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Steady-State Reaction-DifFusion Front Scaling for m, A+n. H: inert
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We study the front formed by the reaction mA+nB —+ [inert] between opposing currents of A and
B, as a function of current density J(—& 0), diffusion constant D, and reaction constant k. We show
that the critical dimension is d, = 2/(m + n —1), above which mean-field theory is valid. Below
d„J ~ 0 is equivalent to k —+ oo. Consistency arguments give exact predictions for the scaling
exponents when d & d, . Our results apply also to the case of a front that moves or grows with time,
or where the diffusion constants dier.

PACS numbers: 82.20.—w, 02.50.—r, 05.40.+j

There are many physical, chemical, and biological sys-
tems where two diffusing species react irreversibly on
contact. The most common situation is the bimolecu-
lar reaction A+ B ~0, where one molecule of the species
A reacts with one molecule of the species B [1]. Clas-
sically, such processes are described by mean-Beld-like
reaction-diffusion equations, where the rate of reaction
of the two species is assumed proportional to the prod-
uct of the average densities of the two species. Recently,
however, much attention has been focused upon the devi-
ations from mean-field behavior arising from the micro-
scopic fluctuations in the densities, and the correlations
so caused [2—6]. One situation that has provoked much
interest. starts with the two species initially separated
in space, so that they react in a confined zone which
grows with time [3—13]. The inert reaction products are
assumed to precipitate out, and hence not to have any
further interaction with the A and B particles. Under
these conditions, the reaction profile R(x, t) (number of
reactions occurring per unit time per unit volume at a
distance x from the initial boundary between the species)
is seen to exhibit scaling behavior [7] of the form

1
provided x (& t&. The scaling exponent n appears to as-
sume its mean-field value [7] a = s in dimension greater
than 2 [3,8,9], whereas data from Monte Carlo and prob-
abilistic cellular automata (CA) simulations in one di-
rnension suggest a value closer to a. = 0.30+ 0.01 [3,5].

The more general case of the higher-order reaction
mA+nB ~ 0, where a reaction event requires m par-
ticles of type A to coincide with n particles of type B,
is equally important in chemical physics. Such reactions
may describe catalysis [14], or lead to rich complex be-
havior such as Turing pattern formation [15]. In previ-
ous publications [3,4], we found an inconsistency between
simple nonexact microscopic arguments and our CA sim-
ulations in predicting the scaling exponents for a front
formed in such a system.

A convincing evaluation of the critical dimension, and

the reason for departure from mean-field behavior, has
so far eluded investigation.

In this Letter, we study the scaling behavior of the
front formed in the steady state reached by imposing an-
tiparallel current densities (henceforth just "currents")
J~ = m~ J~ and J~ = —n~ J~ of A and B particles at
x = —oo and 2: = +oo, respectively. This situation is
much easier to investigate, since the front is no longer
time dependent and there are only three relevant pa-
rameters (J, diffusion constant D, reaction constant k).
However, the results for the scaling exponents and critical
dimension may be directly applied to the time-dependent
case, where the front is formed quasistatically by currents
oc t & [16]. We find the surprising result that dimen-
sional analysis, coupled with consistency arguments, is
sufIicient to show that the critical spatial dimension is
d, = 2/(m + n —1). Above d„ the scaling limit J —+ 0
is equivalent to the mean-Geld limit k ~ 0. For d ( d,
scaling is equivalent to k ~ oo, and we find an exact pre-
diction that corresponds to o, =

4 in the time-dependent
case for d = 1, (m, n) = (1, 1). We suggest that the
higher values obtained elsewhere [3,5] are due to short-
time effects. We confirm our results by high-precision CA
simulations in dimensions 1, 2, and 3. Incidentally, our
results appear to be the first published computer simu-
lations for a reaction front in d = 3.

