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Indications of d ~ „2 Superconductivity in the Two Dimensional t-J Model
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Superconducting correlations in the two dimensional t-J model at zero temperature are evaluated us-
ing numerical techniques. At the fermionic density (n) —2, strong signals of d„2 y2 superconductivity
were observed in the ground state. These conclusions are based on a study of static pairing correlations,
the Meissner effect, and flux quantization as indicators of superconductivity. A tentative phase diagram
of the two dimensional t-J model is presented.

PACS numbers: 75.10.Jm, 74.20.—z, 75.40.Mg

The study of high-T, superconductors continues at-
tracting considerable attention. Recent calculations sug-
gest that non-s-wave symmetry pairing interactions with
nodes may explain some of the unusual properties of the
cuprate compounds, in particular, the behavior of relaxa-
tion rates in the YBa2Cu307 material, as well as the sys-
tematic presence of spectral weight inside the supercon-
ducting gap [1]. More specifically, the possibility of

2 y 2 superconductivity in the cuprate materials has
been discussed [2-5]. It would be important to find a
Hamiltonian model of strongly interacting electrons hav-
ing dz 2 y2 superconductivity in the ground state. From
the properties of this state, dynamical responses of a d-
wave condensate could be studied, and concrete predic-
tions would be made to contrast theory with experiments.
In this scenario, numerical studies are important to de-
cide whether a given electronic model presents a super-
conducting phase, especially since the strongly interacting
character of several realistic models makes most analyti-
cal approximations questionable.

The purpose of this paper is to present numerical re-
sults suggesting that the widely studied two dimensional
t-J model has a superconducting phase in a previously
unexplored region of parameter space. The supercon-
ducting correlations are strong in the d 2 y2 channel, and
thus this model may become a physical realization of the
d-wave pairing scenarios recently proposed in the litera-
ture [2,3]. The superconducting phase observed here ap-
pears near the well-known region of phase separation of
the t Jmodel [6,7].-The possible presence of supercon-
ducting correlations near phase separation has been dis-
cussed in other contexts and theories using several ap-
proximations [8-10]. Here, we present the first numeri-
cal indications that this phenomenon indeed occurs in the
ground state of a realistic model.

The t-J model is defined by the Hamiltonian

H =JQ (S; S&
—

4 n;n; ) —t g (c;,c;,+ H.c.), (1)
(ij& &ij),s

where c;, denote hol'e operators, n; =n.; t + n; ~, and
square clusters of N sites with periodic boundary condi-
tions are considered. The rest of the notation is standard.
Here, eA'orts have been concentrated on the exact diago-
nalization of 4X4 lattices, although preliminary results
for clusters of 20 and 24 sites are available. It has been

repeatedly shown in the literature that these cluster sizes
are large enough to capture the essential qualitative phys-
ics of several models of strongly correlated electrons. Be-
sides, no other available (and unbiased) numerical tech-
nique can handle the involved calculations that have been
carried out for the t-J model without making assump-
tions about the properties of the ground state. To search
for indications of superconductivity, let us define the
singlet pairing operator 4;=c;1(c;+„-1+c; „-

& c;+&1~ c; z 1), where + and —corresponds to extended s
and dz 2 y

2 waves, resPectively, and x, y are unit vectors
along the axis. The pairing-pairing correlation function
C(m) = (I/N)P;(6; 5;+m) and its susceptibility g,'„~
=QIC(m) have been calculated (where a=d corre-
sponds to d„2 y2 wave, and a =s to extended s wave). ( )
denote expectation values in the ground state, which is
obtained using the Lanczos method.

g.U~ is shown in Fig. 1(a) as a function of J/t, for
several densities. The dz2 y2 wave susceptibility dom-
inates, presenting at (n) =

2 a sharp peak at J/t —3. By
analyzing several spin and hole correlations, and follow-
ing other criteria fl 1], it was verified that the fast decay
of Z,"„„after the peak is induced by the transition to the
phase separated region. Changing the fermionic density,
it was found that g,"„~ has its maximum value at (n) = —,',
as shown in Fig. 1(a). g,'„~ has been also evaluated at
(n) = —,'. This susceptibility peaks at approximately the
same position as g,„p does, but with a smaller intensity
[12]. The pairing-pairing correlations as a function of
distance are shown explicitly in Fig. 1(b) in the region
where the susceptibilities have a sharp maximum, i.e.,
J/t =3.0 and (n) =

2 . In agreement with the behavior of
g,„z, Fig. 1(a), the dominant correlation function at the
maximum distance on the 4 & 4 cluster corresponds to
J 2 y 2 symmetry. On the other hand, the correlations for
extended s operators are strong at short distances, but de-
cay rapidly at larger distances. For completeness, in Fig.
1(b) the correlation corresponding to d ~ symmetry is
also presented [13]. These correlations seem more heavi-

ly suppressed than for the d 2 y2 and extended s chan-
nels. In Fig. 1(c), the d-wave pairing correlations are
shown at (n) = 2, as a function of J/t. Their maximum
value is obtained at the same coupling where g,"„z peaks,
as expected. The symmetry of the ground state (obtained
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where e is the electric charge, the current operator in the
x direction with momentum q is j (q) =p 'q' (x IW Cla
xct+„- —ct+„- ct ), &

