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Minimum Energy Compact Structures of Random Sequences of Heteropolymers
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We enumerate the number of minimum energy compact structures (MECS) for a two dimensional
heteropolymer model consisting of hydrophobic (H) and hydrophilic beads averaged over all possible se-
quences as a function of the total number of beads N and the number of H beads NH. The analysis of
the average number of compact structures, which grows exponentially with N, gives no indication of log-
arithmic corrections to the free energy. For intermediate values of the ratio NH/N, we estimate that the
average number of MECS—which has a minimum at NII'"/N =0.6 ~ 0. 1—does not grow with N. Our
results suggest that the late stages of protein folding should be restricted to the sampling of MECS only.

PACS numbers: 87.10.+e, 61.4l.+e, 64.60.Cn

The argument that the random search of all available
conformations of even a moderately sized protein takes
too much time has been used to suggest that kinetic pro-
cesses must dictate the folding of globular proteins. The
estimate of folding times using this argument is incompa-
tible with biological folding time scales (approximately
seconds). The apparent conllict between biological fold-
ing times and the times estimated by random sampling of
conformation space is known as the Levinthal paradox
[1]. Levinthal's arguments ignore correlations between
the various residues and further assume that all confor-
mations have equal weight. Thus the number of allowed
conformations of a protein with N residues is estimated as
follows:

C~(ideal) =z

where each residue can be found in any of the z states. If
the polypeptide chain is treated as a walk embedded in a
regular space lattice, z would be the lattice coordination
number.

If one accounts for the simplest of these correlations,
namely, excluded volume interactions between residues,
the number of conformations is drastically reduced. The
importance of self-avoidance in the context of protein
folding seems to have been first emphasized by Dill [2].
However, it is easy to ascertain that taking this simple
correlation alone does not rationalize the biological fold-
ing time scale for proteins. One can further assume that
proteins are tightly packed structures and that the initial
events in the folding process lead to the collapse of the
random coil into a set of compact structures. These con-
siderations lead to a further decrease in the number of
conformations [2], and therefore result in a much smaller
estimate of the folding time. Nevertheless, it still remains
astronomically large. To illustrate the above arguments
let us consider the folding of a protein of N residues. For
our purposes we will ignore side chains and view the pro-
tein simply as a polymer of N sites on a regular lattice.
The number of self-avoiding walks (SAWs) (mostly un-

folded structures) scales with N as [3]

Ctv(unfolded) =a/V» 'z tr,

where y is a universal exponent, z,g is an eA'ective
nonuniversal coordination number, and a —O(l ) is a
nonuniversal amplitude. In d=3 and d=2, @=1.16 [4]
and exactly 55/32 [5], respectively. If the rate of confor-
mational sampling is assumed to be 10' sec ' then a
random search of all SAWs in a cubic lattice, where
z,tr=4. 684 [4], would take approximately 10 sec for an
%=100 chain. The number of compact structures, on
the other hand, can be written in its most general form as
[6]

Ctv(compact) = bz zP IV"'

where lnz is proportional to the free energy that depends
on the temperature and the lattice, z~ is a surface fugaci-
ty, d is the space dimension, y, measures possible loga-
rithmic corrections to the free energy, and b —O(1) is a
nonuniversal amplitude. For the purpose of estimation,
we will use the mean field expression z =zje [7], z|=1
and y, =1. Hence, if one restricts the random search to
the set of compact structures only, then the time needed
to find the native state becomes about 10 sec if the pro-
tein is again confined to a cubic lattice (i.e., z =6).

The N dependence of C~ given by Eqs. (2) and (3) re-
sults in estimates for folding times that are incompatible
with biological time scales. Nevertheless, the arguments
set forth above suggest that under folding conditions in-
teractions in proteins must rapidly lead to a state of
higher compactness, and in all likelihood the process of
folding involves only a search among a subclass of com-
pact structures. Good candidates for this subclass of
structures are minimum energy compact structures
(MECS). It is well known that the attractive interactions
between certain residues in proteins result in well defined
folded structures. In this paper, we have estimated the
eA'ect of the attractive energy between hydrophobic resi-
dues on C by undertaking a primarily numerical study
of the MECS in a two dimensional heteropolymer model
introduced by Lau and Dill [8]. It is shown that the
number of MECS is considerably less than the number of
dense compact structures. The relatively small number of
MECS indicates that the eAective attractive interaction
between certain (hydrophobic) residues may direct the
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C1v (compact) is surprisingly smooth, suggesting that
corrections to the leading exponential term in (3) may
vanish. We have investigated this possibility by applying
well established series-analysis techniques including
diA'erential approximants [16] to &CIv(compact))~~.
This has led to the conclusion that

~
I
III

I
I ~ I

I
I ~ I II 50

:(b)
P(y.—1)

~ I I

a)o.6-( 0 0
0

—. 40o o oo

'g~o o
eI III oo
0 o 0

QIPQ Qo
I8
+0 0 0 O

a.4 o
0 0 0

0
0 0

0 0
0 0 0 0

0
00.2 0

0
0

00 o pa000
0

IO a
00 0

0
0 00

0 p OQ)~
oo

/ ~e..
0~0 0

o o o
o Ip

0 0
0 00 0

0

0
mo

00 III Om oo

o o

0 m 0
0 a 0

oaep0 0
0 0 0

0

0

0 (5)y =1.01+0.05 and z =1.475 ~ 0.01~.0 0
0

0
0

0
o
0

0
o e o

0

s&-'. io
0

o—0.2 0

0

0
0 0 0

0
0 0 00 ao 0

0 0 0 00 00

0 Q p
Oo—0.4

I I I I I I I I I I I I I 0
00

I I

062 066 070 074 —04 0 04
1 Za y.-1

FIG. 3. (a) DiAerential approximant analysis of the average
number of compact structures (CIv(compact)1~ on the square
lattice. Each symbol represents one candidate for 1/z and

y, —l, The vertical dotted line indicates the mean field value
1/z, =e/4 =0.679 57. The accumulation near 1/z, suggests

y, —1=0; the rectangle encloses our best estimates. (b) Histo-
gram P(y, —1) of all possible candidates for y, —1. The dotted
line indicates y, —

