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Spin-Flavor Separation and Non-Fermi-Liquid Behavior in the Multichannel
Kondo Problem: A Large-N Approach
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We present an analytical solution of a SU(N) x SU(M) generalization of the multichannel
single-impurity Kondo model in the limit N ~ oo, M —+ oo, with p = M/N fixed. Non-Fermi-liquid
behavior of the single electron Green function and of the local spin and favor susceptibilities occurs
in both regimes, N ( M and N & M, with leading critical exponents identical to those found in
the conformal field theory solution for all N and M (with M ) 2). We explain this remarkable
agreement and connect it to "spin-flavor separation, " the essential feature of the non-I'ermi-liquid
fixed point.

PACS numbers: 71.28.+d, 74.70.Tx

In recent years, the multichannel Kondo model, first
introduced by Nozieres and Blandin [1], has been the fo-
cus of intense activity. This model involves a single local
moment of spin SI coupled through antiferromagnetic
exchange to M identical conduction bands. It is now
established [2,3] that in the "overcompensated" regime,
2S~ & M, the screening of the local moment by the
conduction electrons drives the metal into a non-Fermi-
liquid critical state at T = 0, fully validating Nozieres
and Blandin's original arguments.

The renewed interest in this model is, in part, due to
a number of suggestions for realizations of two-channel
overcompensated behavior in explicit experimental con-
texts, most notably: (i) the quadrupolar Kondo effect [4]
in heavy fermion alloys [5]; (ii) non-Fermi-liquid scatter-
ing rates in narrow copper point contacts [6]; and (iii)
"marginal" Fermi liquid normal state properties [7] of
the high-T, materials [4,8]. Moreover, it has been argued
that the two-channel Kondo model provides a link to ex-
otic superconductivity [3,4,8]. Related non-Fermi-liquid
behavior and enhanced pairing correlations have been re-
cently found in the mixed-valence regime at low tempera-
tures in certain extended Anderson single-impurity rnod-
els motivated by the electronic structure of the high-T,
materials [9] .

From a theoretical point of view, remarkable progress
has been made in understanding the universal properties
of the multichannel Kondo and other impurity models
through the use of conformal field theory techniques [3].
This approach provides a clear picture of the separation
of spin, channel, and charge excitations at non-Fermi-
liquid fixed points and describes the subtle recombination
of these degrees of freedom required in the Fermi liquid
case. In spite of its elegance and power this method only
classifies the possible critical behaviors without providing
a constructive route to the solution of a particular model.

In this Letter we formulate a controlled calculation
method which can, in principle, incorporate both the

complications of real materials and the conceptual in-
sights gained from conformal field theory. Apart from
the obvious practical application to dilute impurity sys-
tems, this question is important in studying the possibil-
ity for non-Fermi-liquid behavior in lattice systems, for
which the conformal field theory techniques are not im-
mediately applicable. An explicit route for addressing the
latter problem involves constructing mean-Geld theories
for a lattice in infinite spatial dimensions by solving a cer-
tain single-impurity model embedded in a self-consistent
medium [10].

We concentrate on the SU(N) x SU(M) generalization
of the multichannel Kondo problem, where N and M are
the degeneracies in the spin and fiavor quantum num-

bers, respectively. We use a functional integral approach
based on the "slave-boson" representation [ll] which ex-
plicitly separates the (local) spin and fiavor excitations.
The limit N, M + oo with p = M/N fixed leads to
a closed set of coupled self-consistent integral equations
which can be solved analytically in the asymptotic low-

frequency, zero temperature limit. These are identical
to the "Noncrossing Approximation" (NCA) equations of
perturbation theory [11].Although these equations break
down for sufIiciently low energies in the Fermi liquid (sin-

gle channel) case [12], it is the unique feature of our large

N, M treatment of the multichannel Kondo problem that
the NCA becomes exact. In fact, we show that the single
electron Green function and the local spin and Havor sus-

ceptibilities display non-Fermi-liquid behavior with lead-

ing critical exponents identical to those found in the con-
formal field theory solution [3] for all N, M ) 2. We
explain this apparently surprising result by demonstrat-
ing that the fluctuations provide no corrections to the
leading exponents obtained from NCA to all orders in
1/N, 1/M [13]. We regard this as an explicit realization
of Anderson's "spin-charge separation" idea [14] at the
non-Fermi-liquid fixed point of the multichannel Kondo
problem.
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Our starting point is a path integral treatment of the generalized infine U Anderson model Hamiltonian,

