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Short-Time Behavior of Unstable Systems in Field Theory and Proton Decay
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The short-time behavior of an unstable particle is examined in a realistic field theoretical model. The
onset of linear decreasing of the nondecay probability is shown to be extremely rapid, so rapid as to ex-
clude any relevance of regimes quadratic in time ("Zeno" quantum paradox). The result applies to
super-renormalizable, renormalizable, and nonrenormalizable cases, particularly to the proton decay
problem. We discuss also the deviations from the exponential decay law in small-Q-value decays.
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Most studies in field theory deal with the asymptotic
properties of microscopic processes, which can be reduced
to the study of the 5 matrix. It is, however, interesting or
in some cases necessary to study the finite-time evolution
of quantum systems [1]. One such case is the behavior of
the nondecay amplitude of an unstable system, where siz-
able deviations from the exponential behavior are expect-
ed to occur at short times [2].

Previous work on the problem has started from the
nondecay probability at time T, PND(T), and its formal
expansion at small times:

= 1
—QE 272+

According to Eq. (1), the decay rate vanishes for T 0,
which leads to the so-called quantum Zeno paradox: The
decay probability being negligible at small times, a quan-
tum system observed frequently after formation will nev-
er decay.

In the case of proton decay, these considerations raise
the suspicion that present experiments have failed to ob-
serve decay processes simply because protons in the
Universe, some 10+' years after formation, i.e., at times
which are an infinitesimal fraction of the theoretical life-
time, are still in the quadratic regime, Eq. (1). If that
were the case, the present experimental results would
have no bearing on the issue of the proton's instability.

Several authors have addressed this problem, trying to
recover the usual exponential decay law for proton decay
at the present time. Some have considered the problem
from the point of view of the theory of quantum measure-
ments, which led to subtle questions as to whether the nu-
clear interactions inside the nucleus can or cannot be con-
sidered a quantum measurement of the proton nondecay
probability [3]. Others have called into play the macro-
scopic nature of the measuring devices [4], or the macro-
scopic number of protons in the observed sample [5].

In this Letter, we consider the finite-time behavior of
an unstable, field-theoretical system within perturbation
theory (probably not inadequate for the problem of pro-
ton decay).

The first result that we find is that AE in Eq. (1) is
infinite in most cases. It is so even in the super-
renormalizable case of a scalar theory with trilinear cou-
pling, where we find

(2)

As a consequence, we find that Eq. (1) is useless in the
most interesting cases and that the behavior at very short
times depends critically on the details of the switching on,
i.e., the formation of the unstable system.

This conclusion is very general and does not depend on
the use of perturbation theory. In fact, the infinity of the
first moment of the energy spectrum is not due to the
choice of a particular interaction Hamiltonian or to the
lack of a form factor. This infinity would be present also
in case we decided to treat the proton as a composite
QCD bound state. The divergence of the first moment is

very generally due to the singular nature of the product
of local observables (in this case the Hamiltonian densi-
ty) when computed at short distances. As we show in the
present paper, this divergence is tamed by eliminating the
sharp observation time boundaries and introducing times
characteristic of the measuring apparatus and indepen-
dent of the physical decaying system. These rounding oA

parameters have obviously nothing to do with the ex-
tremely weak interaction determining the slow decay.
Coming to the way the exponential decay is approached,
we find that the relevant time scale in all cases considered
and for "normal" Q values, Q=M, is given by M ' (M
being the mass of the unstable system), with a possible
enhancement proportional to a power of (Mr) ', r be-
ing the time scale characterizing the switching-on of the
unstable system to which we have previously alluded. In
the proton case, we expect r to be of the order of the time
scale of proton formation from the deconfined quark-
gluon plasma in the early Universe, i.e., to be a typical
strong-interaction time, like (Mp) . Thus, a single pro-
ton is expected to enter the exponential decay region after
an unobservably small time, of the order of 10 sec.
Genuine deviations from the exponential law are present,
instead, in decays with exceedingly small Q values, at
times of the order Q '))M ', as observed in Ref. [6]
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T 2
= &PIT exp —ig HI(r)dt IP) (5)

where 0 is the total Hamiltonian, Hq the interaction
Hamiltonian in the interaction picture,

0=00+0

and illustrated numerically at the end of this paper. Such
effects have been searched for [7] but not yet observed.

We focus on the short-time behavior of simple field-
theoretical unstable systems, such as a quantum field y of
mass M, weakly coupled to a pair of lighter fields p~ and

t&iz, so that the decay

y—Pi+Az (3)
is allo~ed. We consider explicitly the following cases.

(i) Super-renormalizable interaction, with all scalar
fields and a nonderivative coupling:

Lini =~Yki 4z+counterterms . (4i)
(ii) Renormalizable interaction, with y and pi spinor

fields, Yukawa coupled to the scalar pz.

