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Predictive Neutrino Spectrum in Minimal SO(10) Grand Unification
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We show that in minimal SO(10) models where the fermions have Yukawa couplings to only one
(complex) 10 and one 126 of Higgs scalars the standard model doublet contained in the 126 receives an
induced vacuum expectation value at tree level. In addition to correcting the bad asymptotic mass rela-
tions mg =m, and m; =my,, this also leads to a predictive neutrino spectrum. We find that (i) the ve-v,
mixing angle lies in the range sin8,, =0-0.3, (ii) sin6;==3|V,4| =0.05, (iii) sin6,.=3|V.5| =0.12-0.16,
and (iv) mvf/mv“Z 103, implying that v,-v. oscillations should be accessible to forthcoming experi-

ments.

PACS numbers: 12.15.Ff, 12.10.Dm, 14.60.Gh

It is quite possible that the deficit of solar neutrinos re-
ported in the chlorine, Kamiokande, SAGE, and GAL-
LEX experiments [1] is an indication that the neutrinos
have masses and mixings very much like the quarks. The
observed deficit can be explained in terms of neutrino os-
cillations in two different ways: (i) long wavelength vac-
uum oscillation and (ii) resonant matter oscillation [the
Mikheyev-Smirnov-Wolfenstein (MSW) effect [2]1]. As-
suming a two-flavor v, -v, oscillation, in the former case,
the neutrino masses and mixing angle should satisfy
Am2~107"% eV? and sin?26,,=0.75-1. In the case of
MSW there are two allowed windows that fit all of the
experimental data [3]: (a) the small-mixing-angle nona-
diabatic solution, which requires Am2==(0.3-1.2)x10 ~°
eV? and sin?26,,=(0.4-1.5)x1072 and (b) the large-
angle solution with Am?=(0.3-5)x107° eV? and
sin?26,,=0.5-0.9. In all these cases, barring an unlikely
scenario of near mass degeneracy among neutrinos, either
v, or v, should have mass in the 10 ~°~10 73 eV range.
A natural explanation for the origin of such tiny neutrino
masses is the seesaw mechanism. The solar neutrino puz-
zle indicates that the B — L scale is in the 10'2-10'® GeV
range.

All of the observations above, viz., nonzero neutrino
masses, the seesaw mechanism, and a high B — L scale, fit
rather naturally in grand unified models based on the
gauge group SO(10). In its nonsupersymmetric version,
experimental constraints from proton lifetime and the
weak mixing angle sin20y require that SO(10) break not
directly into the standard model, but at least in two steps.
In a two-step breaking scheme, the left-right symmetric
intermediate scale is around 10'> GeV. In supersym-
metric (SUSY) SO(10) there is no need for an inter-
mediate scale; SO(10) can break directly to the standard
model at around 10'6 GeV.

To confront SO(10) models with the solar neutrino
data, one must make precise predictions of the neutrino
masses and mixing angles. This requires, however, de-
tailed information of the Dirac neutrino mass matrix as
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well as the Majorana matrix. In grand unified theories
(GUTs), it is possible to relate the quark masses with the
lepton masses. In SO(10) models, the charge — 3 quark
mass matrix is related to the charged lepton matrix and
the neutrino Dirac mass matrix is related to the charge %
quark matrix. However, the heavy Majorana matrix
(and hence the light neutrino spectrum) is arbitrary.

In this Letter we show that in a class of minimal
SO(10) models both the Dirac and the Majorana neutri-
no matrices get related to the charged fermion sector,
leading to a predictive neutrino spectrum. We use a sim-
ple Higgs system with one (complex) 10 and one 126 that
have Yukawa couplings to fermions. The 10 is needed for
quark and lepton masses; the 126 is needed for the seesaw
mechanism. Crucial to the predictivity of the neutrino
spectrum is the observation that the standard model dou-
blet contained in the 126 receives an induced vacuum ex-
pectation value (VEV) at tree level. In its absence, one
would have the asymptotic mass relations mp =m., m;
=m,, mq=me,, the last two of which are in disagreement
with observations. The induced VEV of the standard
doublet of 126 corrects these bad relations and at the
same time also relates the Majorana neutrino mass ma-
trix to observables in the charged fermion sector, leading
to a predictive neutrino spectrum.

