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A wide variety of lecithins exhibit a “rippled” intermediate phase—the Py phase, in addition to the
common L, and Lg phases of hydrated phospholipids. We describe a continuum Landau theory that can
account for all of the observed phases, including the asymmetric ripple phase observed in chiral bilayers.
We predict the possible existence of more than one distinct ripple phase made possible by the two-
dimensional nature of the tilt order parameter. Furthermore, we show that chiral bilayers can exhibit
phase transitions from symmetric to asymmetric ripples as, for example, the temperature is lowered.

PACS numbers: 64.60.—i, 61.30.Cz, 64.70.Md

Lipid molecules in water at sufficiently high concentra-
tion self-assemble into bilayer membranes in which hy-
drocarbon tails are shielded from contact with water.
These membranes are flexible and can form a variety of
structures on length scales large compared with the di-
mensions of the constituent molecules. Over a wide range
of temperature and water content they form nearly flat
“sheets” that stack in a periodic way to produce equilibri-
um lamellar phases in which translational symmetry is
broken in the direction normal to the sheets. The mem-
branes in lamellar phases can exhibit varying degrees of
internal order, which may affect the membrane shape.
One striking example of such effects is the Pg or “ripple”
phase reported by Tardieu, Luzzati, and Reman [1] and
observed in a wide variety of lipid-water systems. It is
characterized by a periodic ripple or corrugation of the
membranes [1-6] in addition to nonzero molecular tilt
[1,2]. While the apparent ripple structure is essentially
one dimensional, we show that the two-dimensional na-
ture of the molecular tilt in the membranes can lead to an
unexpected variety of modulated phases of differing sym-
metry. Furthermore, we predict possible transitions be-
tween phases with symmetric and asymmetric ripple
structures. Though we focus on one-dimensional ripple
structures, as observed in the Pg phases, we also find that
two-dimensional modulated structures may be stable.

The experimental phase diagram in the temperature
and relative humidity plane of, for example, DMPC ex-
hibits at least three phases of different symmetry. Above
the main chain-melting temperature, the hydrocarbon
tails are flexible, and their long axes orient parallel to the
membrane normal. This is the fluid or L, phase that has
the same symmetry as a liquid crystalline smectic-A
phase. At low temperature or water content, the mole-
cules tilt relative to the membrane normal forming the Lg
phase, whose orientational order is similar to that of the
liquid crystalline smectic-C phase. This phase also exhib-
its bond orientational order [6]. For sufficiently high wa-
ter content, an intermediate rippled phase Pg is observed
between the L, and Lg phases. The ripples produce two-
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dimensional crystalline order in a plane normal to the
membranes. The ripple wavelength is a function of both
temperature and water content [2,5]. Furthermore, both
symmetric and asymmetric ripples have been inferred
from the two-dimensional x-ray diffraction patterns [I,
3,5] and from freeze-fracture experiments [7].

In this paper, we present a phenomenological model of
Pg phases, in which the microscopic mechanism for the
production of height ripples is the coupling between
membrane curvature and molecular tilt, which is illus-
trated in Fig. 1. This model yields ripple structure and
phase diagrams that are consistent with all experimental
observations. We show that more than one ripple phase
is possible because of the two-dimensional nature of the
molecular tilt, which is responsible for the different sym-
metry of the L, and Lg phases. The tilt order parameter,
m =m (cos¢,sing) is the projection onto the plane of the
membrane of the vector specifying the direction of molec-
ular alignment. It can be decomposed into longitudinal
and transverse components m,; and m,, respectively,
parallel and perpendicular to the direction of spatial
modulation. In achiral systems, there can be three dis-

N

n

FIG. 1. Smectic-C order within a fluid membrane arises
from a tilt of the constituent molecules (represented by the solid
oval and unit director n) relative to the unit membrane normal
N. The surface component, m=n—(N-n)N, represents a
two-dimensional vector order parameter.
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FIG. 4. An illustration of the microscopic origin of the cou-
pling between tilt and curvature within a membrane. A diver-
gence of the tilt m gives rise to a spontaneous curvature of the
membrane (b).

This is a Lifshitz [20] free energy that produces equilibri-
um modulated phases if C or C, is negative [in which
case the (V2m)? term is needed for stability]. Because of
the vector nature of the order parameter, no cubic term is
allowed. The first terms represent the tilt elasticity in the
tilted phase. To this we add the curvature energy,

fe=1%x(V2h)2—y(V2h)(V-m), (2)

including the coupling of gradients in tilt to the mean
membrane curvature. Here, h(x,y) is the height of the
membrane relative to some flat plane with coordinates
(x,y), and V,;V;h(x,y) is the curvature tensor. [Covari-
ant forms of the terms in Egs. (1) and (2) were shown in
another context in Ref. [21].]

