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Scaling near Mode Locking in a Charge Density Wave Conductor
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A striking evolution of the I Vcu-rves is observed in a single sample (i.e. , for a given realization of
quenched disorder) of the charge density wave conductor Nbse3 in the presence of an external rf field of
varying amplitude. This yields qualitatively different "depinning transitions" from the pinned and the
mode-locked states. In some regimes the transition is apparently continuous and shows scaling behavior
in agreement with some recent theoretical results. In other regimes the transition turns first order at
both harmonic and subharmonic steps, but with a marked asymmetry.

PACS numbers: 72. 15.Nj, 71.45.Lr

The incommensurate charge density wave (CDW) in

quasi-one-dimensional conductors [1] has served as a pro-
totype of collective transport in disordered systems [2].
Above a threshold voltage VT, a measure of the pinning
strength due to quenched random impurities, the CDW
slides carrying current. Despite many attempts, both
theoretical and experimental, a consensus on the sliding
state and the depinning transition is still lacking. A re-
cent resurgence in theoretical work [3-7] addressing vari-
ous aspects of the sliding CDW has led to several new

predictions. Progress on the experimental front, however,
has been impeded by consistent observation of distinct
types of behavior observed in different samples, in most
cases without any useful clues to the origin of the
differences, but attributed to the presumably different na-
ture of quenched disorder. This has raised the issues of
what is intrinsic to these systems and what is the minimal
set of experimental observations that needs to be ad-
dressed by a successful theory.

In this paper we report new results obtained in the
study of mode-locking behavior in the CDW conductor
NbSe3. These results show that under controlled condi-
tions, specifically under an external rf field of varying am-
plitude, a single sample (with a given realization of
quenched disorder) displays diverse behavior that is typi-
cally observed in different samples and is considered dis-
tinct, perhaps requiring distinct explanations.

Mode locking, analogous to Shapiro steps in 3osephson
junctions, is observed in the CDW systems in the pres-
ence of an rf field of frequency m„f. The washboard fre-
quency, often called the narrow band noise (NBN) fre-
quency cu„b„,of the sliding CDW (given by cu„»=q,a„v,
where q,d„is the wave vector and v is the velocity of the
CDW), and thereby the CDW velocity, locks to the
external frequency when the frequency ratio, called the
winding number W(=ru„b„/ru„r),equals p/q, where p and

q are integers. The I-V curves for the CDW are given by

I = v/R„+I„„(v,v, ),
where R„is the normal electron resistance. Thus, locking
of the CDW velocity, i e., I d„, implies that the dif-
ferential resistance Rd ( =d V/dl) equals R„on the

mode-locked steps, which is the typical experimental sig-
nature of mode locking.

The functional form of l,a„in Eq. (1) has received
much attention. Fisher s description of depinning as a
dynamical critical phenomenon [2] suggests a power-law
form:

Icaw-(v —vT) (2)

where P is the critical exponent. The exact value of P
remains uncertain due to the finite rounding of the transi-
tion often encountered experimentally which obscures the
behavior in the critical regime near threshold. Recently,
it has been shown [3] by numerical simulations that the
same scaling behavior is obtained near every mode-locked
step:

where Ip/q is the mode-locked value of the CDW current
on the step and Vp/q denotes the voltage at which the
mode-locked step occurs. The superscripts refer to the
upper and lower edges of the step, respectively, i.e. , the
width of a step AVp/q = Vp/q Vp/q.

+

Results reported here are obtained in a small sample (4
pm&&0. 8 pmx 1.6 mm) of reasonably high purity (residu-
al resistance ratio, 236) in a two probe configuration
below the lower CDW transition. The sample displays a
single narrow band noise fundamental and the locked
steps are indexed by a single set of p/q values. Rd is ob-
tained by a low frequency modulation technique in a
current-biased configuration. Complete locking is ob-
served at harmonic and low order subharmonics where

Rd equals R„.
Measured Rd with different values of rf amplitudes is

shown in Fig. I. The data with no rf field, curve a, show
a smooth and somewhat rounded depinning transition and

Rd decreases concave downwards. An analysis of data
such as these in terms of a scaling form in Eq. (2) yields

P —1.2 as reported earlier [8]. Simulations show that al-
though such an exponent obtains over a large range in re-
duced field [9], this value is not the true critical exponent
[4,5]. As the rf field is applied, the depinning sharpens
considerably as seen in curve b; Rd still decreases with
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FIG. I. Current dependence of the differential resistance
dV/dl (=Rd) at various values of the rf field. The ordinate
corresponds to curve d. Other curves are shifted arbitrarily
along the ordinate for clarity. Note the negative differential
resistance at threshold in curve d.

