dependent superfiuid density
is found from the susceptibility,

'" c)p(0)
g(co,a)da . (7)p(co) =

p, (co)

In solving Eq. (6) a reasonable approximation is to
neglect the derivatives of g (which are spatial derivatives
since the ring momentum p varies as a ). The equation
is quite similar to that found in the two-dimensional case
[8], where it was shown that neglecting the derivatives
only leads to a redefinition of the diAusion coefticient by a
constant factor of about 7. Making this same approxima-
tion with Eq. (6) gives

E —5/2
g(co, a) =

( —icoa /D')(x/8)(a/ao) ' + (E —5/2)

(8)

where D' is assumed to be shifted from D by some con-
stant (and will be determined below by comparison with
experiment).

In the limit of low frequencies (coz « I) the superfiuid
density computed from the response function of Eq. (8) is
found to have the same form as predicted by the phe-
nomenological Landau-Khalatnikov theory, p, (co)/p
= [p, (0)/p] (I —icoz ), where the relaxation time z is

given by

5+ ——E =0,
2

(6)

x ao p. (0) ""c)p(O) (a/ao)"" "
dQ .
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An evaluation [16] of this expression using the static
theory of Ref. [6] is shown in Fig. I as a function of the
reduced temperature t. As predicted by Pokrovskii and
Khalatnikov [9], the relaxation time diverges near Ti as
t ' . A more careful fit of the calculated values by the
form z =zot " for reduced temperatures between 10
and 10 yields x=1.0075~0.0001, in precise agree-
ment with the prediction of dynamic scaling [I],x =3v/2.
The value of the exponent does not depend on the approx-
imation made in going from Eq. (6) to Eq. (8) because in

the limit of zero frequency g approaches 1 and the form
of Eq. (8) becomes exact.

The value of io in Fig. 1 has been matched to the ex-
perimental result [17] zo=1.8x10 ' s, which requires
O'=1.2x10 s cm /s. This is a reasonable order of mag-
nitude for the vortex diffusion coefficient: Ambegaokar et
al. [8] suggested on dimensional grounds that D should
have a value of order ft/m = 1 x10 cm /s. A diffusion
constant of the same order of magnitude has also been
deduced from dynamic perturbation expansions [18] that
uses thermal conductivity data as an input to determine
the expansion parameters.

At higher frequencies (coz & I) the calculated p, (co)/p
deviates from the Landau-Khalatnikov form. Figure 2
shows the real part of the superfluid density for several
diA'erent frequencies. When mr becomes greater than 1,
p, (co) deviates from the static value, remaining finite at
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FIG. 1. The superAuid relaxation time r calculated from Eq.
(9) as a function of reduced temperature r

Reduced temperature t

FIG. 2. The real part of the superttuid fraction p, (co)/p as a
function of reduced temperature t, for several diAerent frequen-
cies (co/2x).
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Tz. This is a finite-frequency broadening of the transi-
tion, and just as in the two-dimensional case [8] it has a
very simple interpretation as a finite-size broadening of
the transition [5]. At finite frequencies the largest rings
are overdamped and cannot respond to the applied
superAow. But at zero frequency it is the response of the
very largest rings that drives p, exactly to zero at T&.

Since g falls to zero in Eq. (7) at finite ring size, the larg-
est rings do not contribute, and hence p, remains finite at
and above Tq.

The broadening of the transition is also accompanied
by dissipation, due to the rings that are maximally out of
phase with the driving IIow field. Figure 3 shows the
magnitude of the imaginary part of the super[Iuid densi-

ty, and this is proportional to the dissipation that would
be observed, for example, in a torsion oscillator [8].
There is a peak in the dissipation at mr =1, and then a
decrease to a finite value at Tq. This behavior is very
similar to that observed in first sound attenuation [17],
although the correspondence is not complete. First sound
attenuation is related to the imaginary part of the time-
dependent specific heat [18], rather than the imaginary
part of p, . Since the same response function of Eq. (8)
will enter the time-dependent free energy [4], it is plausi-
ble that the calculated sound attenuation will be similar
to Fig. 3, but this has yet to be verified.

The above results provide new insights into the nature
of mutual friction, the drag force exerted on a vortex line
moving with respect to the normal Auid. As first shown

by Pitaevskii [19], the observed divergence [20] of the
drag force near the A, point is related to the divergence of
the superIIuid relaxation time. In the present model the
mutual friction results from an exchange of energy be-
tween the vortex line and the thermally excited vortex
loops which constitute the normal Auid. As the line
moves it perturbs the distribution of loops, and since they
cannot adjust instantaneously, the interaction is dissipa-
tive. At low temperatures away from Tz only the small-
est loops of diameter ao are excited, and since they have a
short relaxation time —10 ' s (Fig. I), the mutual fric-
tion is relatively small. In this regime a connection with
the semiclassical scattering theory of Hall and Vinen [21]
can be made, since the smallest loops are identified as the
roton excitations of the Landau theory [6,7]. As the tem-
perature is raised larger loops are excited which cannot
respond as rapidly, leading to the divergence of the mutu-
al friction coeScients at the X point.

In summary, the relaxation time of the superfluid den-
sity has been calculated using a vortex theory of the
superAuid transition, and is found to be in agreement
with known results. It should be possible to extend these
results to a calculation of the superAuid response for arbi-
trary co and k, since, to a good approximation, the com-
plete response function g(co, k) is simply the product of
the response function found here and the finite-wave-
number response function of Ref. [6]. A further exten-
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sion of this method to the propagation characteristics of
first and second sound will require a calculation of the
time-dependent specific heat. It should be remarked that
the good agreement found here for the relaxation time
provides additional evidence [12,22] supporting the Flory
scaling proposal of Shenoy [4].
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