—T& is the kinetic energy operator
of' Eq. (I), ln) are eigenstates of Eq. (1) with energy F„
(where n =0 corresponds to the ground state), and the
rest of the notation is standard. The momentum

qy J of the current operator is selected such that
omen um q

q~ =0 and qy 0. The constraint of having a small but
nonzero qy is necessary to avoid a trivial cancellation of
D, due to rotational and gauge invariance [14]. On the

with the Lanczos method) under a rotation of the lattice
in tr/2 has been also studied. In the region where super-
conducting correlations exists, the ground state is odd un-

der this operation, but invariant under rejections with
respect to both axis. Then, the ground state at (n) =

2

belongs to the B~g (d„2»2) representation of the C4,,

group.
The pairing correlations found in the two dimensional

t -J model suggest the existence of a superconducting
phase near phase separation. To complete the analysis, it
is necessary to show that a Meissner eAect occurs in that
region. Recent progress [14] in the analysis of the
superAuid density, D„using linear response theory allows
us to carry out such a study using techniques similar to
those required to analyze the Drude peak in the optical
conductivity, cr(co), of strongly interacting electrons [15].
Following Scalapino, White, and Zhang [141, it can be
shown that D, is given by

( —T) ——Z l&nl j (q)10&l',

0 i I i I s I 0 i I i I

0 2 0 2 4 J/t64 J/t6
FIg. 2. (a( ) Superfluid density, D„vs J/t, at several fermion-

ic densities. ~ corresponds to &n) = 2, & denotes results for
&n) =0.25, while o indicates (n) =0.75. (b) Drude peak, DD«d„
as a function of J/t for several densities. The notation

'
a ion is as in

4X4 cluster, the minimum value of q» is tr/2, and that is
the momentum used here. D given by Fq (2)
evaluated numerically using the continued fraction ex-
pansion technique previously used to extract dynamical
information from finite clusters [15]. In Fig. 2(a), D, is
shown as a function of J/t for several densities. In good
agreement with g,„p, the superAuid density D, presents a
sharp maximum in the neighborhood of phase sep t'separa ion
at n =

2 giving support to the previous conclusions re-
garding the existence of superconductivity in this model.
It is interesting to note that the signal is stronger for
lower densities, (n) =0.25, perhaps due to the higher mo-
bility of pairs in that regime. D, is small in the phase
separated region, as expected.

The resistivity of the model has also been analyzed.
rom previous studies of the optical conductivity in

strongly interacting models [15], it can be shown that the
Drude peak is given by a simple modification of Eq. (2),
i.e., it is enough to replace D, Do,„d„and consider zero
momentum, q=(0,0), in the current [14,15]. In Fi .

D«d, is shown as a function of J/t, for several den-
sities. In the region of phase separation, the conductivity
is small as expected, while for smaller values of J/t, the
Drude peak is considerably larger. A finite value of
DD«d, in the bulk limit implies zero resistivity, p=0,

ducting region, but it will survive a further reduction of
the coupling into the small J/t regime, i.e., even in a
phase without pairing. This example shows that p is not
enough to distinguish between a "perfect metal" and a
"superconductor, " and thus the previously di d
s u y o t e superfluid density is crucial to show unambi-
guously the presence of superconducting correlations in
the model [141 To further complete the present analysis,
the response of the system to an external magnetic Pux P
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was studied. For this purpose, a phase factor e'~~ is in-
troduced in the kinetic energy hopping terms of Eq. (1),
but only in the x direction. This is equivalent to allowing
a nonzero flux across one of the "holes" of the torus [16].
In Fig. 3(a), the ground state energy AE((t) =E(ttt)
—E(t/t=0), in the zero momentum subspace, is shown as
a function of (I), at density (n) = —,

' . In the region of pair-
ing, J/t =3 0, t.he energy presents two minima, one locat-
ed at p =0 (mod2tt), and a nontrivial one at (I) =tr, signal-
ing the presence of carriers with charge 2e in the ground
state, in agreement with the analysis based on the pairing
correlations [17].