In a microscopic description, the A and B particles
perform random walks (described by a difFusion constant
D) with a short-ranged interaction whose sole efFect is
to cause reaction. Using particle density operators a and
6, we represent the reaction in a pointlike way as R =
k(a™b"),where ( ) is an ensemble average and k is the
reaction constant. Our CA model [4] is one realization
of such a system. The boundary conditions are a(—x) ~
(m Jx/D), a(x) ~ 0, b(x) ~ (n Jx/D), and b( —x) ~ 0
as x —+ oo (where a —= (a), 6 —= (6)); i.e. , the currents are
balanced so that the front is stationary. In the steady
state, the equations of motion may be written as

—8 a=A= —8 6 (2)m n
(see, e.g. , [3]). In the limit J ~ 0, the densities are low
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and the profiles are characterized by a single length scale
m, the reaction width:

(3)

(4)

(5)

which defines P, A, and B. We justify (3)—(5) a posteriori
from mean-field analysis and simulations. The prefactors
are chosen to satisfy (2) and the boundary conditions.

We suppose that m is a function of J, k, and D only.
The scaling regime m ~ oo, corresponding to the long-
time behavior for the time-dependent problem, is there-
fore reached in the limit J —+ 0, and for some limit of
k and D—either zero or infinity, or both, as we do not
expect there to be any critical value of either of these
quantities. We deFine exponents A, p, and v from the
asymptotic behavior of m in the scaling limit

DA
tU = (6)

(up to a numerical prefactor, which we include instead in
the definitions of A, B, and P). In the time-dependent

1
case, J t 2, so we equate v = 2o, . For the moment, we
restrict ourselves to the case where the front is station-
ary and the diffusion constants are the same for the two
species, though we shall later argue that these conditions
may be relaxed without altering the exponents.

Mean field theor-y. The mea—n-field hypothesis is

(a b") = amb" [3]. The case (m, n) = (1, 1) was con-
sidered first by Ben-Naim and Redner [17). We treat
general m and n. Writing B = ka 6", and using the di-
rnensionless variables x = x/rv r, a(x) = a(x)(D/ro r J),
and b(x) =—b(x)(D/ui r J), where

( Dm+n
~mf-: +„r)I

Eq. (2) may be written in the form

av (x) mbn-
m n (8)

The boundary conditions become a( —x) ~ mx,
a(x) + 0, b(—x) ~ 0, and b(x) + nx as x ~ oo, so
a and b depend on J, k, and D through x:—x/rv r only.

Comparing (4) and (5) with the definitions of a and b in
terms of a and b, we identify a and b as A and B and

r (up to a numerical prefactor). Combining (6)
and (7) gives a value for v that, since v = 2a, is equiva-
lent to the results of Ref. [3].

As x ~ oo, the asymptotic decay of the A-particle
profile may be found from 0-a = mnna™xn, giving

exp( —oxi+ ~ ) for m = 1

(Q X
g m —1 form&1

(9)

where o is a constant.
The total reaction rate f A dx(= J) always exists, and,

even though the moments of B do not always exist (one
of the steady-state particle profiles even being noninte-
grable for )m —n~ & 3), the existence of scaling solutions
of the form (9) has been proved in the time-dependent
case [18,19]. In a typical experimental situation, the re-
action profile will agree with its theoretical steady-state
value up to a clistance (Dt)& from the origin, so we
expect to observe deviations only when a particle profile
varies as a power law.

Beyond mean fiel-d W—e assume that the scaling be-
havior (3)—(5) persists (in some limit) when microscopic
fluctuations are taken into account. Although we cannot
solve the model explicitly, dimensional analysis and the
scaling hypothesis shall give us sufIicient information to
determine the scaling exponents.

The dimensions of the three relevant parameters (in
terms of length L and time T) are

J) L (d —r) Z
——i

[g] Ld(n+m —rlT —i

There is therefore only one independent dimensionless
combination of these quantities, which without loss of
generality we write in the form

Dd(m+n) —x

V =
kd+1 Jd(m+n —1)—2 ' (11)

and any quantity of dimension length may in general be
written in the form to = ut r f(u). Consistency with (6)
requires f u'r in the scaling limit, leading to

D +++1+g[d(m+n} —1]

+1+p[d+1]J™"
++ ~q +p[d(m+n —1)—2]

