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Quantum Phase Transition in K3D1 H (SO4)z
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Dielectric and thermodynamic properties have been investigated in isotopically mixed crystals
KsDi H (SO4)2 with isolated hydrogen bonds interconnecting the dimeric SO4 units. The critical
temperature T, for the antiferroelectric phase transition decreases rvith increasing proton concentra-
tion (z) and eventually the phase transition vanishes for x ) z, 0.66. The x-dependent behavior
of T„ the dielectric constant e(T), and the specific heat jump AC at T, are described by simple
transverse Ising Hamiltonian. This indicates a determinative role of the proton tunneling in the
phase transition and related properties.

PACS numbers: 77.80.Bh, 64.60.cn, 64.70.Kb, 77.90.+k

Protons between two oxygen sites show quantum me-
chanical tunneling motion as well as thermally activated
hopping between the two potential minima. In several
organic molecules in a gas phase (or isolated in a ma-
trix), such a tunneling motion has been observed in terms
of splittings of specific fluorescence lines or vibrational
bands [1]. When such isolated molecular units assemble
into a solid phase, a variety of cooperative phenomena are
expected to show up. For example, the phase transition
and drastic isotope efFects observed in KH2PO4 (abbrevi-
ated as KDP) have been discussed from this viewpoint.
However, the hydrogen bonds form an infinite network
in this material and the replacement of the proton with
the deuteron causes rather unpredictable changes of the
local environment, e.g. , elongation of the hydrogen bond,
besides the suppression of the tunneling motion. In ad-
dition, the Pauling "ice rule" does not allow one proton
to tunnel independently of the others in the proton po-
tential, so tunneling must be correlated in some way that
is not yet well understood. This complicates the inter-
pretation of the phase transition and causes long-term
debates on this material [2].

In this Letter, we propose KsDr H~(SO4)2 as an ideal
system to study the tunneling motion of protons in solid
phase free from such complications. We present the vari-
ation of the transition temperature T„ the dielectric con-
stant e(T), and the specific heat jump AC at the tran-
sition upon changing the proton concentration x, all of
which are well described by the simple transverse Ising
Hamiltonian, and indicate that the proton tunneling mo-
tion plays a crucial role in the phase transition and re-
lated properties.

Crystals of KsDr H (SO4)2 have a simple struc-
ture [3]: They are composed of the dimeric SO4 units
connected by a strong hydrogen bond (SO4 -H SO4 ),
as schematically depicted in Fig. l. Each hydrogen

bond in the present system is isolated from the others,
making a sharp contrast with most of the conventional
(anti)ferroelectrics, e.g. , KDP with an infinite network
of hydrogen bonds. Owing to the isolation of the hydro-
gen bonds, each proton (deuteron) can move indepen-
dently of the others in the double-well type proton po-
tential and the interaction between the neighboring pro-
tons (deuterons) is considered to be electrostatic in na-
ture (e.g. , dipole-dipole interaction). In accord with this
expectation, application of hydrostatic pressure slightly
increases T, for the fully deuterated crystal (x = 0.0)
at a rate of +7 K/GPa [4], perhaps due to the pressure-
induced increase in the dipolar interaction strength. This
is also in contrast with the large negative pressure coeK-
cient of T, in KDP families, e.g. , —46 K/GPa for KDP [5].
Another advantage of targeting the isotopically mixed
crystals is that the effective tunneling frequency can be
controlled by changing the isotopic composition without
changing the lattice parameters [6]. Therefore, we may
ascribe the change in the dielectric and thermodynamic
properties to the mass-dependent kinetics of protons and
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FIG. 1. Schematic structure of KsDi — H (SO4)2.
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deuter ons.
Considering these features, we describe the present sys-

tem in terms of the following Hamiltonian [7,8]:

H= —) A, o, —) J o'o',
(~i)

where the pseudospin variable n, represents the two-state
dynamics of the proton (or the deuteron) occupying the
ith site. The z component o' takes the value +1 or —1
according to the two minima of the potential formed by
the outer oxygen atoms (or the SO4 ions). The tunnel-
ing motion is described by the a., term with the tunneling
frequency 0, that takes either of the two values OH or AD.
Since the geometrical difference between the hydrogener-
ated and deuterated compounds is extremely small [6],
the dipolar interaction J,z between the neighboring sites
is assumed to be independent of the species of the paired
atoms and is put to be J. The use of a single parameter
J is valid as far as the present system is concerned, be-
cause the dipolar interaction strength is rather pressure
and hence structure insensitive [4] and is considered not
to vary much with the isotopic substitution.

