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Dynamic Jahn-Teller Effect for a Double Acceptor or Acceptor-Bound Exciton in Semiconductors:
Mechanism for an Inverted Level Ordering
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The dynamic Jahn-Teller eAect provides a simple mechanism for inverting the ordering of the J=0,2
levels of the two equivalent holes in a neutral double acceptor or an exciton bound at a neutral acceptor.
Whereas Hund's rule places the J =2 level below J=0, Jahn-Teller coupling to E and/or T2 vibrational
modes tends to shift J=O below J=2, while splitting J=2 into its 13 and I q components. Alternative
proposed explanations involving central-cell, Stark, and strain efr'ects fail to introduce the attractive in-

teraction needed to ofI'set the hole's Coulomb repulsion.

PACS numbers: 71.55.—i, 71.35.+z, 71.38.+i, 71.70.—d

Two extensively studied defects in semiconductors, the
exciton bound to a neutral acceptor [1] and the neutral
double acceptor [2], each contains two equivalent holes in

j =
2 single-hole states. The corresponding antisym-= 3

metric two-hole states have total angular momentum
J=0,2, and Hund's rule predicts the J=2 levels to be
more tightly bound than J =0 [3]. Yet an inverted order-
ing of these states has been confirmed for many of these
defects; for example, for the double acceptors Zn and Be
in Ge [2,4], and for bound excitons at the acceptors Al,
Ga, and In in Si [1,5] and Sn in GaAs [6]. Despite
several suggestions as to its origin [7,81, this inverted or-
dering has remained a puzzle for nearly twenty years.
Overlooked in these discussions has been the fact that the
Jahn-Teller (JT) coupling of the individual bound holes
to E and T2 vibrational modes has a form which ensures
an inverted ordering, via a dynamic JT effect, if the JT
coupling is strong enough to overcome the hole's Cou-
lomb repulsion. The purpose of this paper is to demon-
strate the likelihood that this inverted ordering arises in

this way.
Well known since the work of Jahn and Teller [9] is

the fact that coupling between electrons and asymmetric
vibrational modes tends to remove electronic degeneracy
(except for Kramers degeneracy) via a spontaneous dis-
tortion to lower symmetry. It is also well known that the
JT eA'ect does not lift the degeneracy of states of the cou-
pled vibrational-electronic (vibronic) system that belong
as partners to one of the irreducible representations (IR)
of the original symmetry group, tending instead to re-
place electronic degeneracy by orientational degeneracy
[10]. Less frequently encountered is the situation in

which even a weak JT coupling can lift an accidental de-
generacy of vibronic states belonging to different IR of
the original group. This is the situation of the J =0 (I ~)
and J=2 (I 3, I s& states of the holes when their Coulomb
interaction is ignored. A dynamic JT eAect can therefore
be expected not only to displace the J=O and J=2 levels

diAerently but also to split J=2 into its I 3 and I 5 com-
ponents if the coupling to E and T2 modes is not "isotro-
pic." Just such a situation was encountered earlier in the
"crystal-field" splitting of I 3g and I 4~ components of the
J=2 excited spin-orbit level of Fe2+ in MgO by a dy-
namic JT eAect [11].

An individual bound hole in a I s (j= —', ) state at a
tetrahedral site has linear JT coupling [12,13] with E
modes Qg, Q„and T2 modes Q~, Q„, Q» that can be ex-
pressed as

PgT(h) = Vp(ZgQg+Z, Q,)

+ VT (Z4Q(+ ZnQn+ ZtQt) .

Here VE (VT) is the one-hole JT coupling coeScient for
E (T2) modes, and the operators Zg= jz —

—,
' j, Z, =(j„

—
j» )/ J3, Z~ = (j~j,+j,j~ )/ J3, etc. , are given in terms

of the components of hole angular momentum. We then
form antisymmetric wave functions of I

~
(J=0) and

I 3 I 5 (J =2) symmetry for two equivalent I s holes [14].
In this basis the JT coupling Jt's T(h t ) +P tT(h 2) takes
the form

PpsT =2'�(UgQg+ U~Q~) + 2VT(UgQg+ U&Q&+ Ut;Qr) .

