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We analyze the statistics of water droplet avalanches in a continuously driven system. Distribu-
tions are obtained for avalanche size, lifetime, and time between successive avalanches, along with
power spectra and return maps. For low flow rates and different water viscosities, we observe a
power-law scaling in the size and lifetime distributions of water droplet avalanches, indicating that
a state with no characteristic time and length scales was reached. Higher flow rates resulted in an

exponential behavior with characteristic scales.

PACS numbers: 64.60.Ht, 05.40.4+j, 05.70.Ln

The deposition, growth, coalescence, and motion of
fluid droplets is a subject of enormous interest to many
disciplines in science and engineering [1]. Examples
of fluid transport that have recently attracted renewed
interest include models of river formation [2] and the
coverage area fluctuations of periodically pulsed droplet
deposition [3]. Also, studies of a single dripping faucet
have found a rich dynamics, including period doubling, as
a function of the water supply flow rate [4]. Lightning dis-
charges and other forms of electrical breakdown [5], ape-
riodic x-ray sources [6], plasma turbulence, mechanical
vibrations, and electronic circuits [7] can sometimes be
characterized in terms of spatially extended “dripping”
models. The literature on water droplet dynamics is vast,
and we do not attempt a review. The interested reader is
referred to our references and papers cited therein. Here,
we present an investigation of the dynamics of avalanches
in continuously driven water droplet systems.

Recently, the notion of self-organized criticality has
been proposed [8] to account for the behavior of certain
driven dissipative dynamical systems which exhibit long-
range spatial and temporal correlations. Upon reaching
the critical attractor, avalanches are produced with life-
time and size distributions which decay as power laws.
Many previous avalanche studies have examined the on-
set of collective transport in a wide variety of systems
in which noncoalescing interacting elements (e.g., sand
grains, vortices) can be identified. Examples include
granular materials [9] and vortices in superconductors
[10]. Our study is one of the few systematic investiga-
tions of collective dynamics in a system with coalescing
moving elements (i.e., a fluid). An avalanche on a tilted
sprayed surface occurs when a droplet grows in size and
eventually reaches a critical mass, at which time it runs
down the surface, triggering other stationary droplets in
its path, thus creating a chain reaction [11]. Here, we
examine the power spectra and distributions of water
droplet avalanche sizes, lifetimes, and delay times be-
tween successive events in an analogous manner to pre-
vious studies of avalanches.

The experimental apparatus is illustrated in Fig. 1(a).
Distilled water was sprayed through a flow-regulated
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forced-air mister into a clean, clear plastic dome. The
water spray was collected inside the dome, producing
streams which ran down and eventually dripped off the
rim. The droplets then impacted on, and immediately
ran off of a light slanted ring, which was suspended by a
piezo film detection system.

Figure 1(b) displays the anatomy of one of the three
piezo film detectors. A drop of water falling on the
ring stretched the film longitudinally, thus producing a
measurable voltage from which we determined the time
stamp and size of the water droplet avalanches. Each
piezo strip transducer consisted of a thin Mylar film
of double-coated piezoelectric material, which was hung
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FIG. 1. (a) Schematic diagram of the experimental appa-
ratus: distilled water is sprayed through the spray mister (A)
into the transparent plastic (plexiglass) dome (B). Streams
then run down the dome, drop onto the slanted annular im-
pact ring (C), and immediately drop off the inner rim of the
ring. Their impulse onto the ring produces signals from the
three piezo film detectors (D), mounted at 120° intervals, one
of which is not shown for clarity. (b) Detailed diagram of a
piezo film detector: upon a droplet impulse, the suspension
wire (E) stretches the piezo film strip (F), enclosed in a copper
shield (G), sending an electric signal to the computer through
coaxial cables (H).
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within a copper housing. Each of the three signals was
sharpened by an RC filter, passed through an amplifier
circuit, and was digitized using a Data Translation 2805
converter board. Data were acquired at a sampling rate
of 4 kHz using a double-buffered direct memory access
analog-to-digital conversion technique which allowed for
a continuous flow of data at 1.33 kHz per channel.

Each droplet impacting the ring produced direct signal
responses followed by post-impact (or aftershock) damp-
ing vibration signals in all three detectors. A program
was written in C* to compare the detector signals with
pipette calibrated impulses, to test a cutoff value for
screening out aftershocks, to sum the signals, and to out-
put a time stamp and relative size of each event. Calcu-
lation of the relative event size was possible because the
total detector signal produced by one fixed size droplet
was essentially independent of angular position around
the ring.

