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A new class of amplitude instabilities severely restricts the stability domain of the transverse
patterns in a laser that takes the form of a continuum of waves traveling transverse to the laser
axis. Linear stability analyses and numerical solution of the laser equations reveal that one of the
instabilities, which should be manifest in a broad range of contexts for which traveling waves are the
preferred pattern, results in the death of the traveling wave and its replacement by a wave traveling
in the opposite direction which exhibits novel transient and asymptotic behavior.

PACS numbers: 42.55.—f, 42.60.Mi, 47.20.Ky

The study of spatial structures in nonequilibrium sys-
tems has become increasingly popular. Recently, several
studies have been devoted to patterns in the transverse
section of lasers and have revealed interesting symmetry
breaking process and complex spatial structures [I—3].
Because of fast time scales, lasers have many potential
advantages over hydrodynamics for exploring complex
spatiotemporal behavior in patterns [4].

In this Letter, we analyze the stability of traveling
waves in the transverse section of a laser cavity [2,3].
These waves represent a natural state in the sense that
for positive detuning 0 = u —a,~, the frequency dif-
ference between the atomic line frequency relevant to the
lasing action and the frequency of the longitudinal cav-
ity mode nearest to ~~, the lasing threshold can be de-
creased by the excitation of a number of transverse trav-
eling wave modes whose natural frequencies are closer to
io . There is therefore selective amplification of the var-
ious possible lasing configurations and this in turn leads
to the formation of patterns in the output signal. The
emerging transverse patterns may be one of a variety
of plan forms: unidirectional traveling waves, standing
waves, square standing waves, etc. , depending on trans-
verse boundary conditions. In the theoretically simplest
situation, corresponding to periodic boundary conditions
relevant to a case in which the lasing takes place in an
annular region between two cylinders, the unidirectional
traveling wave dominates [2,3]. Our purpose is to draw
stability diagrams for these solutions. There are practical
reasons for doing this. When stable, each cell or wave in
the wave train acts as an individual laser whose output is
synchronized. The borders of the stability domain corre-
spond to various long (phase) or short (amplitude) wave-
length instabilities [5]. The former (e.g. , Eckhaus, zigzag,
skew varicose) involve the growth of sideband modes with
wave vectors and frequencies in the neighborhood of that
of the underlying traveling wave. The latter (e.g. , cross
roll, knot, oscillatory skew varicose) are more difficult to
identify as they involve the growth of modes whose wave
vectors and frequencies are signi6. cantly different from
that of the original traveling wave. The novel feature of
this Letter is the identification of a new class of short
wavelength instabilities which severely restrict the sta-

bility domain (in pump-parameter —wave-number space)
of the traveling waves. One of these instabilities in par-
ticular is very dramatic and is readily triggered when the
wave number selected by external conditions (e.g. , by the
presence of a nearby defect) is slightly greater than the
critical wave number. The development of this instability
is followed by our numerical simulation. It reverses the
direction of the traveling wave and leads to an interest-
ing transient state which in turn is Eckhaus unstable and
evolves to a weakly turbulent state. We expect that the
scenario described in this Letter is applicable in many
other contexts such as convection in binary mixture Hu-

ids [6] and liquid crystals [7], each of which shows many
of the symmetries and characteristics of the laser optics
situation.

Our starting point is the Maxwell-Bloch equations
governing the dynamics of a homogeneously broadened,
single-longitudinal mode, unidirectional ring laser. In di-
mensionless form these equations read [3]

BgA —ia82A+ crA —o.P = 0,
BtP —rA+ (1+ iA)P = An, — (1)

clan+ bn = Re(AP*),
where A, P, and n are the appropriately scaled envelopes
of the electric field, polarization, and inversion popula-
tion of the two-level atom system, respectively. The de-
pendence e ' - ~' '/') has been scaled out of the fi.rst
two fields. The detuning, 0, the electric field, and in-

version decay rates, o and 6, are normalized to the po-
larization decay rate. The parameter r is proportional
to the pumping and acts as the main control parameter
analogous to the Rayleigh number in fiuid convection [5].
a is the diff'raction coefficient. In this Letter we will re-
strict ourself to the case of one transverse dimension (2:),
because the new instabilities are one dimensional (see
below).

When r is increased, the nonlasing solution (A, P, n) =
0 loses stability and gives way to the lasing state, which
takes the form of traveling waves in the transverse direc-
tion [2,3]:

where Ao, Po, no, and a are given by
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~Ao = 6 [r —ro(k)], no = r —ro(k),
ak'+ oA rp(k)

1+ o
' 1+ i(A —~)

with the neutral stability curve

rp(k) = 1+ (0 —ak ) /(1+ a) . (4)
For the given wave number k, the traveling wave solution
exists if r ) rp(k). Minimizing rp(k) with respect to k

gives the lasing threshold r, = rp(k, ) with critical wave
number k, and critical frequency ~, = u1(k, ). For the
case of positive detuning 0 ) 0, which will be considered
throughout this Letter, we have k, = +gB/a, r, = 1,
and w, = 0, so that the frequency of the electric Beld is

+ u, = a, the atomic line frequency. Therefore, by
choosing the appropriate transverse structure, the laser
can operate at the frequency natural to the medium and
the contraints of the end mirrors are removed. They
are replaced, of course, by the constraints of transverse
boundaries. Here, however, in order to concentrate on
what are the main new results, we will asssume that, by
virtue of an appropriate annular (and therefore periodic)
geometry, they do not play an important role.

