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Electrohydrodynamic Deformation of a Particulate Stream by a Transverse Electric Field

D. A. Saville
Department of Chemical Engineering, Princeton University, Princeton, New Jersey 08544

(Received 8 June 1993)

A theory is presented for the electrohydrodynamic deformation of a thin fluid stream and applied to
the experiments of Rhodes, Snyder, and Roberts on colloidal dispersions. The resulting transverse veloc-
ity field has a symmetric four-lobe structure and, when the conductivity of the sample is greater than
that of the surrounding fluid, the sample deforms into a ribbon whose axis is parallel to the incident field.
The ribbon axis is perpendicular to the field if the conductivities are reversed. Electrohydrodynamic ve-

locities are of the order of microns per second and the theory agrees with the qualitative and quantitative
features of existing experimental data.

PACS numbers: 47.65.+a

Buffer Sample Buffer

Electrode

I I
I I
I I
I I
I I
I I

I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I

Electrode

FIG. 1. Schematic diagram of the Rhodes-Snyder-Roberts
cell [1]. As shown, the conductivity of the circular sample
stream exceeds that of the surrounding fluid so the axis of the
deformed stream is parallel to the incident field.

Sample dispersion caused by various mechanisms limits
resolution in electrokinetic techniques used to analyze or
purify mixtures of proteins or cellular material; under-
standing these processes is a prerequisite for developing
methodologies with improved resolving power. In a clever
set of experiments on a model system, Rhodes, Snyder,
and Roberts [1] identified a new electrohydrodynamic
dispersion mechanism —deformation of the sample
stream into a thin ribbon whose cross-sectional shape de-
pends on conductivities of the stream, cr„and the sur-
rounding quid, crb. An ac field was used in these experi-
ments to suppress electrokinetic eAects. Figure 1 depicts
their apparatus schematically; a buff'er Auid carrying a
thin stream of a dilute colloidal dispersion moves through
a cell of rectangular cross section. The transverse ac field
deforms the sample stream into a ribbon whose axis is

parallel to the imposed field when o, & ab, when a, & ab
the ribbon axis is perpendicular to the imposed field.
There is no deformation when the conductivities match.
Rhodes, Snyder, and Roberts [1] recognized that the de-
formation is an electrohydrodynamic eA'ect, proportional
to the square of the electric field strength. They used
Taylor's leaky dielectric model [2], wherein fluids behave
as uniform, polarizable, Ohmic conductors with sharp in-

terfaces, to derive a discriminating function
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to classify deformations. e, and cb denote dielectric con-
stants of the sample stream and the surrounding Quid.
For D & 0 the deformation is in the direction of the field,
when D (0, the deformation is transverse. Although the
dielectric constant of a dilute suspension, c„ is usually
large at low frequencies, it drops towards that of the
suspending fluid at high frequencies [3]. Rhodes, Snyder,
and Roberts [I] argued that in their high frequency ex-
periments b, /bb was near 1 and so theory and experiment
agreed.

Nevertheless, there are a number of reasons to doubt
the applicability of the leaky dielectric model to the phe-
nomena observed. First, an essential feature of the leaky
dielectric model is the appearance of free charge at sharp
interfaces because of unequal electrical conductivities and
dielectric constants on opposite sides of the surface [2].
The action of the field on the free charge contributes to
both normal and shearing stresses. Although the inter-
face between the particulate sample and the surrounding
buff'er was diAuse in their experiments, Rhodes, Snyder,
and Roberts [1] assumed a sharp transition to employ the
leaky dielectric model. It is unlikely that free charge
would accumulate near the gradual transition between a
dilute suspension and clear -fluid in the fashion envisioned
in the leaky dielectric model, so the stresses calculated
with this model will not represent those present in an ex-
periment. Furthermore, experiments at frequencies [4]
where the dielectric constants of the sample and buAer
difl'er fail to disclose the dependence on e, /eb given by the
leaky dielectric discriminating function. Other dc experi-
ments with suspensions or soluble samples [5] exhibit
sample mixing which cannot be explained by eAects due
to the electric charge. Accordingly, another electrohy-
drodynamic model must be used to explain the dispersion.

