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We study the Josephson current through a superconducting grain coupled by two tunnel junctions
to macroscopic superconducting leads. As a result of the Coulomb blockade we predict the critical
Josephson current to have a threshold behavior when the superconducting gap is suppressed below
the charging energy by a magnetic field. This effect is a direct consequence of a discrimination by the
superconducting ground state between odd and even number of electrons on the grain. The critical
current is periodically modulated by the voltage of a gate electrostatically coupled to the grain. We
find a characteristic change in this modulation at the threshold.

PACS numbers: 73.20.Dx, 73.40.Gk

It is well known that the electrostatic Coulomb en-
ergy can suppress charge fluctuations on a grain coupled
by tunnel junctions to macroscopic leads. The number
of electrons forming the quantized grain charge can be
controlled by the potential V; of an external electrode
(gate). For a nonsuperconducting grain, extra electrons
are added to the grain one by one when the gate voltage
changes [1]. For the superconducting grain the situation
is different. If the charging energy is smaller than the
magnitude of the superconducting gap A (as was implic-
itly assumed in [2]), the ground state of the grain has to
contain an even number of electrons at any gate voltage.
As a result the energies of two “even” charge states differ-
ing by 2e can become degenerate for special values of V.
Because of this “Coulomb resonance” Cooper pair tun-
neling between the superconducting leads and the grain
is deblocked and the suppression of the Josephson cur-
rent through the grain is lifted [2]. In this Letter we point
out that the discrimination in favor of ground states with
an even number of electrons is not universal but depends
in an essential way on the relative magnitude of the gap
A in the single particle excitation spectrum of the grain
and the charging energy, €2/2C (C is the total capaci-
tance between the grain and the rest of the system). For
a sufficiently large gap, A > €2/2C, charge states with
an odd number of electrons are always energetically un-
favorable and hence excluded at zero temperature [3, 4].
In contrast, when A < e2/2C, a lower Coulomb energy
for the “odd” charge state can compensate for the extra
energy required to put the unpaired electron in an ex-
cited quasiparticle state. Hence for small A there is no
restriction on the “parity” of the ground state of the su-
perconducting grain, which may contain either an even
or an odd number of electrons. The magnitude of the su-
perconducting gap can be decreased by a magnetic field,
which makes it possible to study experimentally the tran-

sition at A = e2/2C from a parity-selective to a parity-
independent ground state of the superconducting grain.
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It is natural to call this transition a “parity effect” and
we will show that it manifests itself in a drastic drop in
the critical Josephson current. The modulation pattern
of the critical Josephson current J. = J.(V,) is also af-
fected. At small A the period is half of that found at
large gaps.

The electrostatic energy of a grain with a discrete
charge Ne is equal to

Ec(N) = (Ne)®/2C — pgNe, 1)

where g is the potential induced on the grain by the
gate voltage V; [5]. Because of the superconducting gap
and pairing of electrons in the condensate, ground states
of even and odd number of electrons have energies dif-
fering by A. (This idea was introduced a long time ago
in nuclear physics [6]). Hence depending on the par-
ity of the number of electrons, there are two sequences
of discrete energies shifted by A. As illustrated in Fig.
1(a), for a wide gap a degeneracy of the ground state
may result in charge fluctuations between Ne = 2ne and
N'e = (2n + 2)e. As the gate voltage is varied, degener-
acy occurs periodically with period §¢, = 2e/C. When
two even charge states are in resonance, the minimum
excitation energy of a state with different parity is equal
to 6E = A —e?/2C. The behavior of the system changes
drastically when this energy becomes negative; the reso-
nant states now have different parity; see Fig. 1(b). The
degeneracy condition E¢(2n + 1) = E¢(2n) + A deter-
mines two sets of values of 4. The two sets are shifted by
an amount §@, = e/C —2A /e with respect to each other,
but they both have the same period 6¢pg; see Fig. 2. At
A < €2/2C all points of degeneracy are equally spaced
and the modulation period of the function J, = J.(p,)
becomes e/C.

We now turn to calculating the Josephson current
through the system, assuming first that A is above
the threshold, A > €2/2C. 1In this case the effect
of the Coulomb energy on the tunneling of a Cooper
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FIG. 1. Ground state energy as a function of the grain
charge for a fixed value of the charging energy e?/2C and two
different values of the superconducting gap A. Because of
pairing in the superconducting state, there are two branches
corresponding to an even and odd number of electrons on
the grain. In (a) A > €2/2C and the gate voltage has been
adjusted to bring two charge states in the even branch, 2n
and 2n + 2, in resonance. The lowest charge state in the
odd branch is always separated by a gap from the ground
state. In (b) A < €?/2C and the gate voltage has a different
value which brings states of different parity, 2n and 2n+1, in
resonance. Sweeping the gate voltage through the resonance
changes the parity of the ground state.

pair between leads and the grain can be accounted
for by a straightforward generalization of the standard
Ambegaokar-Baratoff expression [7] for the Josephson
current through each of the two junctions. Hence the
generalized Josephson coupling energy for a single junc-
tion can be written as

