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Microwave Frequency Dependence of Integer Quantum Hall Effect:
Evidence for Finite-Frequency Scaling
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We present ac measurements of the diagonal conductivity a „, in the integer quantum Hall regime for
frequency f between 0.2 and 14 GHz and temperature T» 50 mK. Re(cr„) was obtained from the
measured attenuation of a coplanar transmission line on the sample surface. For f»1 GHz, o„„peaks
between IQHE minima broaden as f increases, roughly as (AB) ccf", where AB is the peak width.
y=0, 41 ~ 0.04 for spin-split peaks and for spin-degenerate peaks y=0.20 ~ 0.05. We interpret our data
in terms of dynamic scaling. Our y, when compared with existing estimates of the localization length ex-
ponent v, is consistent with assigning a dynamic exponent z =1.

PACS numbers: 73.40.Hm, 72.30.+q, 75.40.Gb

Around integer Landau fillings i the integer quantum
Hall eA'ect (IQHE) produces wide regions of magnetic
field B, in which the transverse resistivity p ~ is a plateau
with quantized value h/e i, and the diagonal resistivity
p„„, and conductivity cr are a flat minimum with

p, , a.„„vanishing. At low T these plateau regions of B
are separated by comparatively narrow transition regions,
where p ~ rises sharply, and p», o exhibit peaks. The
peaks are a manifestation of the delocalization of the
electrons in the 2D electron system (2DES), as 8 ap-
proaches B, the field at which a Landau level lies on the
Fermi energy. This delocalization has been shown to be a
critical phenomenon [1], where 8* is a critical magnetic
field, and at T=O the localization length g diverges as
8 8 . Quite generally, as criticality is approached,
the internal dynamics of the system must slow down [2],
so that as g diverges, a correlation time, r„ that charac-
terizes the dynamics of the system, also diverges. In this
work we present broadband microwave ac conductivity
measurements that for the first time directly exhibit the
slowing down of the internal dynamics as B* is ap-
proached, and allow us to determine the critical exponent
associated with the divergence of z, .

The efi'ect of the critical behavior of g or r, on the ob-
servable magnetotransport at finite T and finite frequency
f is considered in scaling theories, which compare g [3] or

[4] with the elective sample size L and an effective
measuring time z . g, r, diverge as 8 8* according to

where v, y are
critical exponents and z is the dynamic exponent. In the
scaling picture the conductivity is determined by L/(,

/r, . The scaling regime is reached when at least one
of these quantities approaches unity as B B*, produc-
ing the finite width t),8 of the o. „peak. Wei et al. [I]
studied the dc hB as a function of T, and found AB o(- T,
where x'=0.42. This power law in T is evidence for scal-
ing behavior, because varying T has the eA'ect of varying
L through the T dependence of the inelastic scattering
rate. The inelastic scattering rate goes as T~, so L—T ~t, and the measured T exponent tc=p/2v.

In this paper we report on experimental measurements

of ac Re(o„,) in the IQHE regime, for f between 0.2 and
14 GHz, in the low-wave-vector (q 0) limit, and
T between 50 and 470 mK. The measurements were
achieved with a coplanar transmission line that was pat-
terned on the sample surface, and coupled capacitively to
the 2DES. The IQHE was clearly observable throughout
the f range. The width of transitions between IQHE
minima in Re(a, ) was found to increase roughly as
/JB —f", for f+ 1 GHz and temperature T—50 mK. For
spin-split Landau levels ) =0.41 ~0.04. For f (1 GHz,
hB increases with T. The data on the spin-degenerate
transitions, though not presently of such quality as to al-
low precise measurement of y, are consistent with y equal
to half that for spin-split transitions. The power-law be-
havior is interpreted as due to dynamic scaling, where the
exponent is related to the r, exponent as ) = I/y. With
an estimated v of 7/3, our measured ) of 0.41 implies
(within experimental accuracy) that the dynamic ex-
ponent z =1. The smaller f dependence for the spin-
degenerate levels, together with previous results on scal-
ing in T-dependent dc transport, is consistent with z =1
for spin-degenerate as well as spin-split transitions, and
with v being 14/3 for the spin-degenerate levels.

