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Boundary Layer Length Scales in Thermal Turbulence

Andrew Belmonte, Andreas Tilgner, and Albert Libchaber @

Physics Department, Princeton University, Princeton, New Jersey 08544
(Received 29 March 1993)

We present measurements of local temperature fluctuations from a convection cell of aspect ratio 1,
using gas at room temperature, for Rayleigh numbers (Ra) ranging from 5x10° to 1x10'. The
thermal boundary layer thickness is measured; its scaling is close to Ra =%’ for Ra > 2x10". A second
length scale is measured through the cutoff frequency of the power spectrum, which we relate to the ve-

locity of the large scale circulation.
Ra=2x10°.

PACS numbers: 47.27.Nz, 47.27.Te

The study of Rayleigh-Bénard convection has led to the
experimental determination of different turbulent states
at high Rayleigh numbers [1-3]. These states are
characterized through statistical quantities such as the
average heat flux, mean circulation velocity, and local
temperature fluctuations. In the highest Rayleigh num-
ber state, called hard turbulence, the measured quantities
have a power law dependence on Rayleigh number. Tur-
bulent convection involves temperature and velocity fields
which have boundary layers at the limiting surfaces.
Direct characterization of these boundary layers had been
neglected until a recent experiment with water at a Ray-
leigh number of about 10° [4].

In this Letter we present results from an aspect ratio 1
cell using room temperature gas, with a Prandtl number
of 0.7, and Rayleigh numbers ranging from 5x10° to
1x10'"". By recording local temperature fluctuations at
varying distances from the colder plate, we measure the
thermal boundary layer thickness. We also measure a
second length scale using the high frequency cutoff of the
power spectra, and argue that this length scale is related
to the velocity field.

The experimental conditions are simply described: Pla-
nar boundaries, above and below the flow region, main-
tain a constant temperature difference across the fluid,
which is also confined by lateral, thermally insulating
boundaries. The situation is completely specified by three
dimensionless parameters [5]: The Rayleigh and Prandtl
numbers, and the aspect ratio of the cell, which quantifies
its geometry. The Rayleigh number is defined as

Ra=gaAL3/vk,

where g is the gravitational acceleration, L the height of
the cell, A the temperature difference, a the thermal ex-
pansion coefficient of the fluid, v its kinematic viscosity,
and « its thermal diffusivity. The Prandtl number is the
ratio of the two diffusion constants: Pr=v/x. The aspect
ratio is the lateral extent of the cell divided by the height
L.

A detailed description of our apparatus will be pub-
lished elsewhere [6]. The convection cell is a cube 15.2
cm in height, contained within a larger steel vessel
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The Rayleigh number dependence of this length changes at

designed to withstand pressures of up to 50 atm [7]; both
are filled with gas at room temperature, and a small hole
in the cell allows the pressure in the vessel and cell to
equilibrate. The vessel is also filled with cotton batting so
as to impede the movement of gas exterior to the cell. By
varying the pressure from 0.6 to 18 atm, and filling the
cell with helium, nitrogen, or sulfur hexafluoride (SFg),
we could span almost six decades of Rayleigh number,
while the Prandtl number remained constant to within
5%. The temperature fluctuations were measured below
the center of the colder (top) plate with an uncoated met-
al oxide thermistor about 200 um in diameter [8]. A mi-
crotranslational stage was used to vary the height of the
detector, and several thermistors were used to cover the
upper half of the cell along its center axis [5].

The experiment was designed to visualize turbulent
convection [6]. Using shadowgraph techniques, we have
observed a single circulating roll in the cell for Ra up to
10'%, and estimated advection velocities to be around 10
cm/s.

We first present the thermal boundary layer measure-
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FIG. 1. The normalized mean (black dots) and rms (open
dots) temperature profiles vs z/L, for SFg at Ra=4.8x107 and
A=16.3°C; L=15.2 cm. The mean is plotted as (T — T'p)/A,
so that the top plate temperature is zero, and the central tem-
perature is 0.5. The inset shows an enlargement of the region
close to the plate.

4067

© 1993 The American Physical Society



VOLUME 70, NUMBER 26

PHYSICAL REVIEW LETTERS

28 JUNE 1993

A [mm]

0.1 L 1 aaal saasanl M 1

FIG. 2. The length scales Aw (circles) and A» (squares) vs
Ra, with error bars of £0.1 and * 1 mm, respectively. The
line drawn for A corresponds to Ra ~%%%; the line for A, corre-
sponds to Ra =2,

ments. Figure 1 shows a typical profile of the mean and
root-mean-squared (rms) values of the temperature as a
function of the distance z from the top plate (normalized
by the cell height L) for Ra=4.8x107. Half of the total
temperature difference A occurs in a layer close to the top
plate, in which the z dependence of the mean temperature
is at first linear. We define the thermal boundary layer
thickness as the distance Ay, at which the extrapolation of
the linear portion of the profile equals the central mean
temperature [5]. The temperature rms reaches a max-
imum at approximately this same position, and then de-
creases as one moves into the cell [4]. The measured
thickness A, is plotted against Ra in Fig. 2.

For Ra>2x107, we find that A~Ra ~022+001
From this, we estimate the local Nusselt number [9] as

Nu=L/2\hy=0.18 Ra*?+00!

In similar experiments on low temperature helium
gas, direct measurement of the heat flux led to Nu
=0.22Ra%%85%0004 f5: Ra > 4x107 [2,3]. Those experi-
ments also found that below 4% 107, the Nusselt number
is closer to Ra]/3; we note an increase in the slope for
Ra <2x107 in Fig. 2.

Figure 3 shows the mean temperature profile for
several different Ra, normalized by the thermal boundary
layer thickness. There is clearly no universal shape, but
perhaps two characteristic ones, indicating a possible
transition somewhere above 108, This observation will be
addressed later in the paper.