We shall consider non-SUSY SO(10) breaking to the
standard model via the SU(2);, XxSU(2) g XxSU4) =G 124
chain as well as SUSY SO(10) breaking directly to the
standard model. The breaking of SO(10) via G4 is
achieved by either a 54 or a 210 of Higgs. The 210 also
breaks the discrete D parity; the 54 preserves it. D parity
is a local discrete Z, subgroup of SO(10); under D, a fer-
mion field f transforms into its charge conjugate f*.
Breaking of D parity at the GUT scale makes the seesaw
mechanism natural [4]. The second stage of symmetry
breaking goes via the 126. Finally, the electroweak sym-
metry breaking proceeds via the 10. In SUSY SO(10),
the first two symmetry breaking scales coalesce into one.

In the fermion sector, denoting the three families
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belonging to 16-dimensional spinor representation of
SO(10) by w,, a=1-3, the complex 10-plet of Higgs by
H, and the 126-plet of Higgs by A, the Yukawa couplings
can be written down as

Ly=havawsH+ fapwaysA+H.c. (1)

Note that since the 10-plet is complex, one other coupling
vaws H™ is allowed in general. In SUSY SO(10), the re-
quirement of supersymmetry prevents such a term. In
the non-SUSY case, we forbid this term by imposing a
U(1)pg symmetry, which may be needed anyway in order
to solve the strong CP problem.

The 10 and 126 of Higgs have the following decompo-
sition under Gag 126— (1,1,6)+(1,3,10)+(3,1,10)
+(2,2,15), 10— (1,1,6)+(2,2,1). Denote the (1,3,10)
and (2,2,15) components of A(126) by Az and X, respec-
tively, and the (2,2,1) component of H(10) by ®. The
VEV (AR)=vg~10'? GeV breaks the intermediate sym-
metry down to the standard model and generates Majora-
na neutrino masses given by f,.. ® contains two standard
model doublets which acquire VEV’s denoted by k, and
kg4 with k, 4~ 102 GeV. «k, generates charge 3 quark as
well as Dirac neutrino masses, while k; gives rise to — 1
quark and charged lepton masses.

Within this minimal scheme, we have found new con-
tributions to the fermion mass matrices which are of the
right order of magnitude to correct the bad relations

my,=m; and m,=my. To see this, note that the scalar -

potential contains, among other terms, a crucial term
Vi=MAAAH+H.c. (2

Such a term is invariant under the U(1)pqg symmetry. It
will be present in the SUSY SO(10) as well, arising from
the 210 F term. This term induces VEV’s for the stan-
dard doublets contained in the £ multiplet of 126. The
VEYV arises through a term AgAgZ® contained in V.

We can estimate the magnitudes of the induced VEV’s
of T (denoted by v, and vy along the up and down direc-
tions) assuming the survival hypothesis to hold:

l‘u'd'*—}x(v;%/Mzzu‘d)K‘u‘d . 3)

Suppose My~10' GeV, M;~3%10'2 GeV, and My
~10'* GeV, consistent with survival hypothesis; then v,
and vy are of order 100 MeV, in the right range for
correcting the bad mass relations. We emphasize that
there is no need for a second fine tuning to generate such
induced VEV’s. In the SUSY version with no intermedi-
ate scale, the factor v3/MZ is not a suppression, so the in-
duced VEV’s can be as large as k, 4.

We are now in a position to write down the quark and
lepton mass matrices of the model:

Mu=hKu+fL‘u, Md=hl(d+fvd,
MP=hx,—3fv,, M;=hxs—3fvs, 4)
M{,w =fl*R.
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Here MP is the Dirac neutrino matrix and MM is the
Majorana mass matrix.