This form is immediately interesting, because, at spa-
tial dimension d = d, —:2/(m + n —1), u is indepen-

rrr+n —1

dent of J and so all length scales vary as J + +1. For
(m, n) = (1, 1), this critical dimension is d, = 2, confirm-

ing the results of Ref. [3], where we argued that, in this
dimension, two different length scales both scale in the
same way with time (current). For (m, n) = (1, 2), the
critical dimension is d, = 1, showing that the arguments
for this case in Ref. [3] [which gave d, =2 independently of
(m, n)] are indeed invalid in this case. For (m, n) = (2, 2)
and above, the critical dimension is less than 1. In Ref.
[4], simulations for d = 1, (m, n) = (1, 2) and (2,2) found
exponents o, = 0.28 and 0.35, respectively, a little higher
than the mean-field values 4 and ~z, probably due to
insuKciently long times in the simulations.

We further assume that (a) (b)" & (a b"), since the
reaction introduces anticorrelations between the species.
Using (3)—(5), we find that f (u) = u» 1. Using (ll) in
the scaling limit J —+ 0, this implies p(d —d, ) & 0. We
consider three cases.

Above critical dimension (d & d,) Here, p & 0.,—so
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the scaling limit is u ~ oo, which may also be reached by
k ~ 0. However, in this limit, we expect that mean-Beld
results should hold, so A, p, , and v should take their mean-
field values, To confirm this, we have performed CA sim-
ulations of the reaction (m, n) = (1, 1) in d = 3. Lattice
sizes between [64 x 128 x 128] and [256 x 128 x 128] were
used. The current was varied over a range 1—27 (equiv-
alent to simulations of the time-dependent case over five
decades of t), and for each value of J measurements were
averaged over several hundred thousand time steps. Fig-
ure 1 shows a log-log plot of ur (obtained from the second
moment of R) vs J, the straight line being a least-squares
fit to the last five points of gradient 0.339+0.001. Given
that the gradient is still decreasing as J decreases, this
agrees well with the mean-field prediction —.A scaling

iplot for A using the exponent v =
3 may be found in

Fig. 2. We found that R = kab to within 1%, so we did
not run simulations of different values of k or D as this
result necessarily implies mean-Geld behavior.

Belouj critical dimension (d ( d,) Her.—e p & 0. The
case p = 0 corresponds to mean-Geld behavior, which we
expect to be valid as k —+ 0. For p ( 0, the scaling
regime is approached as u ~ 0 and hence as k ~ oo.
This implies p & 0, but p ( 0 is unphysical, since m

cannot decrease as k decreases. Hence p = 0, which
from (12) gives v = 1/(d+ 1). We henceforth consider
only (m, n) = (1, 1) in d = 1, being the only physically
realizable situation for integral dimension d & d, . v =

z
is equivalent to o. =

4 in the time-dependent case, equal
to the value found when one of the species is stationary
[6], and also to the lower bound found in Ref. [3). This

1
gives ui = (D/J)~, which is a measure of the typical
closest A Bseparation-as k ~ oo (see [2,3]), as has been
observed elsewhere in Monte Carlo simulations [10]. It is
reasonable that the reaction width should approach this
value as k ~ oo.

How does the system interpolate between these two
limits? The B-particle profile grows as 2: ~ oo. The
fluctuations in this profile will be proportional to b&, and
so we expect that, at sufficiently large distances, (ab) =

(a)(b) + (a(b —(b))) = (a)(b). The profile therefore has
a mean-field-like behavior at suKciently large distances.
To estimate the distance beyond which mean field should
be valid, consider an A particle in a region where the B
particle density is b. Within mean field, the lifetime of
the A particle is (kb) i, during which time it will have

1
moved a distance (D/kb) '. For the mean-field theory
to be consistent, this region must contain a large number
of B particles so that the relative fluctuations are small.
Since b = (J~x]/D), we find that the mean field is valid
for ]x] )) E —= (k/J). Hence, the limit u ~ 0 has l &)

1

(D/J)~ )) io r, while u ~ oo gives E (( io f. The
non-mean-field behavior is therefore observed as u ~ 0,
corresponding to k —+ oo or J ~ 0 (i.e. , t ~ oo in the
time-dependent case), while behavior is pure mean field
for u ~ oo, e.g. , for k —+ 0 with J fixed. In the time-

1
dependent case, E t2, and so x )& E is in the region
where 6 is constant; the mean-field limit does not exist
in this case.