To our knowledge, transport in the 2DES has not been
explored previously over the full f range of our experi-
ments. Other experiments on rf QHE transport have
been performed at the fixed microwave frequency of a
waveguide system [5,6] or have been confined to frequen-
cies lower than or overlapping the lower part of our f
range [7,8]. In the waveguide measurements of Ref. [5],
quantized plateaus were observed in o ~ at 33 6Hz and
T down to 2.2 K. The results of early work [8] on the
IQHE at f~ 50 MHz and T» 0.5 K do not show any
clear f dependence of the transport. Measurements [9]
of o.„„using surface acoustic wave attenuation and veloci-
ty shift found no evidence for systematic f dependence of
the IQHE up to 300 MHz. Other, more recent rf mea-
surements on the 2DES in heterojunctions focused mainly
on the regimes of the fractional QHE and of the extreme
quantum limit [10]. These investigations include finite-
wave-vector a„measurements using surface acoustic
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FIG. l. (a) Top view of coplanar waveguide transmission
line, showing metal film only (metal is black). (b) Magnified
cross section of sample near the transmission line (not to scale).
Slot width w =30 pm. (c) Simplified schematic of our experi-
mental setup, Voltage Vo is fixed by the servo loop, K is the
detector sensitivity. Relative transmitted power P ee K~ V~/Vo~

waves [11],and some transmission line measurements us-

ing techniques difl'erent from ours [12].
Our broadband Re[a „(f)] data are calculated from

the measured transmission loss of a coplanar transmission
line on the front surface of the sample, which is a GaAs/
Al Ga~ „As heterojunction grown by liquid phase epi-
taxy, and has density n =4.2X10" cm, and mobility

p =4X IO cm /Vsec. The transmission line we use is a
coplanar waveguide [13] (CPW) meander line, and is
shown in Figs. 1(a) and 1(b). The signal is applied to the
narrow center strip, while the large metal areas on each
side are grounded. These ground planes minimize cou-
pling between adjacent periods of the meander line, so we
can consider the meander line as if it were a straight
CP W of total length d = 14 mm. The long, narrow
transmission line coupled to the 2DES allows broadband
measurements of the small conductivities typical of the
2DES at large B, and avoids the detrimental eAect of in-
terelectrode capacity, which at such high frequencies
would complicate 2DES conductivity measurements
made through Ohmic contacts or through simpler capaci-
tive coupling arrangements. The measured loss in the
2DES occurs mainly under the slots of width w-30 pm,
so the experiment is sensitive to a,„(f) in the long-
wavelength limit. We placed Ohmic contacts outside the
ground planes, and simultaneously measure the dc resis-
tances R~, R z and the relative microwave power trans-
mission P.

We measure the loss of the transmission line with a
source and detector located —1 cm from the sample. A
simplified schematic of our experimental setup is shown
in Fig. 1(c). The microwave source is a resistive splitter
in a leveling loop [14] fed from a room-temperature sig-
nal generator. The detector is an impedance-matched
rectifier operated in the square-law regime. Splitter,
sample, and detector load into the mixing chamber of a
top-loading dilution refrigerator.

The lowest T for which we present data is nominally 50

mK. The T's given in this paper are those of the bath in
which the sample was immersed as the data were taken.
Varying the microwave input power indicated that the
applied microwaves were not causing heating. However,
the dc AB for IQHE transitions ceased to narrow with de-
creasing T between 50 and 100 mK, which means that
thermal leakage down the coaxial cable (through which
the microwaves were fed to the splitter from room T)
caused the sample to be hotter than the bath T of 50 mK.

