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We consider the integer quantum Hall effect on a square lattice in a uniform rational magnetic
field. The relation between two different interpretations of the Hall conductance as topological
invariants is clarified. One is the Thouless—-Kohmoto—Nightingale-den Nijs (TKNN) integer in the
infinite system and the other is a winding number of the edge state. In the TKNN form of the Hall
conductance, a phase of the Bloch wave function defines U(1) vortices on the magnetic Brillouin
zone and the total vorticity gives o.,. We find that these vortices are given by the edge states when

they are degenerate with the bulk states.

PACS numbers: 73.40.Hm, 02.40.—k

After the discovery of the integral quantum Hall effect,
the problem of electrons in a magnetic field has been
studied from a geometrical point of view [1-8]. The gauge
invariance discussed by Laughlin [3] as well as the role
of the edge states emphasized by Halperin [1] are central
to these investigations. The Hall conductance o, of the
system has a fundamental topological meaning as first
discovered by Thouless, Kohmoto, Nightingale, and den
Nijs (TKNN) [2,4,5]. Their work is performed in a system
without edges and o, is expressed as an integral that
represents the Chern number of the U(1) bundle over
the magnetic Brillouin zone. This is an invariant on the
magnetic Brillouin zone and supports the high accuracy
in the quantization of the Hall conductance. However,
the topological role of the edge state is unclear since the
TKNN integers are written in terms of the bulk wave
functions.

Recently the Hall conductance in a system with edges
has been treated from a topological point of view [6]. In
the work, o4, is written as the winding number of the
edge state on a complex energy surface that is a high
genus (g > 1) Riemann surface. The winding number
and the TKNN integer are apparently different. In this
paper, we clarify the connection between these two dif-
ferent numbers, i.e., elucidate the relation between the
Hall conductance of the infinite system without edges
and that of the system with edges.

In the Landau gauge, a tight-binding Hamiltonian for
electrons on a square lattice in a uniform magnetic field is
given by H = —t Emyn(cinﬂmcm,n+clnyn+lei2’“¢mcm,n+
H.c.), where ¢y, ,, is the annihilation operator for a lat-
tice fermion at site (m,n). We assume that the magnetic
field per plaquette ¢ is rational; i.e., ¢ = p/q with mutu-
ally prime integers p and q. First we consider an infinite
system [2,7]. Since the system is periodic in y direc-
tion, the single particle wave function ¥, , is written
as Uy, = "0, (k,), ky € [0,27]. The Schrédinger
equation then reduces to a one-dimensional equation with
a parameter k; as
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—t{ U mi1(ky) + Urm—1(ky)} — 2t cos(ky — 2mpm) V., (ky)

= E(ky)‘l’m(ky)' (1)

This one-dimensional system has a period q. Therefore
the Bloch theorem tells that the Bloch function ¥,, sat-
isfies Wy (ko) ky) = €™y, (ky, ky) where fpmiq(k) =
i, (k) and &k, € [0, 27/q].

The spectrum of H has been investigated extensively
and it consists of g energy bands [2,7,8]. The Hall conduc-
tance o4, of the filled jth band (j = 1, ..., q) is calculated
using the Kubo formula and an adiabatic approximation
as [2,4,7]

, e? 1 .
U‘;’ybmk = _E%/Az dkmdky [ Vk X Ai(k) ]z, (2)
MBZ

where AL(k) = (WRIVii(K) = SL,ul, ()
Viul, (k) and uf, is obtained from @, by normalizing
as (v’ (k)|u’(k)) = 1. When the Fermi energy lies in the
jth gap, the Hall conductance of the system is given by
>7_10L,. The wave function |u/ (k)) forms a U(1) fiber
bundle on the magnetic Brillouin zone and the integral
Eq. (2) is the Chern number which is a topological invari-
ant of the U(1) bundle. This gives a topological meaning
to the Hall conductance in the infinite system (without
edges). In Eq. (2), there is a gauge freedom which comes
from the phase ambiguity of |u(k)). One can use an-
other gauge to calculate agy by the gauge transformation,
|07 (k)) = e/ )|y (k)) (f:real). Since the Chern number
is invariant under this gauge transformation, o, is well
defined. If one uses the Stokes theorem in Eq. (2), o4y is
always zero since there is no boundary in the magnetic
Brillouin zone TZg,. However, this procedure is incor-
rect. The phase of the wave function is not well defined
globally over the magnetic Brillouin zone. Therefore one
can not apply the Stokes theorem globally.