We have performed simulations for (m, n) = (1, 1) in
d = 1, for lattices of size 128 to 1024. The current was
varied by a factor of 2s, with D = 2, averaging over 32
independent runs of several tens of millions of time steps
each. In our simulations, we were only able to study cases
where x (& 8, so we expect to be well outside the mean-
field region. A log-log plot of m vs J is to be found in Fig.
1, together with a scaling plot for R. The straight line is a
least-squares fit of gradient v = 0.497 + 0.008. Changing
A; by a factor

&
or 4 did not change B noticeably, and

when the diffusion constant was changed to D =
6 the

profile again rescaled appropriately. A plot of RJ ~i+ ~

as a function of xJ may be found in Fig. 2, showing
good scaling collapse for v = 2.

At the critical dimension (d = d,) In this.—case, the
above arguments do not constrain the D and A: exponents.
We expect again, however, that the limit k —+ 0 should
again yield mean-field exponents, while the question of
whether the limit k ~ oo may yield a different scaling
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FIG. 1. Natural logarithm of the reaction width as a func-

tion of natural logarithm of the current density for the reac-
tion A + B ~ 0 in dimensions d = 1, 2, and 3.
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FIG. 2. Rescaled reaction profile for the diffusion-limited
reaction A + B —+ 0 in dimensions d = 1, 2, and 3, using
p 2 3 and 3, respectively. The profil es for d = 2 and
d = 3 have been shifted vertically for clarity.
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behavior is undetermined. It is plausible that for d = 1
and (m, n) = (1, 2), the reaction width should again have
the A B-particle distance as a lower bound, implying that

1
as k —+ oo the reaction width approaches (D/J)', the
same value as for (m, n) = (1, 1).

We have simulated the reactions (l, l) in d = 2 and
(1,2) in d = l. In the first case, we observed A ~ k(ab)
in the limit A: —+ 0. Figure I shows a log-log plot of m as a
function of J. The straight line is a least-squares fit to the
last five points, having gradient v = 0.344+0.002, though
the gradient is successively decreasing, consistent with a
slow approach to the mean-field exponent v = s. A
scaling plot for B, using the mean-Beld exponent v = 3,
may be found in Fig. 2. Bwas found to approach kab as k
was decreased, suggesting full mean-field behavior in this
limit. The case (1,2) in d = 1, however, gave much less
conclusive results. Although an analysis of the reaction
profile for x ) 0 was consistent with v = &, the power-law
tail of the B particles was prone to slow equilibration and
significant finite-size effects. A thorough investigation of
this situation requires very high computing power.

Finally, we discuss the case of differing currents and
diffusion constants. Suppose we have (J~/J~) = const g
—(m/n), J~J~ = J2. In the "steady" state the front
will move through space at a constant velocity v (x J.
The particle profiles far away from the reaction zone are
found by solving the diffusion equation with the condi-
tion a = 6 = 0 at a point moving with velocity v, finding
v from the condition that the gradients of the profiles
be in the ratio —(n/m) at this point. These gradients
are the total number of particles reacting per unit cross
sectional area per unit time. The profile will be linear
on a length scale proportional to J, and so the qua-
sistatic approximation is again valid since (i) the real
profiles differ from the above Stefan problem only within

iv oc J (« J ) of the front and (ii) the equilibra-
tion time of the front ur 2/D is much smaller than the time
iv/v for the front to move over a distance iv. The results
for the stationary front will therefore hold for the scaling
exponents as J + 0. If the diffusion constants differ, we
have to include a further variable D~/D~ in our scaling
theory. If this ratio is kept at a constant value (neither
infinite nor zero) we expect the shape of the scaling pro-
Ble to differ, but since the above arguments consider the
J and k dependence only we do not expect the results of
this paper for p, and v to difFer.

We shall discuss our results more fully in a future pub-
lication [20], where we shall explain our simulation meth-
ods and present further work on the properties of the re-

action front, especially for the case d = d, . We are also
investigating the applicability of the above arguments to
the case of a fractal substrate.
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