Before proceeding, we should specify the origin of CP
violation in the model. We shall assume that it is spon-
taneous or soft; that will keep the number of parameters
at a minimum. The Higgs sector described above already
has enough structure to generate realistic CP violation ei-
ther softly or spontaneously. The Yukawa coupling ma-
trices A and f in this case are real and symmetric. Al-
though there will be three different phases in the VEV’s
(one common phase for x, and x; and one each for v,
and vy4), only two combinations enter into the mass ma-
trices, as the overall phase can be removed from each sec-
tor. We shall bring these two phases into v, and vy and
henceforth denote them by v,e’® and vge’®.

In the basis where the matrix 4 is diagonal, there are
thirteen parameters in all, not counting the superheavy
scale vg: three diagonal elements of the matrix hx,, six
elements of fv,, two ratios of VEV’s r,=x,/x, and
ry=uvgq/vy,, and the two phases a and B. These thirteen
parameters are related to the thirteen observables in the
charged fermion sector, viz., nine fermion masses, three
quark mixing angles, and one CP violating phase. The
light neutrino mass matrix will then be completely speci-
fied, up to an overall scale.

The relations of Eq. (4) hold at the intermediate scale
M, where quark-lepton symmetry and left-right symme-
try are intact. There are calculable renormalization
corrections to these relations below M;. The quark and
charged lepton masses as well as the Cabibbo-Kobaya-
shi-Maskawa (CKM) matrix elements run between M;
and low energies. The neutrino masses and mixing an-
gles, however, do not run below M;, since the right-
handed neutrinos have masses of order M; and decouple
below that scale. The predictions in the neutrino sector
should then be arrived at by first extrapolating the
charged fermion observables to M.

We shall present results for the non-SUSY SO(10)
model with the G4 intermediate symmetry. We fix the
intermediate scale at M; =10'2 GeV and use the one-loop
standard model renormalization group equations to track
the running of the gauge couplings between Mz and M.
For SUSY SO(10), the results are similar, we shall post-
pone details to a forthcoming longer paper.

To compute the renormalization factors, we choose as
low energy inputs the gauge couplings at Mz to be
a1(Mz)=0.01688, ax(Mz)=0.03322, a3(Mz)=0.11.
For the light quark (running) masses, we choose values
listed in Ref. [5]. The top-quark mass will be allowed to
vary between 100 and 200 GeV. Between 1 GeV and
Mz, we use two-loop QCD renormalization group equa-
tions for the running of the quark masses and the SU(3)¢
gauge coupling [5], treating particle thresholds as step
functions. From Mz to M/, the running factors are com-
puted semianalytically both for the fermion masses and
for the CKM angles by using the one-loop renormaliza-
tion group equations for the Yukawa couplings and keep-
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ing the heavy top-quark contribution [6]. The running
factors, defined as n;=m;(M;)/m;(m;) [n;=m;(M;)/
m;(1 GeV) for light quarks (u,d,s)] are n(u,c,t)
=(0.273,0.286,0.506), n(d,s,b)=(0.279,0.279,0.327),
nle,u,7)=0.960 for the case of m, =150 GeV. The
(common) running factors for the CKM angles (we fol-
low the parametrization advocated by the Particle Data
Group) S,3 and Sy3is 1.081 for m, =150 GeV. The Ca-
bibbo angle S|, and the KM phase dxm are essentially
unaltered.

Let us first analyze the mass matrices of Eq. (4) in the
limit of CP conservation. We shall treat spontaneous CP
violation arising through the phases of the VEV’s v e
and vge’ as small perturbations. This procedure will be
justified a posteriori. In fact, we find that realistic fer-
mion masses, in particular the first family masses, require
these phases to be small.