Following Ref. [4], we divide T gz into several regions.
We require that U7, (k) is an analytical function of k, and
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k, on the magnetic Brillouin zone and choose ‘Il]1 =1,ie.,-

12’1 = e~ =, By using a geometry with edges, we give be-
low an explicit construction for ¥, (k) that satisfies these
requirements. This convention is not compatible with the
periodicity of the magnetic Brillouin zone. However, we
avoid this difficulty in the following by using the freedom
of the gauge transformation.

We denote the zero points of the ¥J(k) in the mag-
netic Brillouin zone by k = k7, ... ,k*Nj. At these points,
uq(k) = 0 also. Then we divide the whole magnetic Bril-
louin zone Ty, into N; + 1 parts as follows:

R ={keTipz| k—ki| <¢, \I’é(k:) = 0}, (3)

N;
Ro = TI\Q/IBZ \ U R;, (4)
s=1

where s = 1,...,N; and € < 1. In the local regions
R¢, we use a phase convention for |[U7(k)) to calculate
Ay (k) as Ul (k) = ul,(k). In the region Ry, we use
another phase convention for |V (k)) to calculate Ay (k)
as Vg(k) is real and positive. This convention in Ry is
compatible with the periodicity of the magnetic Brillouin
zone, provided we choose VJ (k) = u, (k)e~ %) where
£(k) = SInw!(k) = Sna? (k). This is well defined since
I (k) = e"*=qg(k) # 0 in Ro. Then using the Stokes
theorem in each region, we get from Eq. (2)

jbulk _
U:xy =

5t J), B 1AB() — A ()

N; 1
= _3;% dk - VE(k)

N;
1
= —é-ﬂ - dk - VSIn ¥, (k), (5)

where we use §,, dk- VSln etz = 0 in the last line.
Since the zero of the wave function at k = k} gives a
vortexlike structure, ogy is obtained as the sum of the
vorticity in the magnetic Brillouin zone [4].

Now let us consider a system in a strip geometry with
edges; i.e., the system size is infinite in y direction and
finite in x direction [6]. We apply the method of transfer
matrix and use results from the nonlinear lattice theory
[6,9]. Here we only state the results of Ref. [6] relevant
to our purpose. The boundary condition for the strip
geometry is

T (ky) = T (ky) = 0. (6)

We assume that L, is commensurate to the flux ¢; that
is, Ly = ql with some integer I. Mathematically the
difference between systems with and without edges cor-
responds to the difference in the boundary condition. For
the system without edges, the condition follows the Bloch
theorem as

v, (k) = pTB(ky), p= e (k, €[0,27/q]). (7)
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Now let us write Eq. (1) using the transfer matrix as

(CSrteny’) =t (o7 00Ky )+ ®

(e = (TTROp IO ) )

where € = E//t is a dimensionless energy. In this for-
mulation, all solutions are obtained by different choices
of initial conditions, ¥¢o and ¥;. For the boundary
condition in the strip geometry, Eq. (6), we use the
condition ¥{? = 0 and ¥{? = 1. Then the roots
of the equation \I/(Lej = [M(e)4; = 0 correspond to
the energy eigenvalues of the system where M(e) =

M(e)gM(€)g—1 -+ M(€)2M(€)1.

The energy eigenvalues of the strip system are classi-
fied into two classes: (i) the spectrum of the edge states
which is independent of the system size L; (ii) the com-
plementary point spectrum that converges into energy
bands in the limit L, — oo. There are g energy bands
and each energy gap has one edge state; i.e., there are
g = q¢ — 1 edge states. The energy of the edge state p;
(j =1,...,9) is determined by a ¢ site problem [6],

Moi(uy) = U8 (15) = 0. (10)

On the other hand, the Bloch function (without edges)

satisfies Eq. (7). Therefore ¥; and ¥, form an eigenvec-
tor of M with the eigenvalue p as

] (b) € (b)
M(e) (ié’” > - (‘f’qugt)l((e )) ) = p(e) (é’gb) ) . (11)

In Eq. (11), the energy € represents a real variable and
we can analytically continue € to a complex energy z in
order to discuss a wave function of the edge state.