H = ) el, cq cA, ~ + eg ) ft f + (V/QN, ) ) [f~b~cl, ~+H.c.],
k, cr, n

where the fermion, fi', creates a local spin excitation
and the boson, b , -transforms according to the conju-
gate representation of SU(M) and annihilates the fla-
vor quantum number of the "vacuum" state produced
by destroying a conduction electron; K, is the num-
ber of lattice sites. The "completeness" of the local
states at the impurity site, represented by the constraint,

ft f + P bt-b~ = 1, is implemented in the usual

way [11], by introducing a fictitious field A coupling to
the constrained charges, which is taken to oo at the end
of the calculation. In the limit ey & O, V/~ef

~
&& 1 (1)

leads to the SU(N) x SU(M) Coqblin-Schrieffer model,
with exchange coupling g = V /~ey ~.

The most compact way of presenting our arguments
is in terms of the impurity contribution to the partition
function Z; ~ obtained after performing a Gaussian in-
tegral over the conduction electron fields. (This leads
to an overall multiplicative factor Z, of the free-electron

k, o,a

gas partition function to the full partition function, Z =
Z, Z; ~.) By completing squares, the hybridization term
is eliminated in favor of a spin-flavor interaction contribu-
tion, S;„„=—(V /N) Q J'dr f dr'ft(r) f (r')G (r
r') b~ (r') b- (r), where G (r —r') = —P& (0/Br + e~) /
N, is the noninteraeting conduction electron Green func-
tion at the impurity site; and, as usual, in order to
obtain a nontrivial large N, M limit, we have defined
a rescaled hybridization matrix element, V = ~%V,
which should be considered of order unity at the end
of the calculation. The next step is to introduce two
composite fields, nonlocal in imaginary time, 4y(r, r )
and 4b(r, r') [with 4&b(r, 'T') = Cyb(r', r)], which de-
couple the interaction term 8;„~, enabling us to write,
Z~ p

——f ['Df][Vb][D@y][D@b]exp( —S). The collective
field contribution to the effectiv action, 8 = Sg„, + Sc, ,
is given by

P
dr'G'(r —r')

~
NCf(r', r)C»(r, r') —) f (r)Cb(r, r')f (r') ) li'(r—')CZ(&', &)l (&) ~. (2)

def (e) C'b( +fed) ~

I
IIb(~) =-

'7t
def(e)Cg(e+ ur).

Here I' = apV2 is the bare hybridization width (which
includes a factor of N introduced by the rescaling), and
p is the conduction electron density of states, assumed
constant in the energy range of interest. Also note that
the A ~ oo limit has already been taken. In principle, the
functions Zy and IIg elsewhere in the complex plane can
be obtained by the appropriate analytic continuation.

The large N, M calculation proceeds as usual by carry-
ing out the Gaussian integral over the local fermions and
bosons, f and 5 , to produc-e an effective action for the
composite fields, Cy b, this is then evaluated by a saddle
point integration [15]. (Hereafter we drop the bar on the
channel index, n. )

In the N, M = oo limit with p = M/N fixed the sad-
dle point approximation becomes exact and leads to time
translationally invariant solutions, C'y, b(r —r'). After
Fourier transforming in terms of fermionic and bosonie
imaginary frequencies, u„, v„, the saddle point equations
can be written as 4y(iw„) = [iw —ey —Zf(i4)„)]
and @b(iv„) = [iv„—IIb(iv„)] . This defines the self-
energies, Zy and IIg, which, on the real frequency axis
(iw„= ~+iO+, iv„= cu+ iO+), satisfy the self-consistent
equations,

In the low-frequency, low-temperature limit, the above
self-consistent equations can be easily solved either by
direct substitution or by reducing them to differential
equations as done for the single channel case [11,12].
The solutions for 4y and Cg can be written as power
series in the reduced frequency variable, 0 = ([(1 +
p)/p](Ep —bd)/Tp j ~~i+~l, where Ep is the ground state
energy and Tp = D(pI'/7rD)~ exp(ney/I') is the Kondo
scale. Near u = Eo, the T —+ 0 spin fermion and flavor
boson spectral functions, Ay b(id) = Im@f b((d 20+)/~ =—