Isotopically mixed crystals of KsDt H (SO4)2 were
synthesized by slow recrystallization from a stoichiomet-
ric H20/D20 solution, which contains KgSO4 and an ex-
cess of H2SO4/D2SO4. The crystals obtained were pseu-
dohexagonal plates with mell-developed c faces, and typ-
ical sizes of the samples were 0.5 mm in thickness and
2x2 mm in area. To determine the proton concentra-
tion (x) of each crystal, we performed the proton-NMR
rneasurernents of D20 solution of the mixed crystals and
carefully monitored the intensity of the signal for HDO
species. The integrated intensity linearly increases with
the proton concentration of the starting solvent, indicat-
ing that the x value of the crystal is identical to that
of the solvent. Temperature dependence of the dielectric
constant e (c component) was measured using an LCR
meter at frequency of 10 kHz. The reproducibility of
the overall e-T profile was fairly good, though the abso-
lute values of e were scattered in respective runs within
the uncertainty of 20% due to the difIiculty in precise
determination of area of the small electrode. The heat
capacity was measured by a conventional adiabatic heat
method with use of calibrated Ge thermometers.

First, we present results of the x dependence of T, for
the antiferroelectric (APE)-to-paraelectric (PE) phase
transition as well as the temperature variation of e. Fig-
ure 2(a) shows the e Tcurve for KsDt-~H~(SO4)2 with
varying x. Profiles of the e Tcurves for KsD-(SO4)2
(x = 0.0) and KsH(SO4)2 (x = 1.0) crystals agree with
the previously reported ones [9]. T, was determined by
the inHection point of the e-T curve, and is indicated by
a downward arrow. The x dependence of T, is plotted by
closed circles in Fig. 3. Except for the lower temperature
region (&30 K), the phase boundary is approximately
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FIG. 2. Temperature dependence of the dielectric constant
for K3Dq H (SO4)z with various x values: (a) Experimen-
tal results and (b) calculated ones based on the transverse
Ising model with the parameters AH ——167 K, AD=52 K, and
Jz = 95 K. Downward arrows indicate the critical tempera-
tures for the dielectric phase transition.

QQ I I I I
i

I I I I

Q)

5Q
Q)
CL
E
0)I—

0.5
Proton Concentration x

FIG. 3. Proton concentration (x) dependence of the critical
temperature for K3Dq H (SO4)2. Solid curve is a calculated
result based on the transverse Ising model with the param-
eters AH=167 K, AD ——52 K, and Jz = 95 K. Dotted line is
merely a guide to the eye. AFE and PE mean antiferroelectric
and paraelectric phase transition, respectively.

represented by a nearly straight line, as indicated by an
eye-guiding dotted line. As T, approaches zero tempera-
ture, the slope becomes steeper and eventually the phase
transition vanishes at x, 0.66+0.04. In other words, the
protons (deuterons) cannot show any long-range order
above x, even at zero temperature due to the cooperative
tunneling motion of the protons, which can be regarded
as the simplest example of the quantum phase transition.
Similar x-T phase diagrams have been reported in the iso-
topically mixed crystals of other analogous compounds,
Rb3Dt ~H (SO4)2 (x, 0.78) and RbsDt H (Se04)2
(x, 0.96) [10].

Now, let us return to the e-T curve shown in Fig.
2(a). In the fully deuterated compound (x = 0.0),
critically increases on approaching T, (=85 K) from the
low temperature side and then gradually decreases above
T„which is typical of the AFE phase transition. T,
rapidly decreases with increasing x and eventually the
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phase transition disappears above x, : For the x & 0.70
sample, there is no trace of the phase transition and
~ monotonously increases with decreasing temperature.
Even in the proton-rich samples that show no phase tran-
sition (x & 0.70), x-dependent behavior is observed: At
x = 0.82, e increases steeply with decreasing ternpera-
ture, while the low-temperature enhancement of e is re-
markably suppressed at x = 0.92 and 1.0. In particu-
lar, the dielectric constant becomes almost temperature
independent below 40 K at x = 1.0. Such a suppres-
sion is ascribed to the active tunneling motion of protons
between the two potential minima, which disturbs the
response of the protons to the external electric field, as
will be demonstrated by the model calculation (described
below).

We employ the simple mean field approximation [8] to
the Hamiltonian in Eq. (1), and obtained the following
self-consistent equation for the molecular field [ll] I' =
(—1)'Jz(cr,') with z being the number of nearest neighbor
sites,

rr= Jz x tanhp nH2+r2
+

r+ (1 —x) tanh p A2D + I'~ . (2)fl' + I' r

From Eq. (2) the transition temperature T, is readjly ob-
tained by taking the limit I' ~0. The dielectric constant
e(T) is also given by

t(T) = egg + p
xo(T)

1+ Jzyp T '

where yp(T) = xyp + (1 —x)yp with yp being(H) (D) . H(D)

the polarizability of a single proton (deuteron) tunneling
between the two minima in the presence of the molec-
ular field I' and N (p) is the density (magnitude) of
the dipoles. The polarizability is defined as yp