To obtain Re(o„) from the measured P, we analyze
the CPW in the quasi-TEM approximation [15],which is
reasonable since the total width of the line is much less
than 1/4 the wavelength of microwave radiation at our
highest f. The notations Zp, L'~p will throughout indicate
respectively the CP W's characteristic impedance and
propagation velocity, both evaluated in the limit where
o.„„0.The total width of the CPW relative to the
slotwidth w is fixed to give Zp=50 0 vpp=1. 16&10'
cm/sec. The quasi- TEM analysis of the CPW gives
P =exp [ —Re (o„„)Zpd/w] when (1) the measuring sys-
tem produces no reflections at the ends of the line [14],
(2) ~a„,~t), oZo/vvzcf &&1, (3) rf current in the 2DES is
well confined to the regions under the slots. Condition
(3) holds when (~lo„„~/AC, )' &&w, where C, is the ca-
pacitance per unit area between the 2DES and the top
metal. We obtain Re(o „) from P, according to
Re[a„(f)] =C(f, P)vv~lnP ~/Zod. C(f,P) corrects for
the experimental conditions when statements (1)-(3) are
not all true. C is largest at low f and large Re(cr,„),and
is derived from computer simulations of the measuring
system, including source and detector reflection, and
capacitive coupling to the 2DES. The P dependence of C
results from conditions (2) and (3) containing a„,which
determines P, and does not reflect any nonlinearity in the
sample. For all the Re(o „) data that will be presented
below, 1 ~ C(f,P) ~ 1.4, and for Re(cx„) at the value
used to determine the widths of peaks between IQHE
minima, 1 ~ C(f, P) ~ 1.14. Reflections are small in our
measuring system and result in —+ 1 dB oscillations of
P with varying f These osc.illations give rise to an f
dependent systematic error of —+ 25% in the Re(cr„)
data that we present. Typically our system is —10 times
more sensitive to the real part of o.„„than to the imagi-
nary part.

Figure 2 shows the dc transport coefficients R „,R ~,
and the 14 6Hz P, for T=50 mK. Odd-integer plateaus
with i ) 3 are not observed. IQHE plateau regions corre-
spond to maxima in P since microwave loss increases with
o . The i =1,2, 4 P maxima are all flat, with no ap-
parent microwave loss due to the 2DES, and we use the
i =2 maximum to calibrate P= 1 at each f. The identic—al
maximal P on all the well-developed plateaus indicates
that the mode that carries the microwave power through
the CPW is unaA'ected by a„~. The transitions between
the 14 GHz IQHE P maxima are clearly wider than the
corresponding transitions in the dc transport traces.

Figure 3 shows the f dependence of Re(a „)vs B at 50
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FIG. 3. Re o.o„, vs 8 at three frequencies and tw two empera-
ures. eaks are marked with Landau level index N and spin

and 470 mK.0 mK. We are mainly concerned with the width of
the Landau level peaks in Re(rr„, ). At 50 mK h

of the N=O~ 1l 1

m, t e peaks
o e = J, 1 t, 1 i, 2, 3 Landau levels (i =1 2, 2

33 44 66 8 transitions) all broaden with
each successively higher f on Fig. 3(a), as is seen most

quantum numbers N indicate the spin direction, and an N
without an arrow refers to a peak in which the spin split-

minimum ecomes
mar e y less well developed as f increases. The 470 mK
peaks are broader than the corresponding 50 mK peaks at

.5 GHz, but at the higher f's the widths of the 470 and
50 mK peaks are nearly the same.

Figure 4 summarizes the f dependence of th 'd ho ewits
o e(o») peaks between IQHE minima. The AB

are measured between the extrema of the derivatives of
Re(a„„) vs B. Systematic errors of ~25% in the data
are due to reflections in the measuring system. Figure

f
4 a) shows hB vs f at T=50 mK for th R ( )or e e a peaks
or several diA'erent Landau levels. The h,B'e s increase

wi f or f 1 GHz, but at lower f appear to be f in-

dependent. The lines drawn in Fig. 4(a) are least-squares
fits to the data with f) 0.97 GHz t th
h,B~ccf". For the N =Oi, 1 t, 1 f peaks the fits give
y= .43, 0.38, 0.42, with errors of + 10% estimated from
scatter. The agreement of y between the diferent spin-
sp it Landau levels is good, as is the agreement of our
measured with thy e temperature exponent K measured
by Wei et al. [1]. Fits to ABrxfr for the sp' - 1 dor e spin-unresolved

peaks, though rough, are consistent with a spin-
unsp it f exponent y of half that for the spin-split levels,
with scatter-estimated error of + 25%.