What is the nature of the superconducting state at
(n) —

2 .~ It is reasonable to expect that the same force
that produces phase separation is responsible for super-
conductivity. Actually, if two electrons are considered on
an otherwise empty lattice, they form a bound state at
J/t =2, and at low electronic density this same attraction
eventually leads to phase separation when the coupling is
increased [6]. In this respect, the antiferromagnetic cou-
pling can be considered as an attractive interaction in the
Hamiltonian at low densities, and thus the presence of su-
perconductivity in the model should not be too surprising.
At small density and large J/t, but before phase separa-
tion occurs, pairs of electrons are expected to have a size
comparable to the range of the force, namely, approxi-
mately one lattice spacing, and in this respect the super-
conducting correlations discussed in this paper may have
some features of bipolaronic pairing. The pairs should be

—S(rn)

I i I i I

2 3
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1

I s I s I s 0
0 0.5 1 1.5 P- 0 .L 2 3
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FIG. 3. (a) Energy of the ground state as a function of an
external magnetic Aux p. The energy at zero Aux is subtracted
from the result, I.e. , AE(ttp) =E(p) —E(0). The subspace of

o t on d d, d the d ty ()= —, . e
denotes results at J/t =3.0, while D corresponds to J/t =4.0,
i.e., inside the phase separated region. (b) Staggered spin-spin
correlation, S(m) =(I//V)g;( —I ) '(S S + ), as a function
of distance at density (n) = —,', and coupling 1/t =3.0, i.e. , in the
superconducting region. (c) Hole-hole correlations /t(m) as a
function of distance at density (n) = —,', and coupling J/t =3.0.,
i.e. , in the superconducting region.

mostly coupled in short spin singlets forming dimers. To
check these ideas let us analyze the spin-spin correlations.
In this scenario, each electron is coupled with only one
other particle in a spin singlet, but due to rotational in-
variance, that particle can be located at any of the four
possible nearest neighbors. Then, the correlation at dis-
tance of one lattice spacing should be —

4 of the on-site
correlation, and it should vanish at larger distances. The
results shown in Fig. 3(b) obtained at (n) = —,

' and
J/t =3.0 are in good agreement with this picture. How-
ever, note that such a sharp decay of the spin correlations
implies a finite spin gap, which seems contrary to the no-
tion of a d-wave condensate. There are two possible ex-
planations for this "paradox. " One possibility is that a
di%cult to observe small power-law tail exists in Fig.
3(b), due to the existence of spin singlets in the ground
state at distances larger than one lattice spacing. This
behavior has been observed in one dimension [12].
Another is some variation on the scenario given by
SchrieAer, Wen, and Zhang in their discussion of d-wave
superconductivity [4]. They proposed that the nodes in
the superconducting order parameter in momentum space
may correspond to regions where other interactions have
opened a large gap (in their case due to a spin density
wave) creating a nodeless d-wave condensate. More work
is necessary to clarify these results. Another issue to ad-
dress is the possible formation of a "crystal" structure. Is
there any special order in the position of the electrons~
For that purpose hole-hole correlations, h(m) =(nt, (0)
xnt, (m)) (where nt, is the hole number operator), were
studied; i.e., once a hole is located at a given site 0, then
correlations with other holes are evaluated. Asymptoti-
cally, h(m) should decay to (n) at large distance. In Fig.
3(c), h(m) is shown at (n) = —,

' and J/t =3.0. The hole-
hole correlations rapidly decay to its asymptotic value,
showing that there is no special pattern in the hole distri-
bution (or, equivalently at (n) = —,', in the electronic dis-
tribution).

Summarizing, in this paper numerical evidence sug-
gesting that the t-J model in two dimensions has a super-
conducting phase at zero temperature has been discussed.
The pairing correlations are the strongest at density
(n) = —,', and near phase separation [6,7]. The Meissner
cN'ect, as well as flux quantization calculations support
this scenario. The dominant symmetry of the pairing
co11clat,1ons 1s dx2 y2. Thcsc I csults have scvcral Implica-
tions: (i) They are the first numerical evidence that the
t -J model superconducts in two dimensions [18]; (ii)
since the symmetry of the superconducting condensate is
d 2 2, this model may become a realization of recent
proposals to explain the phenomenology of high-T, ma-
terials making use of non-s-wave pairing interactions with
nodes [2,3]. Based on the present calculation and others
[6,7] the currently available information for the phase di-
agram of the two dimensional t-J model at zero tempera-
ture is sketched in Fig. 4. The notation is explained in
the caption. The "binding" region denotes a regime
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FIG. 4. Schematic phase diagram of the t -J model in two di-
mensions at zero temperature, as a function of coupling J/r,
and hole density x =1 —(n). The curves separating the region
at small J/t, presumably a Fermi liquid, FL, from the "bind-
ing" region, as well as the separation between binding and
d 2

y
2 w av e su percon d u ct iv i ty, a re rou gh est im a t ion s ba sed on

the study of binding energies, and the strength of g,"„p. The
transition leading to phase separation is more accurate, and in

qualitative agreement with high-temperature expansions [7].
Near half filling, the calculations are more dificult, and it is

only known that antiferromagnetic, AF, and ferromagnetic,
FM, correlations are important.
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