A&+b (~)8(~ —Ep), and the corresponding spectral func-

tions for occupied states, A& b (w) = limz' p [Imply b(id-
i0+)/7r] exp(P[Ep —w]), take the forms A&+ (cu) ~O~

and Abl+l (~) ~0~

By expressing the resulting frequency dependence as
~Ep —w~z+~'

i we can identify the scaling dimensions
of the spin and flavor fields, Ay = [2(1 + p)] and

It then follows that the spin, channel, and
physical fermion fields, all of which are bilinears of f
and 6, have scaling dimensions, A,~ = 2Ay = 1/(1+ p),
A,h = 24b = p/(1+ p), and A~ = Ay + Ab = 1/2,
respectively. The leading frequency dependence of the
corresponding correlation function, ~Ep —a~ '& " i, is
indeed what we observe. Below we summarize some of
our explicit results.

Single electron Green funct-ion. The local electron
Green function, g, can be calculated as a convolution
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of the spin and flavor propagators, leading to a local spec-
tral function, p (w, 0) = Im g (a —i0+)/ir, of the form

p (~, 0) = [vr/(1 + p) N I']

x[1+8(u) f+(~) + g( ~)f (~)],

with f~(w) =(a~ I~I

"+bylaw[

") a— = [4p/(2 +
p)ir] sin(vrE, h)B(24», A,h), a+ ———cos(irA, h)a, b+ ——

—[4W,h/(1 + 2p)vr]sin(irA, h)B(26,h, 4»), and b

cos(irA, h)b+. Here, W,h = 7rTo/I' is the weight of
channel fluctuations in the ground state, ~ = [(1 +
p)/p](~/To), and B(x,y) is the beta function. In the
overscreened case, M ) N, both the leading and next-
to-leading frequency dependence are the same as that
obtained by AfHeck and Ludwig from conformal field the-
ory [3]. Also, note the explicit breaking of particle-hole

symmetry displayed by the difFerent signs above for pos-
itive and negative frequencies, consistent with the non-
symmetric form of (1).

Resistivity. —From the single-particle Green function
we can obtain the resistivity from the standard trans-
port theory formula, p(T)

[fdic(

& )r(e, T)] i, in

terms of the scattering rate, r (w, T) = —21mt (u+
i0+, T) = [21'p (w, T)]/(pN), where we have used the
relation between the conduction electron t matrix and the
single-electron Green function, t (w, T) = V2g (w, T).
The resulting leading behavior, p(T) /p(0) [1
c(T/To) '"l+'i' + "& + ] is in agreement with that ob-
tained by Affleck and Ludwig [3]. In particular, for the
special case of N = M, 4» ——A,h = 1/2, we obtain a
~T correction as does the conformal approach [3]. Es-
timating the coeKcient c requires a knowledge of the
temperature dependence of p which is beyond the
scope of the present paper. It is gratifying that for
N = 2 the magnitude of the spin contribution to the rate,
((harp)/[2r ~(0, 0)]j = 3ir /[4(2+M)z] (which is obtained
after removing 1/4 of the total rate due to potential scat-
tering), agrees with the results of AfHeck and Ludwig [3]
to within 8' for all M ) 2.

Local spin and channel fl avor dynamical suscepti-
bitities. —The linear response to external fields coupling
to the impurity spin and channel quantum numbers can
be easily calculated from the bubble diagrams for the
spin and channel excitations, f and b, respectively. The
leading contributions to the absorptive part of the local
spin and flavor susceptibilities (per spin or channel de-
gree of freedom), y,"„=Imp»/N and g"h ——Imp h/M,
are given by

Asgn(w)[l —B ~w~/To + .]. This leading step func-
tion behavior in y" and the associated logarithmic depen-
dence in the real part, y'(ur, T) —In(max(w, T)/To),
provides a possible connection with the marginal Fermi
liquid phenomenology of the high-T, oxides [7), as first
noted in Ref. [4(b)]. For N ) M ) 1 the real part of
the spin susceptibility is constant ( 1/To) and the non-
Fermi-liquid behavior is dominated by the [cG[

divergence of the channel susceptibility (see Fig. 1). In
the opposite limit, N & M, the flavor susceptibility is
constant ( W h/To) and a [co[ ( " '&l divergence oc-
curs in the spin susceptibility. For N & M the sys-
tem displays two-parameter universality: the channel
fluctuations start dominating below a new energy scale,
Tzh TpW h

' ', with T,h &( Tp for N ) M[ii(~..-~")1
in the Kondo limit (Wh « 1). We note that T,h

evolves into the "pathology" temperature below which
non-Fermi-liquid behavior ensues in the NCA treatment
of the one-channel Kondo model [11,12).