the same sign of the curvature and mode-locking features
appear. In curve e, at a larger rf field, downward wings
appear at threshold and at low order mode-locked steps.
Such curves have been obtatned in many studies [10],but
have not been subjected to a scaling analysis, which we
will describe below. We note here that the presence of
the downward wings implies that Eq. (2) will yield P ( l.
However, even more remarkably, we find that Rd be-
comes negative at threshold (hereafter referred to as the
0/1 step) and nearly so at the upper edge of the 1/1 step
upon further increase in rf amplitude as shown in curve d.
Note that a negative Rd in a current-biased measurement
is a signature of a "switch, " i.e., a discontinuous change
in a voltage-biased configuration that is typically ob-
served in the so-called switching samples near threshold
without any rf field [11].

A direct study of the time-averaged CDW velocity is
obtained through the NBN frequency [12], as shown in

Fig. 2, where the winding number 8'is plotted versus the
dc voltage, covering some of the subharmonic steps. The
modulation signal is absent in this configuration and the
dc current increments are smaller than in Fig. 1 and thus
a clearer identification of higher order mode-locked steps
is possible. The striking result is that as the dc current is
increased monotonically, such a negative Rd appears at
subharmonics 1/3+, 1/2+ in the form of an "overhang"
in W and a jump discontinuity occurs at 2/3+. The lower
inset shows the dc I-V curve with a pronounced negative
discontinuity at the upper edge of the 1/1 step. The
upper inset shows 8' near this step. In this case W is ob-
tained from the dc I-V curve [13]. For both the harmonic
and subharmonic steps, the switch is strongly asym-
metric, observed more markedly at the upper edges.

Thus we observe, as a function of the rf amplitude,
different behavior seen in the absence of rf in dtjferent
samples: (1) the common form of a concave downwards
Rd at threshold with a small rounding, shown here in

curve a in Fig. 1, (2) an Rd with a downward wing in
curve c that occurs at threshold, albeit very rarely, in
some samples [14], and (3) a switch, i.e., a discontinuous
or first order transition, not only at threshold but at both
h armon ic and subharmon ic steps.

We have constructed a mode-locking phase diagram in
Fig. 3, obtained from current-biased dc I-V curves in the
presence of an rf field. It shows the Arnol'd tongues for
the 0/1, 1/2, 1/1, and 2/1 steps. We compare the varia-
tion of the 0/1 step with that obtained from numerical
simulations [15] of the elastic medium model for both 2D
and 30 cases and find the latter to be a better agreement.
The locked-unlocked phase boundary indicates continu-
ous transitions for most of the phase space for all four
steps. But a first order transition occurs for an intermedi-
ate range of rf amplitudes [16]. For both I/1 and 1/2
steps, the first order transition occurs when the mode-
locked region is the widest. Moreover, there is a large

'o V„N
FIG. 3. Mode-locking phase diagram. The open and closed

symbols, respectively, correspond to continuous and discontinu-
ous transitions across the locked-unlocked phase boundary.

FIG. 2. Voltage dependence of the winding number 8' ob-
tained from a direct measurement of the narrow band noise fre-
quency. Negative dV/dl occurs at the upper step edges for l/3
and 1/2 steps and a jump discontinuity on the upper edge of the
2/3 step. The lower inset shows the I Vcurve fo-r the 1/1 step;
note the negative jump in V at the upper edge. The upper inset
shows H vs voltage for the same step obtained from the dc I-V
curve.
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FIG. 4. Scaling plots for low order mode-locked steps for an
rl' frequency of 2 MHz. The abscissa corresponds to the 0/1
step. V,i/Vr is 2.05 for the 0/1+ and 1/1 —steps and 1.12 for
the 1/2 —steps. Each curve is shifted up from the previous one
by one decade each in reduced field. Results of a simulation of
a 3D automaton model are shown for comparison; here the
abscissa is shifted down by two decades in the reduced field and
the ordinate is in arbitrary units. The upward arrows mark the
locations of (weakly) first order transitions. The horizontal sec-
tions in each curve correspond to various mode-locked states.
The straight lines mark the results of Narayan and Fisher (Ref.
[5]), which are the same as the numerical results of Tang and
Bak (Ref. I19l) for the "sandpile" automaton model.
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asymmetry between the upper and lower edges of the
steps [17]. We emphasize that while the overall variation
of shape and width of the various Arnol'd tongues is de-
scribed well by the available models [3,15], they account
for neither the first order transition nor the remarkable
asymmetry.