When 4 is replaced by its equilibrium value in the pres-
ence of a nonvanishing V-m, the result is an effective free
energy identical to Eq. (1) but with a reduced longitudi-
nal elastic constant, Cj =Cy— y*x. When Cj >0, the
equilibrium phases are spatially uniform; when Cj <0,
modulated phases are possible with a characteristic wave

number go=(27/A) =~/|Cil/2D that tends to zero at
Ci=0. Thus, as the membrane rigidity is reduced (say,
by increasing hydration), the Lg phase becomes unstable
to a ripple phase (Pg) with decreasing wavelength. The
critical point, with Cj =0, at which order first develops is
a Lifshitz point. If only one dimensionally modulated
phases are considered, then the mean-field ;))hase dlagram
in Fig. 5 includes two rippled phases, Pp and P,, , in
addition to the L, and Lg phases. The spiral Pﬁ 3 phase
is stable in a region below the Lifshitz point as shown in
Fig. 5. The transition between it and the P n phase is
first order. For the model defined in Egs. (1) and (2), a
phase with a square lattice modulatlon is the equilibrium
phase in the region indicated by Pﬁ in Fig. 5. However,
higher-order derivative terms not included above can

FIG. 5. The mean-field phase diagram for one- dlmenswnal
npple structures includes the symmetric ripple phases, P,, and
Py @ As the temperature is lowered, there i lS a first-order tran-
sition from the P,, phase to the spiral P,, phase. Near the
Lifshitz point, a two-dimensional square lattice phase may be
stable in the Py region.

sum)ress local Gaussian curvature. This can stabilize the
phase away from the Lifshitz point.

In chiral membranes, additional terms must be added
to Eq. (1). The simplest chiral coupling [22] is
€ix (ViV;h)mjmy, where ¢; is the antlsymmetrlc tensor.
The addition of this term converts the P,, phase into the
asymmetrical chiral P,, phase depicted in Flg 3(a). 1
does, however, affect the structure of the P' and Pﬂ('Z)
phases in this way.

Chiral systems have also been shown to exhibit flat
striped phases, in which the molecular orientation m
is spatially modulated [8,23,24]. Together with both
achiral, V2hV-m, and chiral, e (V;V;h Ym;my, couplings
between k& and m, such phases may become rippled. For
example, chiral rippled phases can occur if we include
hexatic order, which is known to be relevant for the ob-
served Lg phases [6]. Hexatic order is described by an
order parameter y/=|w|e6ia, where 6 is the bond angle
between nearest neighbor molecules. At low tempera-
ture, both of the order parameter amplitudes |y| and m
are essentially constant, and the free energy depends only
on the phases 6 and ¢, which have a preferred relative
value. When the rigidity associated with 0 is much larger
than that of ¢, the free energy [8,25] for a chiral mem-
brane is approximately f¢ =f -+ f;, where

f-=%+C(VO_-)2—Vcos(60-) ,
3)
fi=35K(V0)2—A . (N-Vxm)cos66_ .

Here 6— =6—¢ and N is the unit normal to the mem-
brane. The final term in f is present only in chiral sys-
tems. This free energy, which does not yet include cou-
pling to curvature, develops a flat modulated minimum
energy phase Mg for sufficiently strong chiral coupling A,
[8,23]. The couplings between 4 and m convert the Mg
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phase into the asymmetric P,,(v4*) phase. As membrane ri-
gidity is further reduced, a transition to the period-
doubled Pﬁ(,s*) phase can occur.

We have not calculated a complete phase diagram
showing all phases that can occur in chiral systems.
Several observations can, however, be made. First,
several distinct ripple phases are possible. These phases
have different symmetry with respect to the molecular tilt
even though they may have the same symmetry with
respect to membrane shape. Near the Lifshitz point,
symmetric ripples are expected for both chiral and
achiral systems. We also predict a square lattice modula-
tion, such as has been observed in free standing thermo-
tropic films [26]. At lower temperature and bending rigi-
dity, however, a transition from a symmetric to an asym-
metric ripple phase is expected in chiral systems. Various
effects, including intermembrane interactions and fluctua-
tions can convert second-order transitions to first-order
transitions in Fig. 5. These effects can eliminate some
phases altogether. Thus, for example, the experimental
phase diagram for DMPC with a triple point where first-
order Lo-Pg, Lo-Lg, and Lg-Pg phase boundaries meet is
not inconsistent with our theory. In general, however, we
expect that more than one ripple phase should be ob-
served. In particular, for chiral systems, we predict the
existence of distinct symmetric and asymmetric ripple
phases.
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