Ec 2n
E\(2) =E?(2)F< (2n)

(2)

where E?(z) = hJy(2)/2e is related [8] to the correspond-
ing critical current Jy(p) = mG1(2)A/2e through a junc-
tion in the absence of charging effects, and the factor

1
Fle)= / A / ckep €+ €p — € + € — TA (3)

differs from unity in the presence of charging effects
( > 0). Here exp) = (&) + A2)1/2 are quasiparticle
excitation energies and we have for simplicity assumed A
to be the same in the leads and grain; G1, G5 are conduc-
tances of the junctions. Close to the Coulomb resonance,
where Ec(2n) ~ Ec(2n + 2), the charging energy in the
intermediate state with one extra quasielectron on the
grain is Ec(2n + 1) — Ec(2n) ~ —e2?/2C [cf. Fig. 1(a)]
and one finds from (2) and (3) that the Josephson en-

— Ec(2n + 1))
A ’
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FIG. 2. Critical Josephson current J. through a grain
at zero temperature as a function of gate-induced voltage
¢g- Results for three different values of the superconduct-
ing gap are shown: A = 0.1x, 0.5x%, and 1.5 x €2/2C. When
A > €?/2C the maximum current always occurs when two
charge states differing by 2e are in resonance. Such reso-
nances appear periodically in gate-induced voltage with pe-
riod 6pg = 2e¢/C (thick dashed lines; in the figure only
two resonant values are shown). Below a threshold value
A = €2/2C two sets of resonances corresponding to charge
fluctuations Ne < (N + 1l)e occur and the current peaks
split (thick dashed lines). In the limit A < e*/2C all
these resonances, where the critical current has maxima, fall
into a single sequence with period e/C. For this calculation
the conductances of the two links were taken to be equal,
G1 = G2 = 0.1G,, where G, = €*/h.

ergy Ey(9) is increased by a factor F(e?/2CA) > 1 due
to charging effects.

The Josephson energy of the entire system may be ex-
pressed in terms of the phases ¢;, ¢2, and ¥ of order
parameter in the left and right leads and in the grain,
respectively:

E; = —E;cos(y — ¢1) — Eacos(vp — ¢2). (4)

The phase 9 should be viewed as a dynamic variable
whose value is not fixed by the external conditions. In
other words its value cannot be obtained simply by
minimizing the Josephson energy (4) for given ¢, ¢a.
Rather, the restrictions on the charge fluctuations im-
posed by the electrostatic part of the Hamiltonian H=
Ec(N) + E; (%) induces quantum fluctuations in 1 [2].

The Josephson current is significantly modified by
charging effects if the Josephson energy is small com-
pared to the charging energy. In the following we as-
sume that E; < €2/2C, and use perturbation theory in
the small parameter 2CE;/e?. Because resonances occur
periodically in ¢g, it is enough to consider the interval

WM —e/C < g < o{ +e/C, where o = (2n+1)e/C.
We follow the standard procedure [2] to find the ground
state energy Eg. as a function of the phase difference
¢ = ¢1 — @2, from which the Josephson current can then
be obtained as J = (2e/h)(0FE,./0¢). The result is
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2e E1E3;sin¢g e E\FE, e FE\FE,
J(pg,d) = + - , (5) Jelpg) = + 5 — (7
? R gle2(p, — 0§72 + E3(4) /472 Roelpg — o] T2elpg — 0§t

where E;(¢) = [E? + E% + 2B, By cos ¢ /°.

The critical current J. is determined as the maximum
of (5) with respect to ¢ and is a periodic function of gate
voltage, J. = Jc(pg), with sharp maxima at ¢, = <p£(,”);
see Fig. 2 and the right inset in Fig. 3. These maxima
occur because of the resonant charge fluctuations 2ne <
(2n + 2)e which lift the Coulomb blockade of Cooper
pair tunneling so that the critical current is only weakly
dependent on the Coulomb energy and limited by the
weaker tunnel junction, which we from now on assume
to be the junction labeled “1,”

Je(pg) = 7 . (6)

The maximum critical current would be equal to exactly
half its value in the absence of the Coulomb blockade [2]
only if we neglect the effect of charging energy on the
Josephson energy E;; see Egs. (2) and (3).

Away from resonances, at |pg — o™ > E,, the
Josephson effect is strongly suppressed due to the

Coulomb blockade. If cp_,(,”) < pg < <p§,"+1) the critical
current is
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FIG. 3. The critical Josephson current J. through a grain
as a function of the superconducting gap A. For each value of
A we plot here the maximum critical current that can be ob-
tained by adjusting the gate-induced voltage ¢,. These max-
ima appear periodically in ¢4 as shown in Fig. 2. The period
is 2¢/C if A > €®/2C while maxima appear periodically with
exactly half that period in the limit A <« e?/2C; see insets.
The current has been normalized to J;, the critical current
through the weakest of the two links between grain and leads
in the absence of charging effects (the same parameters as in
Fig. 2 were used; G1 = G2 = 0.1Gq4, where G, = e2/h).
The value of J. in the asymptotic limit A > e?/2C (horizon-
tal dashed line) is J1/2. Deviations of the calculated current
(full curve) from the asymptotic value are due to the effect
of charging on Cooper pair tunneling from lead to grain and
follow from a straightforward modification of the standard
Ambegaokar-Baratoff result; see text. The critical current
has a threshold at A = e2/2C. The proportionality constants
a1 and az are of order 1 and 0.1, respectively.
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It follows from (6) and (7) that the peak-to-valley ratio
of J.(pg) is €2/CE;.