The model employed here recognizes that the transition
between the sample and the buA'er is diAuse and that free
charge on the length scale of the sample, per se, is absent.
Since the length scale characterizing the free charge den-
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sity in an electrolyte solution is the Debye length, ~
free charge eAects are negligible when K

' is small com-
pared to the particle size. According to Landau and
Lifshitz [6], the electric force density in rationalized units
1S

1 t)sf, =—V eoE p2 Bp
——epF. Vc+p, E.1

2

Here ~ stands for the permittivity of free space, e is the
local dielectric constant, p is the mass density, p, is the
electric free charge density, and E is the local electric
field. The first term is the gradient of a scalar and can be
absorbed into the pressure; the free charge density is zero.
Thus, fluid motion is described by solutions to the Stokes
equations with a distributed electrical body force due to
dielectric constant variations, viz. ,

0= —Vp —
2 ~E V~+p'tt/ u and V-u=0:

When the axial shear rate is small, buAer and sample
move at the same velocity and sample deformation can be
studied as a two-dimensional problem in a plane perpen-
dicular to the sample axis.

The current density stemming from the electric field
applied transverse to the sample can be expressed as the
product of the local conductivity and the field since, in

the absence of concentration gradients, the individual ion
flux equations can be summed to yield Ohm's law. The
argument is as follows. Ions are conserved so the ion
fluxes, J;, are solenoidal. Next we assume that the indivi-
dual ionic mobilities co; are the same and that the flux re-
lation (the Nernst-Planck relation) is J; = ro; [ez; n; E
—kTVn;]. Here e is the charge on a proton, z; is the
valence of the ith species with concentration n;, k is
Boltzmann's constant, and T is the absolute temperature.
Since the solution is electrically neutral on the length
scale in question, Pz;n; =0. Accordingly, the current
simplifies to fez;J; =g(ez;) ro;n;E Defining . the con-

FIG. 2. Definition sketch showing the orientation of the in-
cident field and the polar coordinate system. The inner circle
(r=a) delineates the beginning of the transition in electrical
conductivity and dielectric constant. The transition is complete
at the outer circle (r =a+6). The vertical line at x=a denotes
the locus of points where the x component of velocity is calcu-
lated for display in Fig. 4.

ductivity as a—=P(ez;) ra;n; and noting that the fluxes
are solenoidal yields the "macroscopic" equation for the
local field strength

V ~E=O. (3)

Of course any transverse motion will deform the sample
and alter the conductivity and dielectric constant from
their initial distributions. To simplify matters and cap-
ture the silent features of the phenomenon, these eff'ects
are ignored. Instead, a circular sample configuration of
radius a is used to calculate a flow field which represents
the initial stages of the deformation process; see Fig. 2.
The conductivity and dielectric constant distributions are
expressed as

o os~ 8 —as~ O&r &a,

o =
2 o+ 2 cocos, a &r &a+6,] — I z(r —a)

~(r —a)6=
2 8+ 2 AGcos

(4)

o=ob, G=Q„, 0+6 &r & ~,

u„= aephrE [A (r/a) '+B(r/a) ] cos20
2p

for r ~ a+6.
The direction of the velocity, scaled on (x/2p)aaohsE

to represent the diAuse transition from the properties of
the sample to the buAer. Here o.—=o., +ob, ho. —=o, —~b,
e=c, +eb, and h,e=—e, —eb.

The structure of the velocity and electric field allows
the variables to be separated. In polar coordinates the
electric potential, p, can be represented as f(r)cos8 while
for the velocity field the stream function, y, is g(r)sin29.
Here 0 is the angle between the position vector and the
imposed field, E, cf. I ig. 2. Clearly the velocity is sym-
metric with respect to the planes 0=0 and zc/2. In the re-
gions 0 & r & a and a +8 & r & ~, the electrical body
force is zero and the equations have analytical solutions;
in the annular ring a & r & a+6 the coupled ordinary
diA'erential equations involve the electrical body force so
the equations for f(r) and g(r) were solved numerically.
In this example, the velocity scales on (z/2p)asohrE
and depends only on the dimensionless ratios ha/a and
8/a. Thus, a solution can be constructed which is in-
dependent of the velocity scale. The solutions in the three
regions were matched to one another by requiring con-
tinuity of current, electric potential, velocity, and stress.
Results were obtained for several values of Aa/cr and 6/a
to explore their eAects on the velocity field. To see how
the direction of the flow depends on the parameters we
look at the radial component for r & a+ 6. Here,
g(r) =A+B/r so the radial component of the velocity
field is
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water. For a field strength of 100 V/cm and a sample
size of 0.5 mm, the characteristic velocity, aephcE, is
over 100 pm/s. Scaling this value using the "constants"
derived for the circular sample (Tab]e I) indicates a
dispersion velocity of nearly I pm/s, of the same order of
magnitude as the electrophoretic velocity. It should be
recognized, however, that the geometric configurations
used in protein electrophoresis diAer from those on which
the numerical constants are derived. Nevertheless, based
on this calculation, it appears that electrohydrodynamic
dispersion may be an important factor in protein electro-
phoresis.
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