T=50
Figure 4(b) shows AB vs f for the Oi eak d

, 200, and 470 mK. The line drawn in Fig. 4(b) is

thee same least-squares fit as is shown in Fig. 4(a) for the

f& 1 GHz, 50 mK data. For f & 6 GHz, AB(f) is ap-
parently the same at all three T's, and follows the power
law hB rxf". Likewise, at all three T's, AB vs f levels olf
at low f. The AB in the low-f limit is T dependent, as is
the f at which AB begins to increase with f. The data
suggest a change at f—ktiT/h, from an f-determined AB
at low T, high f, to a T-determined AB at low f, high T.

We interpret the low T, high f data, where AB —fr, as
dynamic scaling, with r ' —2trf. In this case our mea-
sured exponent y is just 1/y, where y is the exponent
describing the divergence of z a B 8*. Th, as . e agree-
ment of the y's measured for the three diA'erent spin-split
Landau levels is consistent with the identification of y as
a universal critical exponent. Reference [1] demonstrates
t e dependence of the scale of the system on T, so the ap-

e avior on y above a T-pearance of the AB ccf" behavior 1 b

ependent f makes sense in the dynamic scaling interpre-
tation. A theoretical discussion [4] th
o ynamic and length scaling is also consistent with
AB rr- fr setting in only for f~ ktt T/h

Our measured value of the f exponent, y=0.41+ 0.04
( or spin-split levels) can be combin d 'thine wi existing esti-
mates of the g exponent v to estimate the dynamic ex-
ponent z. Theoretical estimates of v from analytic calcu-
ations [16] and numerical simulations [17,18] all result

in v in the range of 2.3 to 2.4. dc transport experim t
wi h small samples were also interpreted as agreeing

wit t is v. v=7/3, together with 1/y =y=0.41 im 1'

that z =1.0 w'
imp ies

z —.0, within our experimental error of 10%. In a
theoretical stud [20y ~ of superconductor-insulator phase
transitions, z =1 was also suggested.

Our AB vs f data on IQHE transitions indicate that the
critical exponents are not the same for spin-split and
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10% error, z =1. The diff'erent hB vs f curves seen at
diAerent T's also fit in qualitatively with the dynamic
scaling picture. Our data also indicate that z =1 and
v —14/3 hold for spin-degenerate transitions.
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FIG. 4. (a) Peak width between extremal dRe(o„„)/dB,
vs frequency, for three different spin-split Landau levels
(x,N =01; 0, N =1 f; ~, N =11) and two spin-degenerate lev-
els (A, N =2; j, N =3). T =50 mK. AB for N=2 and N =3
are divided by 2 for clarity. Lines are least squares fits to data
with f) 0.97 GHz. (b) Peak width vs frequency at three
different temperatures, for N =01 Landau level.

spin-degenerate levels, a result that can be applied to in-

terpreting dc AB vs T data [21] on spin-degenerate levels.
For these levels the T exponent x. is 0.21, half that for
spin-split transitions. Given tc=p/2v, the different tc's

can be explained by either I/p or v being twice as large
for the spin-degenerate transitions. In our experiment,
the f-exponent )z= 1/zv and does not depend on p. Our
observation that y = a for both types of transitions shows
directly that v is diA'erent for the spin-split and spin-
degenerate levels, while z and p are the same. A unified,
consistent explanation of our results together with those
of Refs. [I] and [21] is then (1) z =1 for both spin-
degenerate and spin-split levels, (2) v is nearly 7/3 for the
spin-split levels and 14/3 for the spin-degenerate levels,
and (3) p =2 for both kinds of level for the samples in the
references.

In summary, we have used a transmission line to study
the IQHE in a new frequency range. For f) I GHz
—kttT/h, we observe the widths of three dift'erent Lan-
dau level peaks in Re(cr„) to go as /38 —fr, with
@=0.41+ 0.04. This power law can be interpreted con-
sistently as due to dynamic scaling, and if v=7/3, it fol-
lows from the value of our measured y that, within about
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