The two last equations were obtained for the limit of
zero temperature. It is easy to check that Eq. (6) for the
peak values is valid at kgT <« Ej [9], whereas Eq. (7)
for the off-peak values is valid only at much lower tem-
peratures, kgT' < CE%/e2. An increase of temperature
suppresses the Josephson current.

When A decreases, approaching e?/2C from above,
the peak critical current becomes larger. This “Coulomb
stimulation” of the maximum critical current is due to a
negative charging energy Ec(2n+1)—Ec(2n) = —e?/2C
that enhances F; and E; through the factor F of (3).
The resulting increase in the peak values of J. can be as
large as about 30%, as shown in Fig. 3. As long as A is
above the threshold even slightly, the degeneracy of the
ground state at @4 = <p£(,") allows charge fluctuations be-
tween Ne = 2ne and N'e = (2n + 2)e and the resonance
condition for the Josephson current is fulfilled. Hence
Eq. (6) remains valid and the modulation period of the
function J. = J.(pg) is 2e/C; cf. Fig. 2.

Immediately below the threshold, the resonance be-
tween two even states can no longer be achieved. When
the gate voltage is tuned towards a resonance, the criti-
cal current grows as long as the ground state corresponds
to an even number of electrons on the grain. However,
at ¢§1) = o™ + (e/2C — A/e) the odd electron enters
the grain, and the critical current drops abruptly. As a
result, the peaks in the function J;(y4) split; see Fig.
2. Outside the gap separating two adjacent maxima of
the critical current, Eq. (5) is still valid if A S e2/2C
and gives the dependence of the maximum value of J, on
A; see Fig. 3. It follows from Eq. (7) with ¢4 = ¢§">
that the maximum value drops by a factor of 2 when A
is decreased by ~ (G2/G,)e?/2C < €?/2C below the
threshold.

At even smaller A, when the critical current is sup-
pressed significantly, it is possible to find the whole func-
tion J.(pg) using the perturbation theory. In addition
to the tunneling of Cooper pairs through the grain, there
is a number of other channels not taken into account in
Eq. (5). These channels correspond to the transfer of a
Cooper pair between leads by a sequential tunneling of
the two electrons through the grain [10]. In these tun-
neling processes the grain energy varies only by A, if
g = 4,72_‘(,"). The new channels dominate the critical cur-
rent at small A < 0.15¢?/2C. One finds in this limit the
maximum value of the critical current to be

G1G: A
Gq s , Y= 0.1. (8)
A comparison of Eqgs. (8) and (6) shows that the peak
value of the critical current far below the threshold is

Jo=7
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only a small fraction of its value above it; normalized to
the critical Josephson current in the absence of charging
effects its value is a2(G2/Gy), with ag ~ 0.06. The cal-
culated maximum critical Josephson current, including
contributions from all channels, is shown for a range of
A in Fig. 3.

At finite temperatures thermal fluctuations tend to
suppress the Josephson effect. The suppression is strong
for kgT > hJ./2e. We have shown that due to parity
effects in the Coulomb blockade the value of J. changes
sharply at A = €2/2C. This is why temperatures corre-
sponding to the Josephson energy right above this thresh-
old, kT ~ m(e?/C)(G1/G,), would not significantly af-
fect the peak values of J. if A > e2/2C, while simul-
taneously suppressing the Josephson current below the
threshold.

In conclusion, the Josephson current through a super-
conducting grain is sensitive to the relation between the
superconducting gap A and the charging energy e?/2C.
At large A, a gate voltage can bring two states with
charge differing by 2e to a resonance. Below the thresh-
old, at A < e2/2C, only states with charge differing by
a single e can be brought into resonance. The differ-
ent nature of the charge fluctuations above and below
the threshold is reflected in the dependence of the criti-
cal Josephson current on A and on the gate voltage V.
Above the threshold, the resonances appear periodically
as Vg is varied. The resonant value of the critical current
is of the same order of magnitude as in the absence of the
Coulomb blockade (C — o0) and depends on the ratio
of the superconducting gap and the charging energy. Be-
low the threshold, the Coulomb blockade suppresses J.
at any gate voltage. As a result the critical current drops
abruptly when A is decreased below the threshold value,
for instance by applying a magnetic field. Finally, we
notice that the Josephson effect reflects the equilibrium
properties of the system. Observation of 2e periodicity
and a threshold behavior of the critical current would
therefore be evidence of the parity effect in the ground
state. In this respect the measurement of the Joseph-
son current is different from studying the current at fi-
nite bias voltage [4], which provides information about
nonequilibrium states.
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