(2)

The only nonzero matrix element of U; is that given by

(3)

where n =3 for i =O, e and n =5 for i =g, q, or g. There
is no coupling within the sets of states I 3 and I 5 or be-
tween I 3 and I 5., in the I ~, I 3, I 5 manifold the coupling to
the Q's therefore represents a pure pseudo-JT coupling.
The full vibronic Hamiltonian combines 'iV pqT with har-
monic oscillator Hamiltonians for each of the modes, for
which p~, pT, m~, coT denote eftective masses and angular
frequencies. We assume for simplicity that the I ], I 3,
and I q states are degenerate in the absence of JT cou-
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AE(1 10) = —4V~/p~co~ —6VT/pTcoT . (5)

Each of the states iI 3;0) and iI 5;0) is coupled to a single
higher state, yielding

AE(r 0) = —2'/pEcoE,

AE(I 50) = —2VT/pTroT .
(6)

The degeneracy of iI 30) and iI so) is therefore lifted by

&pJT if
i V~ i

A
i VT i, but i I i 0& is displaced the most and

then always becomes the lowest level.
For stronger coupling, we remark that if coupling is

only with T2 modes the I 3 states are unaffected and that
the vibronic problem of the I i and I 5 states is then

mathematically identical to that of the relaxed excited
state of the F center [15], in which s(I 1+) and p(I 4 )
electronic states are coupled by a I 4 mode. A full

analysis of the latter problem shows that an s-like vibron-

ic state is displaced below the lowest p-like state as the

coupling strength increases, whatever the initial ordering
of the electronic states [15]. From this work one finds for

strong coupling that the separation of the states iI 10) and

iI 50) of our present problem is given by

E (r50) —E(r|0)= —ti a77 (6 COT/ET ), (7)

where ET=2VT/pTa7T is the analog of a JT energy The.
corresponding analysis [16] of the pure pseudo-JT case
for I &+ I 3 similarly yields

E(r,o) —E(r,o) = —,
'

n ai, (ego, /E, ), (8)

with EF given by 2'/pzco~. For cases involving cou-

pling to both E and T2 modes the analysis is more

diScult, but an argument based on the fact that for

strong coupling the Berry phase is zero in the adiabatic
ground state indicates that I ] is then always the lowest

level [17].
Experimental values of the energy difterences between

the two-hole I i, I 3, and I 5 states are in the range of a

few meV or less for double acceptors and acceptor-bound
excitons in Si, Ge, and the III-V compounds [1,2]. For
example, for the bound exciton at Si:Ga, I i lies below I q

by 1.45+ O.OS meV, and I 3 is above I ~ by 0.32~0.03

pling, thus omitting for the present the Coulomb interac-
tion of the holes.

If Vp and VT are small, we may use second-order per-
turbation theory to find the eAect of the JT coupling on

the lowest levels ir;0) of I 1, I 7, and I s symmetry, which

in zero order are product states of the appropriate hole
state ir;& with the vibrational ground state with no quan-
ta excited,

ir, o& =
i r, )io,o,o,o„o,& .

The state iI |0) is coupled in first order by /i'piT to each
of five higher states; for example, to iI 5~)iogo,o~o„l~), in

each of which one vibrational quantum is excited, so that
the energy displacement of curio) is