L;,i =gPi ypz+ H.c.+counterterms . (4ii)
(iii) Nonrenormalizable interaction; the same as before

but with a derivative coupling of pz.

L;„i f(pi y„y)8"pz+ H.c.+ counterterms . (4iii)
The nondecay probability at time T is defined accord-

ing to Eq. (1). Going from the Schrodinger to the in-
teraction representation, one finds

PNn(T) =I&Pie ' IP)l =I&P, t =OIP, T)

=I&P, r =ole '""IP,T& I'

=l&P, r =olP, T&, l'

used the fact that the state IP) is all eigenstate of Ho
Equations (1) and (5) contain sharp time boundaries

at t =0 and t =T. As we will see, this leads to the singu-
lar behavior of PNn, illustrated by Eq. (2). The diver-
gence is not cured by renormalization. Mass renormal-
ization in lowest order (as well as wave-function and cou-
pling constant renormalization, in the renormalizable
case) occurs in the imaginary part of the nondecay ampli-
tude and therefore it gives a X contribution to PgD, as
discussed below. The fact that hE is divergent in the re-
normalized theory may be surprising at first sight. How-
ever, it is simply a reAection of the sharpness of the time
boundaries, similar, in this respect, to the short-distance
singularity one encounters in current-current correlation
functions in renormalized field theory.

The sharp boundary is unrealistic both because the
measuring apparatus cannot provide infinite frequencies,
and because the formation of the unstable state requires a
characteristic time. To account for this eA'ect, we intro-
duce a smoothed version of the Heaviside function:

1 "+e, (r) =
J defoe' ' S,(a)), (7)2' CO

—
E 6

where 8, (co) is the Fourier transform of some regularized
version of the 6 function. In the following, we use

$, (ro) = (g)
I + (ror

where, for simplicity, we have introduced a single charac-
teristic time r to describe both the switching-on and the
switching-oA of the measurement. Defining further,

g(r, Tlr) =e, (r) —8,(r —T), (9)
the nondecay probability is written as

2

P N(nTlr) = &PITexp —i g(t, TIr)HI(t)dt IP&
Hl(r) =e' 'HIe ' ' =„HI(x,t)d x,

(io)
the svmbol Tt l denotes time ordering and we have In lowest order of perturbation theory, the correspond-

ing nondecay amplitude, ANn, can be written as

ANn(Tlr ) =&PI Texp iJ dh g(r,—Tlr)HI(t) IP& =Re(AND)+iim(ANn),

with

Re(ANn) =1 ——&Pl„' „dr dr'g(r, Tl 7 )g(/', Tl r)HI(r)HI(r') IP), (12i)

Im(ANn) = —&PI) dtg(t, TIr)HI(t)IP) ——&P[& J dkdt'e(t —t')g(t, TIr)g(t', TIr)HI(t)HI(t')IP). (12ii)

We note the following features, valid at this order of perturbation theory.
(i) The usual ultraviolet (UV) divergences arise in the second term of Im(ANn). The smoothing implied by the time

scale ~ has no eA'ect on UV singularities. They are due to the locality of the T product, i.e., to the sharp behavior of the
function e(t —t'), and can be regularized only by a genuine UV cutoA'.

(ii) Terms in Hl of the first order in the coupling constant are nondiagonal and do not contribute to the first term of
Eq. (12ii). Diagonal renormalization counterterms, needed to compensate the UV divergences, appear in the first term
of Im(ANn). They are at least second order in the coupling constant and give a higher order contribution to PNn(Tlz).

In conclusion, we obtain

PND(TI r ) = i —&Pl„' dt dr'g(t, Tl r )g(t', Tl r )HI(t)HI(r') IP& .

Inserting a complete set of intermediate states we get
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~ I

PNn(T(r) =1 —
J &

dr dr'g(t, Trr)g(t', T(r)g((P(HI(0)(n)~ e " e

=I —pl(PIHI(0)i &[' "" ", [s,(2 —M)]'.
n (2ro —M) ' (14)

Equation (14) does not yet give the physical survival probability of the particle. Among the intermediate states ap-
pearing in Eq. (14), there is a class corresponding to the disconnected diagrams shown in Fig. 1, where HI excites and
reabsorbs an intermediate state from the vacuum. These diagrams give rise to the nondecay amplitude of the bare vacu-
um, as indicated by the fact that they give an amplitude proportional to the space volume. Correspondingly, Eq. (14)
factorizes according to

PNn(Ti r ) =P„„(Ti r )Pp, «(Ti r ) . (I s)
P~,«gives the survival probability of the particle, and it is also given by Eq. (14) but with the sum restricted to the

contribution of connected diagram. Using the relation
2

2 sin [(T/2) x]
(T )2rr TB(x)

{17)

F3(T,M, r ) —F3(T, —M, r ) =—g()+ 2 gp, (20iit)1 3

gp= —T 1 + e ' 1+x 3r 1 Tg, 3r
2 2T 2 T

(21)

