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Formation of Ripple Patterns and Dunes by Wind-Blown Sand
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Simple models for the formation dynamics of two scales of sand features are proposed. In the simula-
tion of the small scale model, a ripple pattern is spontaneously formed by the saltation of sand grains
when the wind force exceeds a critical value. With the large scale model, the dynamics of sand dunes is

discussed.

PACS numbers: 81.35.+k, 05.70.Fh, 92.90.+x

On a sand beach, we often find beautiful and various
ripple patterns which are made by wind. These ripple
patterns emerge when the wind force (shear stress of
wind at the sand surface) is within a critical range. The
scale of a ripple is of the order of 10 cm. Wind-formed
features are much more various at larger scales. Dunes
are divided into many classes depending on their size and
form.

The formation dynamics of these patterns is essentially
complex because of the discreteness of the system on a
phenomenological scale; that is, two neighboring sand
grains at one instant will not be neighbors at the next in-
stant. In other words, folding and unfolding frequently
occur in these systems.

Dynamics of sand patterns was inclusively reported by
Bagnold [1]. In [1], based on wide observational and ex-
perimental facts, it is reported that the dynamics of sand
grains consists of three elementary processes: suspension,
saltation, and surface creep. According to [1], saltation
is the most important process in the formation dynamics
of ripple and other sand features.

Kawamura proposed a linear and continuous model to
explain the ripple formation mechanism [2]. Following
Bagnold’s report [3], Kawamura’s linear analysis includes
only saltation as the elementary process, but it sufficiently
explains how unstable modes are excited in the system.
One of his main results is that the wavelength of a ripple
increases in proportion to wind force.

In his model, Kawamura allows infinite numbers of un-
stable bands to coexist independent of wind force. This
leaves us two problems: (1) the onset mechanism of a
sand ripple at a threshold wind force, and (2) the mecha-
nism for single mode selection. We resolve the first prob-
lem and partially understand the second. In addition we
make a simple model for sand dunes in order to investi-
gate how the rich variety of sand dune dynamics is real-
ized. Our final purpose is to understand complex dynam-
ics in simple and macroscopically discrete nonlinear sys-
tems.

We construct our models from discrete elementary pro-
cesses, unlike Kawamura’s model, in order to realize the
discrete nature of the system. As for the elementary pro-
cesses of dynamics, two of those reported in Bagnold’s pa-
pers are applied. Our models contain the saltation pro-

cess like Kawamura’s model and, in addition, we take the
creeping process into consideration.

We first simulate the model for the small scale feature
(sand ripple), and discuss the results using a stability
analysis. Next, a model for the larger scale features
(sand dunes) is proposed. The former model is named
model I, the latter model II.

We start with Model I. The model consists of two ele-
mentary processes: saltation and creep. When, under
strong wind, a sand grain rolling on a sand surface col-
lides with an obstacle, causing it to be projected into the
air, the grain is accelerated by wind, attacks other sand
grains on the lee side, and gives them momentum to eject
out of the surface. As a result, a chain process is induced
in the system. This jumping process is called saltation.
Saltation is described as the transfer of a sand grain in
the air from one position to another position.

Sand grains may move just along the sand surface
without jumping up; this form of movement is called
creep. Creep occurs when a sand grain is too heavy to
jump up and the wind force is strong enough to move the
grain. Creeping on the windward side also occurs by
gravity force when the gradient of the sand hill where a
grain landed is too steep for it to keep its position.

Our model is a discrete model in space and time with a
continuous field variable representing the averaged sur-
face height at each (coarse grained) site. This is a kind
of coupled map lattice (CML) model [4]. In the follow-
ing we first show how the saltation dynamics, and after
that creep dynamics, are made.

We first describe the saltation step as

hpe(x,p)=h,(x,y)—q,
(1)
ho(x +L(h,(x,y)),y) =h,(x +L(h,(x,y)),y)+q,

where h(x,y) is the height of the sand surface at each
site (x,y), g is the transferred height of grains moving
one (coarse grained) step from one (coarse grained) posi-
tion (x,y) to the other position (x +L,y) on the lee side.
We assume here that g is conserved in this step.
L(h(x,y)) is the flight length at one saltation. This time
step is labeled n. Our complete time step consists of two
substeps; one is the saltation step and the other is creep,
which will be introduced below. As such we use the
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description n' on the left-hand side of Eq. (1) as the inter-
mediate time step between n and n+1. Wind blows in
the positive x direction. L depends on many factors in a
real system. Using some observational facts and some re-
lations reported in previous papers [1,2,5], the following
relation is introduced as a simplest approximation:

L=Lo+bh,(x,y). )

This equation is introduced using a method similar to the
one introduced in [2]. Here, Lo is a control parameter
proportional to wind force, i.e., shear stress of wind at the
sand surface. The shear stress is known by measuring
friction velocity [6] (not wind velocity) of wind at the
sand surface. The value of friction velocity is easily ob-
tained from observation data [1,7].