Because this detection system could discern droplets
separated in time by only a few milliseconds, it was nec-
essary to define a clustering time, 7T, for droplets that
were considered to be causally connected to each other,
and not independently triggered. The individual droplet
signals (with a duration on the order of 0.5 msec) sepa-
rated by less than T were considered to be part of the
same avalanche (i.e., an event composed of one or more
individual droplets), with a total size equal to the sum of
the sizes of the constituent individual droplets. The time
stamp was assigned as that of the initial droplet time.
The value of T, could be easily altered in the analysis
program, allowing us to test many different values on the
same raw data set and to view the effects. For T, < 6
msec, droplets which were observed to be correlated were
artificially subdivided into separate events. For Ty > 7
msec, a visual observation of the output indicated that
the evaluation program summed many small uncorre-
lated events, lumping them together as larger avalanches.
Therefore, we have chosen T, = 6 msec. This evalua-
tion method also made it straightforward to define an
avalanche lifetime, 7, as the time from the initial to the
final droplet in a given avalanche, and also a delay time,
At, between avalanches.

The system produced many water streams which ran
down the surface, often resulting in water accumulations
around the rim of the dome. Drops then fell off the rim
and impacted the ring when they acquired the critical
mass needed to overcome surface tension effects of the
edge, or when a fast moving droplet hit an accumulation
and triggered an avalanche. Since the detection method
could only monitor avalanches that actually fell off the
dome, it was decided to minimize this accumulation prob-
lem by attaching many 1 cm long vertical copper wires
along the rim, thus preventing rim droplets from coalesc-
ing and lingering. In early stages of this experiment,
mechanical vibrations were a significant problem. The
dome base was therefore fit with a thick brass outer sleeve
and tightly wedged in a mechanically rigid frame, thereby
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FIG. 2. Distributions of water droplet avalanche sizes,
D(S), (a) and lifetimes, D(7), (b) for two 3.5 h runs with
a flow rate of 8 cm®/min at two different viscosities (tem-
peratures): low viscosity (~ 22°C) (A) producing 2569
avalanches; and high viscosity (~ 1°C) (e) producing 2961
avalanches. In this paper, A always correspond to high T
data, while (e) represent low T data. S is dimensionless since
it is obtained as a ratio of voltages.

removing vibrations.

In order to examine the effects of increasing the water
viscosity, the water temperature was lowered. By chill-
ing water from room temperature to near freezing, the
water viscosity approximately doubles. At 25 °C the vis-
cosity of water is 0.89 cP, while at 1°C the viscosity is
1.73 cP. This method of varying the viscosity appeared to
be simpler and more controlled than using a fluid other
than water. Cooling was accomplished by adding chilling
elements to the dome, spray nozzle, and water reservoir.

Data runs were taken at many different flow rates, for
both high and low temperatures. The results shown
here represent two data runs of 3.5 hours each with a low
flow rate (8 cm3/min): one at about 22°C and one near
1°C (hereafter denoted as “high T” and “low T',” respec-
tively). Figure 2 contains the distributions of avalanche
sizes, D(S), and lifetimes, D(7). Figure 3 shows the cor-
responding distributions of time delays between consecu-
tive avalanches (sometimes called waiting times), D(At).
The plots have been scaled so that the sum of the prob-
abilities for each data set is equal to 1. All of our data
were examined on semi-log and log-log plots, with both
linearly and logarithmically binned histograms. The lat-
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FIG. 3. Distributions of delay times between successive
avalanches, D(At), for the same data described in Fig. 2.

ter have bin heights which were normalized by their cor-
responding bin widths. These alternate plotting and
binning methods helped us to discern between exponen-
tial, power-law, or other types of decays.

The low flow rate size distributions, Fig. 2(a), ex-
hibit a power-law behavior, as shown by the linear fits:
D(S) ~ S~*, with a = 2.66 (1.93) for low (high) viscos-
ity. The high flow rate size distributions (not shown)
exhibit an exponential behavior: D(S) ~ exp{—(S/So)},
with So ~ 1.2, consistent with single droplets. D(7)
for the high T data, Fig. 2(b), extended over a some-
what narrow range of 7 due to the low water viscosity.
By lowering the temperature, and thereby increasing the
“cohesive strength” between the droplets (i.e., water vis-
cosity), D(7) extends over a longer 7 range. The lin-
ear fit in Fig. 2(b) indicates a power-law behavior over
about a decade: D(7) ~ 77310,  The high flow rate
lifetime distributions (not shown) exhibit an exponen-
tial behavior: D(7) ~ exp{—(7/70)}, with 79 ~ 2 msec
(short avalanches). Low water flow rates are analogous
to slowly driving the system towards the threshold of in-
stability, as in other avalanche studies [9,10]. High flow
rates drive the system very rapidly, preventing a broad
distribution of relaxation rates, resulting in exponential
distributions of sizes and lifetimes.

At low T and low flow rates, there were several, some-
what periodic, large events which were significantly larger
than the largest events in the high T data sets. These
large events correspond to avalanches which span a signif-
icant portion of the dome surface and sweep up many sta-
tionary droplets in their paths, thus acting like “system-
resetting” events. After the occurrence of any one of
these large events, the behavior was characterized by only
small and medium size avalanches for a long period of
time. Eventually the system collected enough station-
ary droplets to have the potential for another system-
resetting avalanche. This behavior is reminiscent of the
relaxation oscillations in sandpiles [9], where every “pe-
riod” exhibits precursor avalanches leading up to a large
system-spanning slide, which resets and relaxes the sys-
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FIG. 4. Power spectrum versus frequency (in hertz) for the

same data shown in Fig. 2. Straight lines denote slopes of
—1 and —2.7. For clarity, data has not been normalized.

tem, followed by a series of small aftershocks. The large
water avalanches occurred because the higher viscosity
obtained at low T provided more “cohesion” between the
droplets, allowing them to accrete into much larger clus-
ters on the surface before avalanching.