TfT
1 + (22)

The small-time behavior is then

Ppart, SR 1
64 M

T2+ ~ (23i)

MP 1
g T2+. . .

p tR 64
(23)l)

(23iii)

For large times, MT)) 1 (but still such that I T « 1):
2 3 7 +

16+M 2T
(24i)Ppart, SR

P„„,R=i —g, [F,(T,M, .) F, (T, —M, .)—],

we obtain

Pp «(Tlr) (T— )1 TZ2&~{2~
n

For T ~, Eq. (17) reproduces the exponential de-

cay, with the width I given by the Fermi "golden rule. "
Provided we choose B,(0) =1, the limit is obtained in-

dependently from the value of the time scale i. On the
other hand, if we develop formally Eq. (14) around T =0
and set B,(x) =1, we obtain a divergent result, i.e. , Eq.
(2) for the super-renormalizable interaction and a corre-
spondingly higher divergence in the other cases. K

What is relevant for us is the time scale at which the g2 4
asymptotic limit (17) is attained. Of course, the inter-
mediate-time behavior depends both on the particular
form of the interaction and on the function g(t, T~r). In

the cases we are considering, Eqs. (2i)-(2iii), and in

lowest order of perturbation theory, the contributions to
Eq. (14) correspond to the direct and Z diagrams report-
ed in Figs. 2(a) and 2(b). For illustration, we consider
first the case of massless final particles. We find for the
three different interactions

P „,sR = I — [Fp(T,M, r)+Fp(T, —M, r)],
4z M

(18i)

with
' a

2ro sin [(2ro —M) T/2]
p (2ro —M) '

x [6,(2 ' —M ) ]
By explicit calculation, one finds

f M
P(,a«, NR =1 —

2 [F3(T,M, r ) —F3(T, —M, r )],
(18iii)

g M 3rP =1 — T 1
— +.

part, R
=

16 2T

Ppart, NR
16m 2M'

+ ~ o ~

3MT:

2

(24ii)

1

MT

(24iii)

Fp(T, M, r)+Fp(T, —M, r) =—g(),
1

F({T.M, r ) F&(T, —M, r) =——gp,
1

(20i)

(20ii)
FIG. 1. Disconnected contribution to Eq. (14).
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FIG. 2. (a) Direct diagrams and (b) Z diagrams contribut-
ing to Eq. (14).

A few comments are in order.
(i) Equations (23) show the fallacy of the finite AE

assumption. This phenomenon is an unavoidable conse-
quence of the singular nature of the product of local ob-
servables (in this case the Hamiltonian density) when

computed at short distances, as Eq. (13) clearly shows.
In strict analogy to the theory of inclusive processes, the
presence of form factors cannot eliminate this divergence
and, as already stressed in the introduction, this singular
behavior would also be present in case we decided to treat
the proton as a composite QCD bound state. In particu-
lar, for very short rising times, r 0, the exact nondecay
probability in the super-renormalizable case decreases
linearly from unity, at all times; see Eq. (21).

(ii) The large-time behavior, Eqs. (24), indicates that
the linearized exponential decay law, Eq. (17), is reached
after characteristic time scales of the order of M
enhanced by a factor proportional to (Mr) ' in the non-
renormalizable case.

In the interesting case of muon decay, even assuming

(rM ) -'= =10'~w
M„

an enhancement of the order of (rM„) (appropriate
for the four-fermion interaction) would give a time scale
of the order of 10 ' sec, much smaller than the observ-
able laboratory time scales.

In proton decay, as remarked above, expected forma-
tion time is itself in the order of (Mp), and no devia-
tion from the exponential decay law is implied at the
present time.

(iii) The conclusions in (ii) remain qualitatively un-

changed for decays with massive final particles, provided
the Q value of the decay is a sizable fraction of M, as
shown in Fig. 3(a).

Genuine and perhaps observable deviations from the
exponential decay law at small time scale are positively
predicted [6] for decays with a very small Q value. For
Q 0, there is a new time scale Q ', independent from
and much larger than the natural time scale M '. The
corresponding short-time deviation from the exponen-
tial law is illustrated in Fig. 3(b), for the super-
renormalizable interaction.

Finally, we recall that the analysis presented here has
no bearing upon the really large-time behavior, i.e.,
I T&) 1, for which the perturbative approximation breaks
down and a much more difficult analysis is required.
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Steps in this direction can be found in Ref. [2].
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FIG. 3. (a) The function (1 Pr„&)/T vs T,—in units of M
Super-renormalizable interaction, final particles of equal mass:
p =0.4M. The switch-on and -off' time is r =(100M) '. (b)
Same as in (a), but for final particle mass p =0.44M(1) and

p =0.49M(ll). The increase of the characteristic time scale
with Q

' can be noticed.
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