We study the stability of the traveling wave
solution (2) by adding (vieisx + v2e

—tsar) ei(kz —ut)

(vse"*+ v4e "*)e'i"* 'l and vse"*+v*e "*to each
of the Belds Aq, Pt, and nq and linearizing the re-
sulting system about the latter. We obtain 8&v

M(k, r, s)v, where M is 5 x 5 matrix and v denotes the
column vector (vi, v~, vs, v4, vs) . The time dependence
of v is chosen to be e~ and A is determined as an eigen-
value of M This sy.stern is solved numerically. If for
a given k and r there exists a modulation wave number
s such that Re[A(k, r; s)] ) 0, the traveling wave repre-
sented by (k, r) is unstable; otherwise, it will be regarded
as linearly stable.

In what follows, we draw the stability boundaries in the
(r, k) plane (Busse balloon) and identify their nature. We
state straightaway that an analysis of two-dimensional
disturbances reveals only the expected: the zigzag in-
stability will destabilize all traveling waves whose wave
number k is less than k, . We have chosen the following
parameter set to display our results: a = 0.01, o = 1,
0 = 0.3, and 6 = 0.1. A range of parameters (e.g. ,

a = 0.01, o = 0.7., 0 = 0.3, and 6 = 0.01) has been ex-
plored and similar behavior was found. Hence our laser
may be regarded as in class B in the classification of Ref.
[8], but with relative large electric-field decay rate which
can be easily achieved in experiments.

Figure 1(a) shows the stability diagram. The near
threshold regime and its local enlargement is shown in
Fig. 1(b). The stable region of traveling wave solution is
limited by the Eckhaus instability (dashed line) and new
instabilities (solid and dotted lines) which we call ampti
tude instabilities because they involve the excitation of
new modes with distinctly different wave numbers, i.e. ,

s is finite. The ubiquitous and universal Eckhaus insta-
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FIG. 1. Stability diagram in the (k,r) plane. The low r-
part of (a) is enlarged in (b). Traveling waves are stable in
the region enclosed by the solid, dotted, and dashed lines.
Dash-dotted line: neutral curve; dashed line: Eckhaus stabil-
ity limit. The solid line in (a) and (b), the dotted line in (a),
and the dotted line in (b) represent, respectively, three dif-
ferent amplitude instabilities. The open circles in the inset of
(b) mark the instability line obtained from amplitude equa-
tions. The stability diagram for negative A: is a symmetric
image with respect to the r axis,

bility [9] has already been identified for lasers [10]. The
new instabilities are denoted by the solid line in Figs. 1(a)
and 1(b), the dotted line in Fig. 1(a), and the dotted line
in Fig. 1(b). Each sets in at values of the perturbation
wave number s different from zero and with finite values
of Im(A) which are of the same order of magnitude as
frequencies of the traveling waves.

Figure 2 plots the largest Re(A) versus the perturba-
tion wave number s in the neighborhood of (k, r) at which
the amplitude instabilities set in. The curves consisting
of diamonds (open and filled) are typical of the growth
rate curves of instabilities of the waves whose (k, r) val-
ues are denoted by the dotted line in Fig. 1(a). The
instability occurs for values of r far above threshold and
the most unstable perturbation wave number s, corre-
sponding to maximum growth, is typically of order k, but
varies along the stability border. The dotted and dashed
lines are growth rate curves for another amplitude in-
stability that occurs at the dotted line of Fig. 1(b). As
(k, r) moves along this instability line towards the Eck-
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FIG. 2. The largest real part of eigenvalues (growth or
decay rates) as functions of modulation wave number s for

(k, r) on the amplitude-instability lines. Curves consist-
ing of diamonds are for instability occurring on the dot-
ted line in Fig. 1(a) (solid: k = 3.5, r = 11.973; open:
k = k, = 5.477, r = 13.634), circles for instability on the
solid line in Figs. 1(a) and 1(b) (solid: k = 10.655, r = ll;
open: k = 9, r = 2.53), dotted and dashed lines for instability
on the dotted line in Fig. 1(b) (dotted: k = 7.475, r = 1.1;
dashed: 7.142, r = 1.05).

haus border, s~ approaches zero and the growth-rate
curve merges into Eckhaus growth-rate curve.