The distributions, D(At), of delay time intervals be-
tween successive events shown in Fig. 3 exhibit a
stretched exponential behavior: D(At) ~ exp{—(At/
Ato)/4}, where Aty = 2.8 msec (for the low 7' data
shown). The D(At) for the low T, high viscosity data
has a higher At tail than the corresponding tail for the
high T', low viscosity data. At any given T', we found that
increasing the flow rate caused the range of the At tails
to be compressed. This is consistent with mass conserva-
tion: The more quickly water is sprayed into the system,
the more closely spaced the resulting avalanches will be.
The small exponent in the fit of the high viscosity data
suggests that correlations among droplet avalanches are
significant.

Figure 4 shows the power spectra obtained by squar-
ing the Fourier transform of the avalanche time trace.
These power spectra, with three different “regions,” are
similar to those published in some previous theoretical
avalanche studies [12]. At higher viscosities (low T'), one
might identify three approximate power-law regimes: a
high-frequency regime (f > 90 Hz) with a slope of about
—2.7, corresponding to observation times smaller than
our largest lifetime avalanche; an intermediate regime
(30 < f < 90 Hz) with a slope of the order of —1, cor-
responding to times larger than the maximum duration
(lifetime) of individual avalanches (~ 13 msec), and de-
noted [12] as the regime of interacting avalanches; and
a low-frequency regime (f < 30 Hz, for low T') with an
approximately flat slope, characteristic of white noise,
and corresponding to uncorrelated events widely sepa-
rated in time. For the low viscosity data (high T),
the middle-frequency regime is small, while the (low-
frequency) white noise region extends significantly (up
to f ~ 40 Hz). This demonstrates that for lower vis-
cosities, the avalanches are more weakly correlated than
the higher viscosity events. Of course, and as discussed
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FIG. 5. Return maps, Atp4+1 versus At,, for high viscosity
data (low T') at two different flow rates: (a) 17 cm®/min, and
(b) 8 cm®/min. A steep decay in D(At) for high flow rates
produces a dense cluster of data around a triangular region
near the origin. A slowly decaying D(At) for low flow rates
produces a much more diffuse distribution of data.

by Weissman, Jensen, and others [13], any occurrence of
a 1/f region by itself should not be considered definite
evidence in support of self-organized criticality.

Our distributions demonstrate that avalanches with
many different sizes and time delays occur. To examine
if there are significant correlations between consecutive
avalanches, we have studied the At return maps. Figure
5 shows Aty 1 versus At, for the high viscosity (low T')
data set for two flow rates: (a) 17 cm®/min, and (b) 8
cm®/min. In previous dripping faucet chaos experiments
[4], this graph produced “periodic” islands with interest-
ing fractal shapes and some purely stochastic distribu-
tions, illustrating period-doubling behavior as a function
of the faucet flow rate. However, in our return map,
there is a fundamentally different behavior. Instead of
periodic islands, there is a high concentration along the
axes and a dense triangular region at the origin. For
high flow rates, event pairs with a large time delay are
usually followed by another avalanche a short time later.
Conversely, event pairs with smaller time delays are fol-
lowed by an avalanche with an increasingly larger range
of time delay possibilities. However, for low flow rates,
the return map is more uniformly distributed due to the
broader distribution of delay times. The observed behav-
ior is the result of the many degrees of freedom involved
in the dynamics, because this system can be thought of
as a large array of interacting dripping faucets.

Very large avalanches [e.g., D(S = 17) in Fig. 2(a)] are
rare, and thus are more affected by statistical fluctuations
than the smaller size events. To improve our statistics
(e.g., to minimize fluctuations) and increase the range of
values for S, 7, and At significantly, several alterations
would be required: a much larger sprayed surface, longer
measurement times, and lower flow rates. However, ex-
perimental and computer limitations prevented us from
making these changes.

In summary, the general motivation of this work is
twofold: The physics of continuously driven water droplet

2752

avalanches has not been systematically explored so far,
and more specifically, the new paradigm of critical dy-
namical attractors, studied in a variety of different sys-
tems, has not yet been examined in detail for fluids.
At both high and low viscosities and at low flow rates
(~ 8 cm®/min) we have found avalanche scale invariance
in analogy with other nonfluid systems. Furthermore,
higher viscosities provided a larger range of power law
behavior due to the increased “cohesive strength” (i.e.,
viscosity) between the droplets. At high flow rates (~ 17
cm®/min), the event distributions did not exhibit scale
invariance, but rather decayed exponentially, implying
a subcritical state with characteristic length and time
scales. By lowering the input current (i.e., flow rate), the
system moved from a subcritical regime to a state with
no characteristic scales.
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