1 =0.

cles in Fig. 2. For values of N for which the periodicity is

not well defined, direct interpolation between nearest or
next to nearest neighbors is performed. The reliability of
the mean field estimate z =z/e [7], with z =4 on the
square lattice, is confirmed by the dashed line in Fig. 2.
It is noteworthy that the appropriately averaged series of
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We expect the number of CS and MECS to depend only
on the lattice structure, and therefore, for d =3 the num-

ber of MECS should also be a constant.
These numbers confirm Levinthal's conclusion that no

random search, not even among compact structures, will

be able to fold a protein on the time scale of seconds.
However, a folding kinetic scheme that includes a very
fast collapse of the protein structure, plus a relatively fast
location of the low-lying states that would correspond to
one of the MECS [21], may well be enough to allow fold-

ing of a protein to occur on a biological time scale.
Indeed, in an earlier kinetic study [11] we have argued
that the time scale for reaching a favorable MECS
should scale as roN~, where g—2-3 corresponds to a
dynamical folding exponent, and zo is a microscopic time
constant. Based on the rough estimates of Ref. [11],this
time extrapolates to milliseconds for a protein with
N =100 residues. Finally, we are led to conclude that the
rate limiting step for folding should correspond to the
transition between the minimum energy compact states

and the native state. It is interesting to note that, based
solely on our estimates for the size of the space of confor-
mations, the aforementioned three stage kinetic scheme
(unfolded compact MECS native) arises as a
natural scenario for folding on a biologically accessible
time scale. This kinetic scheme is further supported by
recent simulations of lattice models of proteins, where ex-
plicit studies of the kinetics of approach to the native
state from a denatured state show that folding occurs in

three distinct stages [11].
From a physical point of view, there should be an op-

timum value, or range of values, of NH/N for proteins to
adopt well defined three dimensional structures [2]. In
fact, if NH/N((1, i.e., most of the residues are polar,
proteins would dissolve in water. On the other hand, if
NH/N-41 proteins would collapse and precipitate out of
solution. On an average, proteins have a ratio of hydro-
phobic residues (as defined in Ref. [221) of NH/N=0. 54.

On very general grounds, we expect that in the limit
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The diA'erential approximant analysis of the series is
shown in Fig. 3. No surface term is apparent from our
analysis of the averaged series. Indeed, our results do not
show any significant deviation from the mean field values
z =4/e [17] and y=1 [see Fig. 3(b)], suggesting that the
compact phase of polymers may in fact be described by a
mean field theory.

The scaling of M ECS appears to be dramatically
different from that of CIv(compact). If we assume that
the same periodicities observed in CIv(compact) are also
Present in C tv Jv ., we can estimate C Iv Iv&.—12-14 (see
dotted line in Fig. 2); thus, C"tv tom. approaches a constant
value independent of N [18]. The annealed average
C1v tv„(MECS) behaves similarly, the only diA'erence

seems to be that the asymptotic behavior is obtained for
larger values of N. In any case, our results clearly
demonstrate that the average number of MECS in model
proteins is far fewer than the corresponding number of
compact structures [19].

At this point, we summarize the total number of
relevant configurations found for a chain of N =100 resi-
dues under all the aforementioned conditions [20]:
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N ~, Czz&1. should occur at some well defined ratio
NHm'"/N. However, does NH'"/N approach unity as hy-
drophobic sites form the core of the protein and polar
sites distribute on the surface? Or is NH'"/N close to the
minimum possible ratio for which a compact ground state
is obtained, apparently about 0.5? From our very limited
data, it seems that the latter possibility is more likely as
N ~, in agreement with the ratio of hydrophobic resi-
dues found in proteins [22]. Our data suggest a rough es-
timate for NH'"/N is 0.6+ 0.1. The fewest number of
MECS are found when hydrophobic monomers are some-
what more prevalent than polar monomers.

From an evolutionary point of view, our results add
support to the hypothesis that proteins could have ori-
ginated from random sequences. Since roughly half of
the naturally occurring amino acids are hydrophobic [22],
it follows that on an average a random heteropeptide se-
quence should have a ratio of NH/N=0. 5. Our numeri-
cal results strongly suggest that this ratio is not only very
convenient to stabilize proteins in solution [21, but also it
is close to the apparent optimum ratio needed to achieve
the fewest number of MECS. Notice that here we do not
appeal to any stability argument and that our conclusions
follow from explicit computations of the MECS.

In summary, using very simple considerations, in par-
ticular, the chemical heterogeneity of the amino acid se-
quence and hydrophobiclike forces, we have shown that
the number of minimum energy compact structures is far
less than the number of compact structures. It appears
that in the intermediate stages of protein folding,
minimum energy compact structures should act as basins
of attraction for most pathways. Hence, as long as the
protein is able to reach the MECS on a millisecond time
scale the folding process can occur on a biological time
scale. Our calculations along with the kinetic scheme re-
ported earlier [11] provide a rationale for resolving the
Levinthal paradox.

We are grateful to Michael E. Fisher for a critical
reading of the manuscript and to Alexander M. Gutin for
suggesting that we perform a quenched average of the
number of MECS. Financial support from NSF is ac-
knowledged.
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