(QH(Di /AH(Dl )tanh ph H(Dl + (pI' /AH(Di )sech pAH(Di,

where AH(D)
—= AH(D) + I' . The parameters ap-

pearing in the model Hamiltonian Eq. (1), AH, AD, and
Jz, are determined so as to reproduce the values of T,
(=85 K) at x = 0.0 and x, ( 0.66), and profiles of the
e Tcurves at x =-0.0, 0.22, 0.42, and 0.62 [closed circles
in Fig. 2(a)]: The best-fit results are AH=167 K, AD=52
K, and Jz = 95 K. In the fitting procedure, the back-
ground value of e is determined to be e~ 2.2, which
corresponds to the minimum value of the vertical axis
of Fig. 2(a). In Fig. 2(b) are shown the calculated e(T)
curves using Eq. (3) for various x corresponding to the
experimental data in Fig. 2(a): Solid and dotted curves
are for x ( x, and x ) x„respectively. Overall agree-
ment between the theory [Fig. 2(b)] and experiment [Fig.
2(a)] is satisfactory. The same parameters also repro-
duce the x-dependent features of T„as indicated by a
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FIG. 4. Proton concentration (x) dependence of the spe-
cific heat jump AC at T, for K3Di ~H (SOq)z. The solid
line is a calculated result based on the transverse Ising model
vrith the parameters AH ——167 K, BD ——52 K, and Jz = 95 K.
The inset shows contributions of the proton (deuteron) cor-
relation to the specific heat (C) per dimer unit.

solid curve in Fig. 3. Here, a systematic deviation of
the calculated curve toward the higher-temperature re-
gion is seen, which is perhaps due to a drawback of the
molecular-field approximation: This approximation ne-
glects eKects of the fluctuation and therefore tends to
overestimate T, .

Thus the global features of the phase diagram and the
dielectric constant e(T) are described by the tunneling
model of Eq. (1). However, there are adjustable pa-
rameters and the applicability of the tunneling model
is not uniquely dictated. When the phase transition
is suppressed by the quantum fluctuations rather than
by the thermal agitations, the entropy of the system re-
mains small even in the PE phase. In the limit of zero-
temperature quantum phase transition between the two
ground states, the entropy is zero in both the AFE and
PE phases. Therefore, the thermodynamic quantity is
expected to give a clue to the relative importance of the
quantum fluctuation. Especially in the mean field theory
of the Ising model (classical limit), the jump in the spe-
cific heat Lt at the transition is predicted to be 2k~,
independent of the coupling constant J and hence T, .
Therefore, the absolute value of AC as well as its x de-
pendence gives important information.

The inset of Fig. 4 shows contributions of the proton
(deuteron) correlation to the specific heat per dimer unit
(i.e. , per one proton or deuteron), that is, the remain-
der of the raw specific data after subtracting that of
K3H(S04)q, open and closed circles are for x = 0.0 and
x = 0.42, respectively. At x = 0.0 (open circles), the re-
mainder component (C) of the specific heat gradually in-
creases up to around 2 k~ (the value in the order-disorder
limit) on approaching T, from the low-temperature side
and then suddenly drops at T, . [A similar behavior for
C has been also observed in the isomorphic compound
RbsD(Se04)2 [12].] The anomaly of C at T, is observed
to decrease in magnitude with increasing x, as seen in the

2835



VOLUME 71, NUMBER 17 PH YSICAL REVIEW LETTERS 25 OCTOBER 1993

inset for the z = 0.42 sample (closed circles). We defined
the maximum value of the remainder component C as the
specific heat jump (AC), and plotted it in Fig. 4 against
x. One may notice that LC continuously decreases with
increasing x, or equivalently with decreasing T, . Such a
reduction in LC is ascribed to the enhanced tunneling
motion of the protons (deuterons). As indicated by a
solid line in Fig. 4, we can semiquantitatively reproduce
the reduction in AC by the transverse Ising Hamiltonian
Eq. (1) with the same parameters given above [13].

Although the present system is a mixed crystal with
random distribution of protons and deuterons, the quali-
tative features of the physical quantities described above
are similar to those of the virtual crystal with the uni-
form effective tunneling frequency A(x) that increases
with x. For this virtual crystal, the collective modes
(pseudo-spin-wave-like modes) are expected to exist and
soften toward T, [7]. This is analogous to the displacive
phase transition, where a specific phonon mode softens
and finally condenses at T = T,. Therefore, the classical-
to-quantum crossover of the phase transition discussed
above may be interpreted also in terms of the crossover
from the order-disorder to displacive type. Another im-
plication is that the collective modes may be detected,
e.g. , by neutron scattering, though the wave vector q is
not well defined in the present system.

In summary, we have deduced the dielectric phase di-
agram and relating dielectric and thermodynamic prop-
erties of KsDi ~H~(SO4)2 as a function of proton con-
centration (x). With increasing 2:, we could effec-
tively increase the tunneling frequency of the protons
or deuterons. It was observed that the increase of the
correlated tunneling motion drives the dielectric phase
transition from the classical to quantum nature and fi-

nally suppresses the phase transition itself. Lastly, we
mention that the importance of the quantum Buctuation
has manifested itself in other systems, e.g. , the anoma-
lous dielectric (paraelectric) properties of SrTiOs and
KTaOs near zero temperature [14] and also in squaric
acid (H2C404) under high pressures [15]. We hope that
comparison among these systems and the present one

clears up the role of quantum effects in the dielectrics.
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