The circles (open and filled) in Fig. 2 give typical
growth-rate curves for the amplitude instability which
sets in at the solid lines of Figs. 1(a) and 1(b). We have
studied this instability in detail. Here the most excited
mode is s~ ) 2k, . Near threshold it lies in the Eckhaus
unstable regime and one observes that the perturbation
amplitudes v~ and v4 dominate vi, v3, and v~ and that
s~ —2k„ Im(A) = 0. So the instability gives rise to a left
traveling wave with the wave number near 2k, —k. (The
instability is analogous to the cross-roll instability [5] ex-
perienced by stationary convection rolls at large Prandtl
number in which, as the wave number is increased, the
pattern develops an instability to an orthogonal set of
rolls with the wave number close to k, .) We have con-
fi.rmed this picture by looking at the interaction between
oppositely traveling waves near threshold for which the
amplitude equations are [2,3]

rp(Bt + vgB~)A~ = &AD +(p(1+ ici)B Ag

—g(1+ ic2)(]A~ + p]A~~ )A~, (5)

where rp ——(cr + 1)/o, e = r —1, vs = 2ak, /(o'+ 1) = (p,
ci = (1+ o)2/4oak2, g = 1/6, and p = 2. A+ and
A are the amplitudes of right- and left-traveling waves,
respectively,

(A P ) U[A i(k. 2: ~.t} + A i(k, x+~,t)]—
[U = (1, 1, 0) is the linear eigenvector. ] From the am-
plitude equations one can solve for right-traveling wave
solution A+ ——pe'('r tl with p = g(e —(p2q2)/g (note
that the wave number is k = k, + q), and then perturb it
with small left-traveling wave A oc e'rt+'"* (wave num-

The stability boundary is shown by the open circles in the
inset of Fig. 1(b) and it agrees well with the numerical
results for r close to r, = 1. From (7) one sees that this
instability happens only for p ) 1, the regime in which
traveling waves are preferred to standing waves. This
means the interaction between right- and left-traveling
waves must be strong enough for the instability to occur.
In our case P = 2 and is parameter independent. The
extension of the instability curve (7) to higher values of
r is the solid line in Fig. 1.

The finite amplitude saturation of this instability is
most interesting. Taking the traveling wave with A: = 9,
r = 2.53 as the initial state (the curve showing the growth
rates of perturbation modes as a function of perturbation
wave number s is given by the open circles in Fig. 2),
we follow its evolution in Fig. 3. Figure 3(a) shows a
dramatic transition from a right-traveling wave to a left-
traveling wave. One can see that the wavelength of the
left-going wave is not uniform in space [see also Fig. 3(b)]:
there are large spatial intervals where it changes slowly.
This slowly varying feature can be captured by the lo-

cal wave number which is deGned as gradient of the
phase 8 of the complex electric field envelope A(z, t):
ki, = 0 9 = Im(A r0 A). Figure 3(b) illustrates evo-
lution of the local wave number (left half) of the result-
ing left-traveling wave. On the right half the solid lines
give the local amplitude A~ at corresponding times and
the dotted lines are obtained from gb[r —rp(ki, )], the
formula for the amplitude of pure traveling waves [see
Eq. (3)]. At time t = 21000 there is a narrow interval,
in which the local wave number and amplitude change
rapidly, embedded in a large interval where ki, changes
slowly, in fact, linearly, giving rise to an overall chirp
in the phase, and where the local amplitude evaluated
from ki~, agrees remarkably well with the exact ampli-
tude. This indicates that in the slowly varying domain
the phase is the only active variable and the amplitude
is slaved to the phase. The narrow, fast varying region
also travels to the left. As time goes on, it expands into
the surrounding slowly varying domain and the slope of
ki, in the slowly varying domain decreases (t = 38000).
As ki„ in the slowly varying domain becomes more and
more uniform, one can expect that the Eckhaus instabil-
ity will occur because the central wave number is in the
Eckhaus unstable region (see Fig. 1). The oscillation in

the local wave number and amplitude at positions away
from the fast varying domain for t = 50000 appears to
be generated by the Eckhaus instability. Eventually the
system evolves into a weakly turbulent state (t = 90000)
in the sense that the amplitude modulation is spatiotem-
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FIG. 3. Numerical simulation with unstable traveling wave
of k = 9, r = 2.53 as initial state (the growth-rate curve
is given by open circles in Fig. 2). (a) Transition from
right-traveling wave to left-traveling wave [real part of the
electric field vs (x, t)]. (b) Local wave number at different
times (left half) and amplitude of the electric field (solid lines)
at corresponding times (right half). The dotted lines are the
local amplitude evaluated from the local wave number. (c)
Spatiotemporal spectrum at t = 90000.

porally chaotic but very small. In this state the am-
plitude no longer follows the phase everywhere, as indi-
cated by the discrepancy between solid and dotted lines
for t = 90000, and is itself an active variable. We give
in Fig. 3(c) the wave-number spectrum for this weakly
turbulent state. It is dominated by a wave with wave
number kf = —2.6 which is close to the most unstable
wave number, k —s = 9 —11.2 = —2.2, of the initial
wave. (In another run with double size of z domain, we
obtained kf = —2.15.)

Finally we mention that we have also carried out a
numerical simulation of an Eckhaus unstable wave with
wave number kf and observed the direct transition to
turbulent states very similar to the one described above.
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