We get from Eq. (11)

p(2) = 5[A(2) — VA(2)? - 4], (12)
v (z2) = oMz _ L(P2 — pMi1), (13)

Mz —p M2
where A(z) = TrM(z) and we impose an initial condition
\Ilib) = 1 which is compatible with the above require-
ments. Since the analytic structure of the wave func-
tion is determined by the function w = y/A(z)? — 4, let
us discuss the Riemann surface of a hyperelliptic curve
w? = A(2)? — 4. To make the analytic structure of
w = 4/A(z)? — 4 unique, we have to specify the branch
cuts which are given by A(2)2 —4 <0 at 2z =0. Since
this condition also gives the condition for [p| = 1, the
branch cuts are given by the g energy bands (see Fig. 1).
Therefore A(z)? — 4 can be factorized as

w=/A(z)? -4
= /(= A1)z = Xa) (2 = Azgm1)(z — Aay),

where X\;, j = 1,...,2¢ denote energies of the band
edges.
Also we need two sheets (Riemann spheres R and R™)
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FIG. 1. Two sheets (Riemann spheres) with ¢ = g+ 1 cuts
which correspond to the energy bands of the system.

to define the Riemann surface. (The Riemann spheres
are obtained by compactifying the |z| = co points to one
point.) Finally, the Riemann surface is obtained by glu-
ing the two Riemann spheres at these g branch cuts along
the arrows in Fig. 1. After the gluing operation, the sur-
face is topologically equivalent to the surface shown in
Fig. 2. The genus of the Riemann surface is g = g¢—1
which is the number of energy gaps. In this way, the
wave function is defined on the genus g (= ¢ — 1) Rie-
mann surface. The branch of the function is specified as
VA(2)2 —4 > 0 (z —» —oo on the real axis of RT). By
this construction, it becomes clear that the complex en-
ergy surface of the one-dimensional system Eq. (1) is a
genus g = ¢ — 1 Riemann surface ¥g(k,) for each k.
On the surface, the energy gaps correspond to circles
around the holes of the ¥4(k,) and the energy bands
correspond to closed paths on X4(ky) (see Fig. 2). The

Bloch function is defined on this surface. \115}” has always

g zero points at u; [\If((,b) (1) = 0]. Since there are two
real axes on the ¥, there are two p;’s on the surface.
However, only one of the two gives a zero of \If((lb).

Changing k, from 0 to 27, we can consider a family of
E4(ky). Lg(ky) can be modified by this change yet all the
Y4(ky) with different k,’s are topologically equivalent if
there are stable energy gaps in the two-dimensional spec-
trum. By identifying the topologically equivalent X4 (k,),
we can observe that the p;(ky) moves around the holes
and forms an oriented loop C(1;).

energy bands

CM,) Cl)

FIG. 2. Riemann surface of the Bloch function under the
rational flux ¢ = p/q. The number of the gaps, g, is the genus
of the Riemann surface. C(u;) is a loop formed by the trace
of the zero point of ¥,(z). The energy bands are also shown
by closed loops.

The winding number of the loop around the jth hole
I(C(u5)) is a well defined topological quantity. When
the Fermi energy of the two-dimensional system lies in
the jth energy gap, the Hall conductance is obtained by
this winding number as [6]

J
edge __ § : l,edge __
U:z:y - azy -
=1

This is a second interpretation of the Hall conductance
as a topological number.

Further we can determine the behavior of the edge
state and the loop C(u;) by investigating M;;. When
|M11(p;)] < 1, the edge state is localized at the left edge
and ¥, (u;) = 0 on Rt and when |My;(u;)| > 1, they
are localized at the right edge and ¥,(y;) = 0 on R™.
Using this relation we can follow the movement of u; and
assign the Hall conductance from the numerical calcula-
tion. Here we show an example in Fig. 3. From the figure
and using Eq. (14), we can determine .

Now we calculate the Hall conductance in Eq. (5)
by using the explicit wave function Eq. (13). When
we restrict the complex energy to the (real) energy
bands, we obtain the Bloch function for the jth band
W7 (e, ky) on the magnetic Brillouin zone. The energy e
lies on the g circles S}, j = 1,...,q which are explic-
itly defined on X4(k,) (see Fig. 2). These circles are
parametrized by k, through p = e'?*=. Using a relation
—2isin(gk;) = vA? — 4 and considering the branch con-
vention for vA? — 4, we can get an explicit parametriza-
tion of the circles S} (kz). ky also lies on the circle S*(ky)
and the product S}(k;) x S'(ky) is the magnetic Bril-
louin zone for each energy band j. The Bloch function
\Ilg(e, ky) is analytical in € and k, and e is analytical in &,
and k,. Therefore \Ilfq' (kz,ky) is also an analytical func-

tion of both k; and k, and ¥J = 1. This Bloch function
satisfies the requirements discussed earlier to calculate

“Crcw). (9

Ogy-

Moreover one can see that the zeros of the Bloch func-
tion \I!g(km, ky) are given by the zeros of Ma; since p is
always nonzero on the magnetic Brillouin zone and M,
is a polynomial in the energy variable. The zero of My (¢)
is given by the energy of the edge state and always lies
in energy gaps or at band edges. Therefore the zeros of
\Il,(,b)(km, ky) are given by the points where the edge state
is degenerate with the bulk state at the band edges (see
Fig. 3).