Finally, we return to the scaling behavior near the
mode-locked steps. Figure 4 shows scaling plots of the
form in Eq. (3) for a few steps, obtained from the dc I V-
curves. The horizontal segments in the figure represent
the various mode-locked steps. Recent renormalization
group analysis [61 has yielded a value of the exponent

P =1 —e/6 where c is 4 —d, yielding P=0.83 in 3D and
0.67 in 2D, in agreement with numerical simulations [4].
Comparison with lines drawn corresponding to these two
values shows that the 30 exponent is a better fit, also
consistent with the agreement with a 30 simulation of an
automaton model [15], shown in Fig. 4. Note also the
large increase in the scaling range over previous studies
[8], a mark of the dramatic decrease in the rounding of
the transition. Thus we conclude that in regimes ~here
downward wings are obseried in Rd, but Rd itself does
not become negati[. e, the data are consistent ~ith theo-
retical results for a 3D system [18]. The single-particle
regime, where P = —,', presumably remains outside the
resolution of these studies. We note an interesting hierar-
chy of the various scaling regimes for mode-locked steps
with different order. Consider, e.g. , the I/2 —steps. The
apparent scaling regime includes all higher order steps,

i.e., larger q values, with only local departures from the
power-law fits. However, the scaling plot clearly breaks
down near a lower order, i.e. , the 1/1 or 0/I step. Simi-
larly, 1'or the 1/1 step, scaling extends over a larger re-

gime until the 0/1 step is approached. Numerical simula-
tions show very similar results [3,15].

Even for weakly first order transitions, an apparent
scaling behavior obtains, as shown in Fig. 4 for the 1/1+
and 1/2+ steps. Allowing the transition voltage to vary,
we obtain a similar scaling plot but with a transition volt-

age diAerent from the step edge. A preemptive first order
transition, shown by the arrow, occurs close to, but dis-
tinctly away from, this continuous transition point; this is

similar to weakly first order transitions in conventional
phase transitions. The diAerence h, V between the actual
first order point and the incipient second order point is a
measure of the strength of the first order transition; e.g. ,

for the data in Fig. 4 this diAerence in reduced voltage
(AV/Vz/z) is 3X IO and 1&10 for the 1/I+ and
1/2 steps, respectively.

These results have many implications for the available
theory. On several issues, the theory based on a deform-
able elastic medium approach agrees with our data. (I )
In some regimes we observe a critical exponent close to
what is predicted by the renormalization group analysis
and the numerical simulations [3-5]. The same apparent
exponent obtains even for weakly first order transitions.
(2) The apparent scaling regime with P =1.2 disappears
in both theory [3,151 and experiment. We also find, in

agreement. with numerical simulations [3], that the scal-
ing regime with a single exponent is greatly expanded
when an rf field is applied. (3) Our results also confirm
recent simulations [3] which show that a single exponent
describes the approach to other mode-locked steps, i.e. ,

Eq. (3) is valid in some parts of the phase diagram. It is

particularly interesting to note that the same exponent is
obtained [19] in the original "sandpile" automaton model
proposed in the context of self-organized criticality. This
study may thus also represent an experimental observa-
tion of that critical point.

There remain several serious diA'erences with the stan-
dard elastic medium model, nevertheless. (1) The physi-
cal origin of the initial sharpening of the depinning tran-
sition and the consequent change in the apparent ex-
ponent in the presence of the rf field remain a mystery.
Varying the rf amplitude changes the scaling behavior as
well as the scaling regime. Thermal eA'ects may cause
the rounding seen experimentally [20]. Whether this is
altered in the presence of an rf field needs to be addressed
by both theory and simulations. (2) Within the elastic
medium model, first order transitions do occur when
phase slips are allowed, an issue emphasized by Cop-
persmith [6]. The nonmonotonicity of the first order
transitions makes it difticult to understand why this
occurs only for intermediate rf amplitudes and does not
occur (or at least occurs more weakly) at both larger and
smaller amplitudes. (3) In addition, the remarkable
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asymmetry between the upper and lower edges of the
mode-locked steps is an issue that theory needs to ad-
dress. (4) A switch, i.e. , a first order transition has re-
cently been addressed by a modification of the standard
model by Levy et al. [7] who postulate a global coupling
between the uncondensed electrons and the CDW con-
densate. It remains to be seen if this model could explain
these results.

To conclude, we have shown that upon the application
of an rf field, dramatic changes in the CDW transport
characteristics occur. We find continuous depinning of
one kind changing to another, with diAerent qualitative
behavior and also, most surprisingly, to a first order tran-
sition, a behavior commonly called a switch. Since
different types of behavior are seen in a single sample at a
fixed temperature with a fixed realization of quenched
disorder, a successful theory ought to be able to unify
them under a common conceptual framework.

We acknowledge discussions with R. E. Thorne on
crystal growth methods and with S. Coppersmith, O.
Narayan, and C. Tang on various aspects of CDW
theory.
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