3 VE/p Ea7E + 5 VT/pT07T EC . (9)

Here F& is a positive energy representing the Coulomb

splitting between the J =2 level and the higher J =0 level

when JT coupling is ignored. Alternatively, such results

could also be consistent with strong JT coupling and ex-

pressions such as Eqs. (7) and (8) if we had ET» AroT or

EF. » ha7~ and @AT or @co~ moderately large, say 10
meV or more. This latter possibility can be ruled out,
however, because it would imply a contribution of the or-

der of the larger of EE or FT to the binding energy of the

two holes at the defect. Since the JT energy of a single

hole in a I s state coupled as in Eq. (1) (or that of three
bound holes, which also have a I s collective ground state)
should only be about one-quarter as much, a large in-

crease (decrease) in binding should occur in going from

one (two) to two (three) holes at the defect. No such

variation in binding energies is known to occur, aside

from that given for the second hole by the extra binding

of the I 1 level relative to I 3 and I 5 [1,2, 18].
Assuming a weak JT coupling for the holes so that Eqs.

(5), (6), and (9) are valid, we may ask if it is plausible

that this coupling is strong enough to account for an in-

verted level splitting in the meV range observed. We first

consider a shallow bound hole as described by effective-

mass theory (EMT). For appreciable coupling phonons

must have wave vectors lying near the center of the Bril-

louin zone, since only these produce a more or less uni-

form deformation extending across the hole orbit and

thus split the hole's I 8 ground state via the deformation-

potential coupling to the strain. Approximating the hole

ground state as having a radial dependence ~exp( —r/
a*), we may obtain the energy shifts of the I 1, I 3, and

I 5 states of two equivalent holes by treating the
deformation-potential coupling to acoustic phonons in

second-order perturbation theory, as in Eqs. (5) and (6).
We obtain in this way [16]

wE(r, o)/(6b'+ 3d') =aE(r,o)/3b' =aE(r,o)/d'
= —[1+(2sT/3sL)]/407rpa* sT .

(lo)

Here p is the density of the crystal, sT and sz are sound

velocities in the transverse and longitudinal branches, and
b' and d' are deformation potentials for a bound hole.

Taking as representative of acceptors in Si the values
b'= —1.61 eV, d'= —4.50 eV measured [19,20] for Si:B,
we find we would need a value a* =9.8 A in Eq. (10) in

order to account for the 1.45 meV separation of the I i

and I ~ states of the bound exciton at Si:Ga. A nonzero

meV [5]. For the double acceptor Ge:Zn, I 1 is the lowest

level by 2.4+ 0. 1 meV [4]. Splittings of this size would

be consistent with a weak JT coupling, for which a per-
turbation treatment as in Eqs. (5) and (6) may suffice

and would then yield

[E(r,o)+ E (r,o)]/2 —E(r,o)
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Coulomb contribution Ep to this separation, as in Eq.
(9), would require an even smaller value for a*. Since
such a value for a is already much smaller than the
value 25.5 A obtained theoretically with EMT by Bal-
dareschi and Lipari [21] for a hole bound in Si by a sin-
gle Coulomb charge (Z =1), we conclude that in Si a
hole as described in EMT does not have sufhcient cou-
pling to acoustic phonons to explain the observed splitting
of the bound-exciton states. In Ge the situation is even
less promising because of the greater spatial extent of the
bound holes.

All acceptors that have been found to have the inverted
level structure bind a hole more strongly than given by
EMT, however, and this increased binding has the effect
of reducing the extent of the wave function and thus the
value of a* that should be used in Eq. (10). This reduc-
tion of a* increases the splittings predicted by Eq. (10),
though probably not by enough to agree with the ob-
served splitting, particularly if a nonzero Coulomb split-
ting Eg must also be oAset. But in addition to enhancing
the eA'ect of coupling to long-wavelength acoustic modes,
the localized potential responsible for the increased bind-
ing may cause the holes to be weakly coupled to localized
vibrations corresponding to linear combinations of pho-
nons with wave vectors extending as far as the surface of
the Brillouin zone. Using such a coupling together with
Eqs. (5) and (6), we could account for the I ~ level being
displaced by, say, 2 meV relative to the I 3 and I 5 levels if
ET and EF had values —0.5 meV, a quite plausible value
compared to JT energies that can easily be in the range
0. 1 eV to 1.0 eV for centers in semiconductors that are
localized on an atomic scale [22]. We suggest, therefore,
that the inverted level ordering is evidence that JT cou-
pling to such short-wavelength vibrational modes is
present for these centers.