We now move to the velocity boundary layer. We have
not found a viable method for directly measuring velocity
in our experiment [10]. We were, however, guided by an
observation from our experiment with water, in which the
velocity layer was measured directly [4]. By looking at
the changes in the power spectrum of local temperature
fluctuations with height, a correspondence was found be-
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FIG. 3. The normalized mean temperature profiles vs z/Aw
for several Ra. The distance z is normalized by the thermal
boundary layer thickness.

tween the high frequency cutoff of the spectrum and the
velocity profile. In the present experiment we also exam-
ine the power spectra as a function of height, and find
that the high frequency cutoff varies with z. A typical
time series and its spectrum [11] are shown in Fig. 4. For
experimental convenience, we define the cutoff frequency
f. as the frequency where the power spectrum intersects
the noise level of the experiment. The signal-to-noise ra-
tio was approximately constant during measurements,
and small variations did not significantly affect the mea-
sured value of f..

A typical profile of f,. normalized by the characteristic
frequency x/L? is shown in Fig. 5 for Ra=8.8%10%. The
inset shows a linear region of f, close to the plate, which
extrapolates to a nonzero value of f. at z=0. Further
into the cell, f, reaches a maximum. The position of this
maximum, A,,, is plotted against Ra in Fig. 2.
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FIG. 4. A typical time series of temperature fluctuations at
z=4 mm, for SF¢ at Ra=8.8x10% and A=21.7°C. The inset
shows the power spectrum taken over 30 min. The arrow indi-
cates the cutoff frequency (f, ~40 Hz).
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FIG. 5. The cutoff frequency for SFs at Ra=8.8%x10% and
A=21.7°C. The inset shows the region close to the plate.

The value of the maximum cutoff frequency (fmax)
has a well defined scaling with Ra. Figure 6 shows the
dimensionless value of f.m.x at each Ra. They scale as
Ra%®7*003 from Ra=4x10% to the highest Rayleigh
number attained in our experiment (1x10'!).

We now propose an interpretation for the maximum in
the cutoff frequency. The higher frequencies of the
power spectrum have their origin in the narrower peaks of
the time series. Temperature fluctuations close to the top
plate include many sharp excursions to lower tempera-
tures (as in Fig. 4) due to boundary layer detachments
being advected past the detector. The temporal width of
these peaks is determined by both the spatial width of the
detachments (A) and their advection speed (u). The
cutoff frequency, as a measure of the high frequency ex-
tent of the spectrum, is then f, ~u/A. The typical length
scale for detachments in the region near the boundary
layer is roughly the boundary layer thickness Ay, in-
dependent of height [12] (all measurements presented
here are in the region z/L <0.16). Therefore u and f,
must be maximum at the same point. We know from
visualization that the large scale circulation supplies the
dominant velocity (U) in the region close to the plate, so
that f.~U/Ay. We can use the scaling for the circula-
tion velocity measured previously [3], neglecting small
variations of velocity with distance (because the max-
imum of £ is broad), to write

fcmaxL2 ~ Ra‘/z
K Ra~%7

11/14=0.786 is close to the observed exponent 0.79.
This agreement lends strong support to the identification
of the position of the maximum velocity with the position
of the maximum cutoff frequency.

It is surprising then that the measured scaling for the
maximum f, extends below Ra=2x10" (Fig. 6), since
the behavior of A, is different in this regime. However, a
change in the behavior of the large scale circulation has
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FIG. 6. A plot of femaxl ¥/k vs Ra. The line corresponds to
Ra®™.

also been observed for Ra <4x107 [2]. The velocity is
larger than would be expected from U~Ra‘/2, which
would tend to compensate for the change in Ay,. Thus a
change in the scaling could be unnoticeable.

In light of our interpretation we now discuss the depen-
dence of A, on Rayleigh number. Its most striking
feature is the gap that opens between the two length
scales above Ra~107 (Fig. 2), which we divide into two
different regimes. The first regime is characterized by
the observation that A, ~const (at about 6 mm). We
have no explanation as to why this occurs. We only note
that it allows the Reynolds number of the velocity layer
to increase: At Ra=2x107, we estimate the Reynolds
number to be about 50, whereas at Ra=2x10% it is
about 600 [13]. Thus the velocity boundary layer is not
yet turbulent (in the Reynolds number sense) at the tran-
sition to hard turbulence [14].

In the second regime, for Ra> 2Xx 10%, A, decreases as
Ra ~044%09 If we approximate this exponent by —0.5,
we find that the Reynolds number of the velocity layer
remains at about 600. Reynolds numbers on the order of
103 are reasonable for a turbulent layer. Thus above
Ra~10? the velocity layer is governed primarily by iner-
tia.

The transition at Ra=2x10° does not affect the scal-
ing of Ay, nor was an effect seen in the measurements of
previous experiments [2,3]. This may be because Ay, is
well within the velocity layer at Ra~10°. The shape of
the mean temperature profile does appear to change,
however, as seen in Fig. 3. The rounded portion of the
profile, outside the boundary layer, becomes more gradu-
al for Ra> 10°, which may indicate a broadened mixing
zone. Note that because the linear portion of the profiles
coincide, the Nusselt number is unaffected.

The scaling of the velocity layer, if extrapolated, sug-
gests that the hard turbulence state is not asymptotic,
since thermal and viscous layers might cross at a much
higher Rayleigh number. This has also been suggested in
a recent model [15]. Hard turbulence would then be an
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intermediate state, owing its existence to the gap between
the boundary layer length scales of the temperature and
velocity. It appears that the deeper one looks into tur-
bulence, the more complexity and substructure emerge.
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