The quantity b is mainly determined from the average
wind velocity a grain experiences in flight; however, it is
hard to obtain because of the inhomogeneous profile of
the wind velocity above the sand surface [3], and the non-
trivial trajectory of sand in a saltation step, so b is set
constant in our model.

For clarity we should reconfirm that the control param-
eter is wind force (shear stress of wind) and not wind ve-
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where X nnA.(x,y) describes the summation over the
nearest neighboring sites of (x,y) and XnnnAa(x,y) is
the sum over second nearest neighboring sites. The
meaning of this process is simple; that is, the local height
of a sand hill is relaxed by gravity with a speed propor-
tional to the convexity of the sand surface. D is the rate
of relaxation. Though we should have included the asym-
metric nature of creep under wind force, we neglected it
for the sake of simplicity [9].

The above two processes constitute one unit time step.
We repeat the unit step to realize the evolution of the sys-
tem.

Simulation is performed as follows. Initially the field
variable #(x,y) at each site is set randomly with suf-
ficiently small fluctuation around the averaged initial
value Agandard(=0). The system size is 100x100. We
use periodic boundary conditions in both directions, x
and y. This condition is natural when the characteristic
wavelength of the ripple is sufficiently shorter than the
system size. This condition keeps the total number of
grains constant.

Several calculations are done with various sets of con-
trol parameters, Lo and D, with b fixed to 2.0. The re-
sults are as follows.

(i) When D and Lo are appropriately selected, e.g.,
D=1.5 and L¢=5.0, starting from an initial pattern with
no ripple, the system evolves to form a ripple pattern with
a particular wave number [Fig. 1(a)]l. (ii) With a fixed
D(=1.5), and various Lo, we investigate the steady state
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locity, which has a complex profile in space.

The physical meaning of this equation is simple, that is,
the higher the starting point of a grain, the longer its
flight length. In the determination of L, we use two as-
sumptions: (i) We can ignore the topography of the land-
ing point of grains; (ii) we can ignore the information at
the takeoff point other than the surface height. The first
assumption holds as long as we interpret this model as a
kind of mean field model, while, the second fails in the
case where we treat the large scale features as follows:
Let us think of a grain ejected from a position with an ar-
bitrary height at the windward side of a big sand hill; it
will soon land at a higher spot on the same side of the hill
independent of the height of the takeoff point. In this
large scale case we should care about whether the start-
ing point is the windward side or the lee side of a big hill
rather than the height. This will be explained in model
II. Oppositely, in the small scale features, we can assume
an ejected grain reaches a standard height [8] without be-
ing interrupted by the wall of sand hill. As such, the re-
lation of Eq. (2) roughly holds if the features’ scale is
smaller than, or at most the same as, the scale of salta-
tion. This is just the case for ripple formation.

Next, creep is expressed as

(3)

of the system. The relation between the wind force Lg
and the selected wavelength is almost linear, as shown in
Fig. 2, although below a critical value of Lg no ripple ap-
pears in the system. (iii) Next, simulations are per-
formed with various sets of D and Lo. When D is larger
than a critical value which depends on Lg, no ripple pat-
tern is formed in the system. On the other hand, a ripple
pattern emerges in the system and remains at steady
state, when Ly is larger than the transient zone in the
control parameter space as shown in Fig. 3.

A qualitative explanation for the above results is made
by a stability analysis which is based on Kawamura’s
method. For simplicity, we treat a one-dimensional case.
First, we set the height as h(x,7) =exp(ot+ivx). Next,
a dynamical equation for A(x,t) is constructed as follows

[31:

G0 g N NG [+DVh ), @
dt dx
where N(x) is the outgoing grain flux from x, and

N(&)dE/dx is the incoming grain flux to x, where &
=¢&(x) is the x coordinate of the takeoff point of the
grains which land at x. A is a scale parameter. Here a
one to one correspondence between x and & is assumed
throughout the relation,

x=E+L(h(E))=E+Lo+bh(E). (5)
The quantity d&/dx is the focusing degree of the grains
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FIG. 1. Snapshots of steady spatial patterns in two limit
models. In both systems wind is set to blow from left to right.
(a) Sand ripple pattern observed in model I. (b) Barchan dune-
like patterns are seen, which move to the right. In (a) deeper
shade indicates lower positions in height, while in (b) it indi-
cates higher positions.

jumping from & to x. When d&/dx is smaller than 1, the
grains disperse, while focusing occurs when it is larger
than 1. We neglect the case 9h(x,t)/dx < —1/b when
d&/dx diverges or becomes negative and the one to one
correspondence of x and & is broken.