Near the degenerate point k = (kZ, k;), we expand the
U7 up to linear order in 6k, = k; — k% and 6k, = ky —k;
to calculate 0,. For example, consider the contribution
from the jth energy band (j: odd ) and focus on the
degenerate point at the band top A4 as shown in Fig. 4.
Near A, p; moves from the upper Riemann surface Rt
to the lower Riemann surface R~. In the jth energy gap
for j: odd, one can show that My (u;(ky)) < 0 and kX =
m/q [6]. Therefore we obtain —1 < Mj;(p;(ky)) when
ky <k (on the solid line in the gap), M1 (u;(k})) = —1
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FIG. 3. Asymptotic energy spectrum of the two-
dimensional tight-binding electrons with edges under the ra-
tional flux ¢ = p/q. The number of sites along the z direction
is Ly — 1 = oco. The shaded areas are the energy bands and
the lines are the spectrum of the edge states. The solid line
means the energy of the edge state is on RT and the dotted
line means it is on R~. The numerical result is for the ¢ = 2/5
case (t = 1) and the corresponding winding numbers are as
follows: I(C(u1)) = —2, I(C(u2)) = 1, I(C(us)) = —1, and
I(C(ua)) = 2.

and Mi;(u;(ky)) < —1 when k}; < k; (on the dotted
line) (see Figs. 3 and 4).

Near the band edge k3 = m/q, the energy devia-
tion in 6k, is proportional to (6k;)?. Therefore My ~
-1 - Cébk,, C >0 and p = —1 — igbk, up to linear in
6k, and 6ky. Then from Eq. (13), ¥ (ks,k,) is given
as U} (ks, ky) ~ C'(-Céky + iqbk;). From the expres-
sion, we obtain (1/27) §,dk - VSIn¥, = +1. When
p; moves from the lower Riemann surface R~ to the
upper Riemann surface R*, the vorticity is —1. On
the other hand, when the degeneracy is at the band
bottom (point B in Fig. 4), one can obtain similarly
(1/27) §5dk - VSIn ¥, = —1. Near B, u; moves from
R~ to Rt. When p; moves from Rt to R™, it gives +1.
This consideration is for the odd j case and a similar
approach is also applied to the even j case.

In this way, we can derive a formula for the general
case. The sum of the vorticities at the band top is written
as I(Cj) by using the winding number of the edge state
and that at the band bottom is —I(C;_1). Therefore the
Hall conductance of the filled jth band is
2
oy =~ 1(C)) = 1(Cj-1) | = ok,
because I(Cp) = 0.

This expression shows the relation between the TKNN

(15)
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FIG. 4. A typical example for the degeneracy of the edge
state with the bulk state.

number for the bulk state and the winding number of the
edge state. It clarifies the relation between the two in-
terpretations of the Hall conductance with and without
edges. Nontrivial contribution to the Hall conductance
in the TKNN formula comes from the degeneracy of the
edge states with the bulk state. We establish a direct con-
nection between the Hall conductance in the bulk system
and that due to the edge states.

Even in the case with a weak disorder, the quantization
of the Hall conductance due to the edge states is stable
since they are chiral. When ¢ is not commensurate, we
cannot use the analytic analysis directly. However, the
physics behind it is the same as discussed in Ref. [6].
When ¢ is irrational, we have to consider a sequence of
the fluxes converging to the irrational flux and, corre-
spondingly, a sequence of the Riemann surfaces.
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FIG. 3. Asymptotic energy spectrum of the two-
dimensional tight-binding electrons with edges under the ra-
tional flux ¢ = p/q. The number of sites along the z direction
is L — 1 = oo. The shaded areas are the energy bands and
the lines are the spectrum of the edge states. The solid line
means the energy of the edge state is on R* and the dotted
line means it is on R™. The numerical result is for the ¢ = 2/5
case (t = 1) and the corresponding winding numbers are as
follows: I(C(u1)) = =2, I(C(p2)) =1, I(C(us)) = —1, and
1(C(pa)) = 2.
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FIG. 4. A typical example for the degeneracy of the edge
state with the bulk state.