A number of other mechanisms [7,8], including elec-
tronic correlation, central-cell corrections, and Stark and
strain eAects, have been proposed as possible explanations
for the inverted ordering. However, none of these other
eAects changes the fact that the Coulomb interaction be-
tween the holes is repulsive, while the inverted ordering
requires an attractive net interaction. In particular,
central-cell corrections and the proposed Stark and strain
effects aAect the holes independently without changing
the I 8 symmetry of the single-hole wave functions.
Determinantal wave functions formed from such I 8 states
for two equivalent holes necessarily yield a higher energy
for the I i state than for either I 3 or I 5 if the mutual in-
teraction of the holes is repulsive [16]. A suggestion has
been made by Giesekus and Falicov [23] that the
Coulomb repulsion of the holes may somehow be over-
compensated in the case of a double acceptor by dynamic
many-body eA'ects, perhaps involving a rearrangement of
the lattice when two holes are nearby. The JT eAect
offers a specific realization of this suggestion, in that
placing two holes in the same orbital (with opposing
spins) tends to maximize the energy gained from the lat-

tice relaxation resulting from the JT coupling. The JT
coupling thus tends to draw the two holes into the same
region of space, in contrast to the Coulomb interaction
that tries to keep them apart. The eff'ect is identical with
that of the JT coupling in systems [24] with a "negative
U" and recalls the role played by phonons in pairing elec-
trons in the BCS theory of superconductivity.

The problem of the dynamic JT eA'ect for an electronic
I s state was first considered by Moffitt and Thorson [12];
the possible importance of the dynamic JT eAect in
aA'ecting the properties of individual holes in semiconduc-
tors, particularly holes bound more deeply than given by
EMT, was later noted by Morgan [13]. Shallow acceptor
centers have indeed been shown to be strong scattering
centers for acoustic phonons because of their JT coupling
[25], but the reciprocal effect of this coupling on the
states of a shallow hole is small because of the large spa-
tial extent of the hole wave functions. Since large hole
orbits limit the eAective coupling to long-wavelength pho-
nons, JT energies are very small even when deformation
potentials are large, a result found also for shallow donors
[26]. The importance of the JT coupling for the centers
considered in the present work must reAect the fact that
the holes in these centers are deeper than given by EMT
and thus are more susceptible to effects of local vibra-
tions.

It has been suggested by Kaufmann et al. [27] that a
dynamic JT eA'ect may aAect the levels of the double ac-
ceptor Si:Zn, but no specific model was cited nor was any
connection noted to a possible inversion of the levels.
Earlier, a static JT effect was proposed by Moore [28] as
a mechanism for lowering the site symmetry of a double
acceptor and thus adding structure in its optical spectra,
and Averkiev et al. [29] have studied the adiabatic ener-
gy surfaces corresponding to the static JT problem of two
holes. Neither of these treatments considered a dynamic
JT eA'ect. We emphasize that in the centers considered in
the present work the JT energies appear to be at most a
few meV, much too small to cause a static JT eA'ect, for
which one must have a JT energy large compared to 6m
of all the effective modes [10].

In summary, we have shown that a dynamic JT effect
tends to displace the I=0 (I ~) level of two equivalent
bound holes below the I=2 (I 3 I 5) levels, while separat-
ing the latter. Of the various mechanisms that have so
far been suggested to explain this inverted ordering, only
the JT coupling introduces the needed attractive interac-
tion between the holes. Although holes as described by
EMT are too weakly coupled to lattice phonons to ac-
count for the observed splitting, we argue that it is likely
that JT coupling of the strength required involves vibra-
tions of shorter wavelength to which the coupling is
enhanced because the holes are deeper than given by
EMT.
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