1/N fluctuations. The fun—ctional integral formulation
outlined above gives a natural framework for estimat-
ing the effects of fluctuations, and allows us to explain
the remarkable fact that the saddle point exponents re-
main unchanged to all orders in 1/N. The arguments
are very much in the spirit of the argument usually
made to justify the fact that perturbation theory gives
the exact exponents characterizing the low-energy be-
havior in conventional Fermi liquids, and suggest the
possibility of extending Nozieres phenomenological dis-
cussion to non-Fermi-liquid situations. More precisely,
all 1/N fluctuations can be incorporated into the renor-
malization of interaction vertices in all diagrams (f and
6 self-energies and the single-particle Green function as
well as all susceptibilities). We have checked explicitly
to order 1/N2 that these vertex renormalizations modify

M=N

8',
,. ( 0)-(&. .. /To) g ( )l ll "'" (6) Fermi Liquid (SU(N) Coqblin. -Schrieffer)

with C» —— pA, sin(irA»)B(A», 6») and C,h

W,hA, „sin(sr A,h)B(A,h, A,h). The next corrections
vanish as [w[( '& " '" '&l Note that for N = M
(which includes the important case N = M = 2) both
susceptibilities reduce to the general form y"(w, 0)

I'IG. 1. Phase diagram in the N, M plane. The NCA is
strictly controlled in the large M, N limit for M & 2, but
gives the exact critical exponents for all N, M ) 2. The uni-
versality class is the same for all lines of fixed slope p = M/N
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the amplitudes but only give subleading singular con-
tributions. [For example, the subleading corrections to
Zy and Zt, behave as, Im6Ef(~) w —Eo) " and
Im6Zb(~) )~ —Eo] '~, respectively. ] In fact, the sad-
dle point gives the exact low-energy singularities to all
orders in I/N, as can be seen by considering arbitrary
order diagrams in perturbation theory (around the sad-
dle point), propagators which carry spectral functions
which diverge as ]w —Eo) f ' . As an illustration, con-
sider a generic diagram contributing to Hb which con-
tains L loops (thus L independent energy integrations),
L fermion propagators, and L—1 boson propagators. The
most singular contribution behaves as )w —Eo]~'(~i where

(i,(L) = L+L(Af 1)+(L 1)(db —1) = 1—Ag sinceuni-
tarity of the scattering amplitude requires 6f + AQ = 1.
This is indeed the behavior found at the saddle point.
Similar arguments apply to Zf, the one particle Green
function, and the spin and channel susceptibilities. It is
natural to speculate that in systems with spin-charge sep-
arated, non-Fermi-liquid ground states, the correct low-

energy behavior can be obtained on the basis of an appro-
priate (self-consistent) perturbation theory involving the
"separated" spin and charge degrees of freedom. In anal-

ogy with conventional Fermi liquids, such perturbative
arguments should be valid even when no obvious small
parameters are available, provided no phase transition
occurs to a Fermi liquid state through the "binding" of
spin and charge.

Crossover effects.—In the presence of spin or channel
symmetry breaking fields, H, p or H h we find crossovers
to Fermi liquid behavior below respective scales, T p

H,p, T,h H, h . The corresponding crossover ex-S+Z/q 1+p

ponents, P,~
= 1+ I/p, Pch = 1+p, are precisely those

obtained from conformal field theory [3]. However, the
Fermi liquid behavior below T,p~,h~ is outside the scope
of the NCA. This can be traced back to the fact that the
Kondo screening characteristic of the Fermi liquid fixed
point involves the formation of a singlet bound state be-
tween a conduction electron and the local spin excitation,
f [16]; the residue of the bound state pole plays the role
of the slave-boson mean-Beld amplitude in the conven-
tional large-N approach to the Kondo problem. In the
multichannel problem this Fermi liquid saddle point be-
comes possible only in the presence of a channel symme-

try breaking field.
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