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the convective and wave motion. In the first, we mount
a conical mirror outside the walls of the shaker; a distant
video camera with a telephoto lens and fast shutter pro-
vide images in which the vertical vibrational motion is
effectively removed. Additionally, when tu/2vr is related
rationally to the video acquisition frequency w„/2z. = 30
Hz, a charged coupled device camera with a fast shutter
provide particularly useful images. If w/w„= p/q, where

p and q are integers, the sequence of images consisting
of every qth frame shows the slow evolution of the flow
without the shaking motion, regardless of the position of
the camera.

The onset of fluidization and flow is independent of the
material used and is found to occur at I', = 1.17+0.05, in
essential agreement with other shaker experiments [5—7].
Below I'„the granular particles respond as solid materi-
als, i.e. , they keep their original positions relative to the
shaker, as long as the angle of a given heap is not too
steep. Just above I'„steady convective motion occurs
in the form of two counterrotating rolls leading to a sin-
gle symmetric heap. The azimuthal position of the heap
drifts with time as long as a is not too big, which implies
that asyrnmetries in the experiment are small. We will
refer to the angular position of the heap as Ph, . There is
a corresponding valley which occurs at &Ph + vr.

As I' increases further above I'„anew surface wave
motion is observed for granular materials which have rel-
atively large Hp, a condition which is met by rough sand
or long thin grass seed. In the remainder of this work,
we will focus on materials which show the surface waves.

(Materials like grass seed are also interesting because
they manifestly contain an orientational degree of free-
dom which can play an important role in flows [10]. In
addition, the grains tend to align with the Bow, so that
streamlines are easily visualized. )

The qualitative features of the surface wave are as fol-
lows: (a) Initially, one small bulge appears on the free
surface near the lowest point of the heap, Pg + vr (where
the two different avalanches meet). The bulge splits into
two parts which travel upward on each side of the heap
faster than the convective velocity of the particles near
the surface, but under the avalanche layers. Figure 2
shows a time series of the generation and initial outward
propagation of these pulses for long thin grass seed. Fig-
ure 3 shows one side of the heap highlighting the up-
ward motion of a pulse. Arrows in the figures indicate
the positions of the pulses. As the pulse travels up the
slope, it spreads out, increasing its length and decreasing
its height, and eventually disappears near the top of the
heap. During the upward climb of the surface wave, there
is still a continuous downward avalanche on the top of the
wavy surface layer. (The surface wave motion is observed
for a rectangular cell also, but the surface waves are bet-
ter defined in the annular cell. ) (b) The onset of surface
waves coincides with the formation of shear bands within
the convective region. Shear bands are localized regions
of intense shearing in the granular materials which sep-
arate domains of granular materials. For grass seed, the
orientational order of the grains is poorly defined within
a shear band, and the density is low compared to the
rest of the sample. During the free flight of each cycle,
the shear bands dilate and the granular particles from
the avalanche layers diffuse into the bands. Each pulse

FIG. 2. Images showing a side view near the origin of the
waves at the lowest point of the heap. A pulse forms and
splits into two parts as it begins to travel up the slope. These
images and those in Figs. 3 and 4 were obtained using video
rates of 15 Hz. Times are t = 0 (a), t = 0.4 sec (b), t = 0.8
sec (c), and t = 1.13 sec (d). Here, I' = 3.17, w/2z = 15 Hz,
and a = 0.35 crn. The material for this and Fig. 3 is grass
seed.

FIG. 3. Side view of the surface waves traveling upward
along the surface of the heap. Here, I' = 3.17, ur/2vr = 15 Hz,
and a = 0.35 cm. Times are t = 0 (a) (note the pulse forming
at the far right), t = 0.4 sec (b), t = 0.8 sec (c), and t = 1.26
sec (d).

1833



VOLUME 71, NUMBER 12 PH YSICAL REVI EW LETTERS 20 SEPTEM BER 1993

on the surface is created simultaneously with one shear
band near the bottom of the heap. As the pulse trav-
els upward, it becomes disconnected from its shear band
which is convected inwards and eventually disappears.