From Eq. (5), the relation

1
dé _ dL ~y_ dL(h,&)
o l+——d5 =] 4 6)
holds.

Inserting the above relation into the right-hand side of
Eq. (4), assuming the flux NV (x) is independent of posi-
tion, that is, N(x) =N (&) =N, and using (2), we get the
growth rate of each mode as

6=Re(o) = — ANbvsin(vLy) — Dv?. @)

One can easily know whether & is positive or not by
drawing two graphs, y = — ANbsin(vLy) and y =Dv, as
explained in Fig. 4. At a critical value of Lo depending
on D, a contact point between the two graphs appears.
This is the onset point of the sand ripple formation.
When L increases more, the area with unstable modes
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FIG. 2. Wind force Lo vs selected wavelength of ripple.
When Lo is sufficiently small no ripple is generated.

extends to constitute a band of modes. We have not ana-
lyzed what particular mode is selected in this band. It is
asserted, at least, the wavelength of the mode with max-
imum growth rate, Gmax, increases almost in proportion to
Lo which corresponds to Kawamura’s result, Bagnold’s
observation, and our simulation’s result. A similar mech-
anism works when we change D with L fixed as easily
seen from Fig. 4.

Though our theory limits the number of unstable bands
to one or a few, the mechanism of single wave selection in
these bands is left unsolved.

In the above, we treated the dynamical model for the
small scale sand features. We now briefly consider model
II for larger scale features. The only differences between
model II and model I are the following two points. First,
the saltation length of grain started from (x,y) is as-
sumed to be

L=L(V-h,(x,y))=Lo—btanh(V- h,(x,y)), 8)

where Lo and b are control parameters. The above rela-
tion is assumed to apply to the case where the flight
length decisively depends on whether the starting point is
on the windward side or the lee side of the sand hill. This
is the opposite case to the former model (model 1). If the
hill is much bigger than the scale of saltation, a grain
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FIG. 3. The phase diagram of steady states in control pa-
rameter space. At the positions marked with O, a ripple appears
in the system and occupies the whole system. The X symbols
indicate the positions where no ripple pattern is observed to ap-
pear. The transient area, where ripple patterns intermittently
appear in space and time, is marked with A’s.
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FIG. 4. A schematic explanation for the generation mecha-
nism of sand ripples. When creep rate D is fixed and wind force
Lo is sufficiently large, the growth rate of the wave, 6=Re(o)
= — ANbvsin(vLo) — Dv?, is negative at any wave number v
[(a)]. When Lo increases to exceed a threshold value the sine
curve shrinks to the left and the region in wave number space
indicated by the arrow goes unstable [(b)]. This is the same
case when D goes below a threshold value with a fixed Lo.

ejected at the windward side of the hill soon clashes into
the sand surface near the ejection point, independent of
the starting height.

Second, the chance of the surface grains being ejected
out by other grains’ collision is much larger at the wind-
ward side of a hill. So, the transferred height of grains
going out by saltation from the position (x,y) per coarse
grained unit time period is described as

g=q(V-h,(x,y)) =qgo+b'tanh(Vh,(x,y)), )

where go and b’ are constants. The patterns we got in
this simulation are various in time and space. One of the
patterns we got in the simulation is shown in Fig. 1(b),
which is similar to a typical form of sand feature named
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Barchan dune.

A simple qualitative explanation of the rich variety of
sand dunes is made by use of stability analysis. The main
point is to deform the above model to a linear one. We
simplify the flight length as L =Lo—bV- h(x,y) and set ¢
constant. In this case many bands of modes simultane-
ously become unstable when D goes below a critical
value. We guess this is the origin of the rich variety of
large scale features.

To summarize our results, two scales of sand features
are treated. The mechanism of the spontaneous emer-
gence of sand ripples and that of wave selection is simu-
lated by model I. Complex dynamics of large scale sand
features is reproduced by model II though these are still
at the stage of qualitative discussion.
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FIG. 1. Snapshots of steady spatial patterns in two limit
models. In both systems wind is set to blow from left to right.
(a) Sand ripple pattern observed in model I. (b) Barchan dune-
like patterns are seen, which move to the right. In (a) deeper

shade indicates lower positions in height, while in (b) it indi-
cates higher positions.