The surface waves in the grass seed and the rough
sands are always reproducible and well deBned. For the
smooth sand and monodisperse glass spheres in the range
of a/d and I' considered here, we find that surface waves
sometimes occur but that they are transient and soon dis-
appear. Not all faceted or nonspherical materials show
the surface waves, rather, only those with a maximum

dynamic angle of repose Od 30 .
Unlike the onset of convection, the onset value of I' for

the surface waves, I, depends on E or a/d. In Fig. 4(a),
we show I' vs a at the onset of the waves for three
different sizes of rough sand. There is a minimum and
apparently common value of I'o (I' 1.6) below which
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FIG. 4. Data for the onset of the surface waves for three
different sizes (indicated in the figures) of rough sand. In (a)
we show data for I' vs a, and in (b), we show the same data
for E vs n/d The solid line . in (b) is a fitted curve from
Eq. (1).

the surface waves never form. If the same data for the
onset of the waves are presented as E~ vs a/d, part (b)
of Fig. 4, they collapse reasonably well onto the single
curve of

E:—I'(a/d) = bi + b2(a/d),

with bq
——2.55 +0.25 and 6q ——1.59 +0.05. The solid line

in the figure is this fit. Note that this relation implies
minimum values for both E and I', namely, bi and b2,
respectively, below which the waves will not occur [11].
A key point of this figure is that it demonstrates the
importance of an additional parameter besides I'.

Waves associated with subharmonic bifurcations and
8~ = 0 have been previously reposted by Douady et al.
[6]. However, the waves reported here are fundamentally
different because (a) they are not related to a subhar-
monic bifurcation, (b) they occur when 8~ ) 0, and (c)
they occur when the height of the layer is large. Specifi-
cally the waves reported here can occur below the subhar-
monic bifurcation of Douady et al. Also, if we gradually
reduce the height of the layer, the traveling waves vanish
and we recover the standing waves of Douady et al.

There is currently no model which can describe the
complex processes which occur in this system. However,
some insight into these observations may be provided by
simple arguments and by considering the 1D motion of
a single particle driven by an oscillating surface. For
instance, the propagation of the waves up the surface
may be explained as follows. Because of the continuous
supply of granular material by avalanches on the uphill
side of a wave pulse, the higher edge grows upward. At
the lower edge of a pulse, the slope is steeper, so the
avalanche rate is higher. The combination of these two
effects moves the pulse up the slope. The surface wave is,
therefore, not a material wave but is more like a solitary
wave. The fact that the pulse broadens as it goes upward
is due to the fact the leading edge travels faster than the
trailing edge.

Consider next the 1D motion of a single particle driven
by an oscillating surface. We envision that this picture
provides a heuristic model of the oscillatory component of
the center of mass motion of a large collection of grains.
Even though individual granular interactions are charac-
terized by nonzero restitution coefficients, there is very
rapid dissipation of kinetic energy by multiple collisions
between neighbor grains, particularly during the com-
pression phase of each cycle. Therefore, the effective
restitution coefficient between a large collection of grains
and the oscillating floor is much smaller (more inelas-
tic) than that of one granular particle and the oscillating
Hoor.

The dissipation per unit length in the azimuthal direc-
tion depends on the angular position. This is related to
the fact that the time averaged density is greatest at Ph,
and least at Ph + 7r where the valley occurs. Thus, the
collision rates are highest at!ti, and lowest at !ah, + vr, so
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the effective restitution coefficient between the granular
mass and the Hoor is minimum at the center of the heap
and maximum in the valley. This effect is manifested
in the experiments by the nature of the gap which forms
during part of each cycle between the bottom of the sand
and the shaker. This gap occurs for smaller I' at Pg + 7r

than for Pg. In turn, this leads to an upward bulge, as in
Fig. 2, near the valley and a weakening of the material
there.

When the dynamic angle of repose is small, both the
inhomogeneity in the effective restitution coefficient and
the avalanche rate on the surface are small. In this case,
there may not be enough driving force to generate the
pulses, explaining why only materials with high Od show
the traveling surface waves.

The surface waves observed here are a novel phenom-
ena, and it is interesting to compare them to surface
waves in other kinds of materials. For solids, the disap-
pearance of the stress at the free surface causes Rayleigh
waves [12]. For liquids, there are gravity and capillary
waves [12], including capillary waves driven by vertical
vibration [13]. None of these bears a strong similarity to
the surface waves of the granular materials under vibra-
tion. Since the surface How avalanche is moving in the
opposite direction from the internal convective transport
of the granular material, this situation is somewhat sim-
ilar to stratified shear flow [14]. In these flows, a closed
long rectangular tube is filled with two immiscible flu-
ids of difFerent densities and then inclined from the hori-
zontal to produce counterpropagating accelerating Bows
with large shear at the interface between the two Huids.
Instabilities develop resulting in a wavy interface, but not
pulses as seen in the shaker experiments.

The waves seen here are a phenomenon which appears
to be unique to granular dynamics. A brief summary
of their properties includes the following: (a) the waves
occur only for materials with at least a dynamic angle
of repose of 30' or more; (b) the onset of these waves is
a function not only of F but also of E or a/d, as given

by Eq. (1); and (c) some qualitative features can be un-
derstood in terms of simple models such as a bouncing
inelastic ball. A detailed understanding of their origins
is a challenging problem.
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