We can rewrite the mass matrices M;, M2, and MY of
Eq. (4) in terms of the quark mass matrices and three ra-
tios of VEV’s—r | =xy/Kku, ra=vq/vy, R =v,/vg:

4ryry ri+3r;
M,= M, — My,
ro—r) ro—r)
3ri+r
mMP=0TT2 0 & g (5)
ro—ry ro—r)

R ry—rp

MM__] r M 1 1

- M.
Rri—nr d

In a basis where M, is diagonal, M, is given by M,
=vMm$eeyT where M$e=diag(my,m,;,my) and V is
the CKM matrix. One sees that M, of Eq. (5) contains
only physical observables from the quark sector and two
parameters r| and r,. From the trace of M;, one obtains
ri=0m,.+3mp)/4m, (valid for r,>>my/m,). Since |mp|
=|m,| at the intermediate scale to within 30% or so, de-
pending on the relative sign of m, and m., r, will be close
to either myp/m, or to my/2m,. Note also that if ro>>r,
M, becomes independent of rj,, while MP? retains some
dependence. This implies that r; can only be loosely con-
strained from the charged fermion sector.

We do the fitting as follows. For a fixed value of r;, we
determine r| from the Tr(M;) using the input values of
the masses and the renormalization factors discussed
above. M, is then diagonalized numerically. There will
be two mass relations among charged fermions. Since the
charged lepton masses are precisely known at low ener-
gies, we invert these relations to predict the d-quark and
s-quark masses. The s-quark mass is sensitive to the
muon mass; the d mass is related to the electron mass.
This procedure is repeated for other values of r,. For
each choice, the light neutrino masses and the leptonic
CKM matrix elements are then computed using the
seesaw formula. ry;~4ms/m.~ £ 0.4 leads to a qualita-
tively different result since there are cancellations then in
MP.

Numerical results for the three different cases are
presented below. The input values of the CKM mixing

angles are chosen for all cases to be S1;=—0.22, S;
=0.052, $13=6.24%1073. Since Skm has been set to
zero for now, we have allowed for the mixing angles to
have either sign. Not all signs result in acceptable quark
masses though. Similarly, the fermion masses can have
either sign, but these are also restricted. The most
stringent constraint comes from the d-quark mass, which
has a tendency to come out too small. Acceptable solu-
tions are obtained when 6,3,0,3 are in the first quadrant
and 6, in the fourth quadrant.
Solution I.— Input:

m, (1 GeV) =3 MeV ,

m.(m.)=1.22 GeV, m, =150 GeV ,

my(mp) = —4.35GeV, ri=—1/51.2, r,=2.0.
Output:

mq(1 GeV)=6.5 MeV, m;(1 GeV) =146 MeV ,

(my,,m,,,m,)=R(2.0x10729.9,—2.3x10%) GeV,

0.9488 0.3157 0.0136
ViERIS" = | —0.3086 0.9349 —0.1755] . 6)
—0.0681 0.1623  0.9844

Solution 2.— Input:
m, (1 GeV) =3 MeV ,
m.(m.)=1.22 GeV, m, =150 GeV ,
mp(mp)=—435GeV, ri=—1/51, ry=0.2.
Output:
ma(1 GeV) =5.6 MeV, m;(1 GeV)=156 MeV ,
(my,,my,m,)=R(7.5%x1073,2.0,—2.8x10%) GeV ,

0.9961 0.0572 —0.0676
VIR = | —0.0665 0.9873 —0.1446 | . )
0.0584 0.1485  0.9872

Solution 3.— Input:
m, (1 GeV) =3 MeV ,
m.(m.) =1.27 GeV, m, =150 GeV ,
my(mp) =—4.35GeV, ri=—1/51.1, r,=04.
Output:
my(1 GeV) =6.1 MeV, m;(1 GeV) =150 MeV ,
(my,,my,,m,)=R(4.7x10721.4,—5.0%10°) GeV ,

0.9966  0.0627 —0.0541
ViR = | —0.0534 09858 0.1589|. 8)
0.0633 —0.1555  0.9858

Solution 1 corresponds to choosing ry~my/m,. Since
r, is large, the Dirac neutrino matrix is essentially M,
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which is diagonal; so is the Majorana matrix. All the lep-
tonic mixing angles arise from the charged lepton sector.
Note that the predictions for my; and m; are within the
range quoted in Ref. [7). The ratio m;/my =22 is within
the allowed range from chiral perturbation theory esti-
mates: 15 < my/mg <25 [8]. The mixing angle sin6,,.,,
relevant for solar neutrinos is 0.30, close to the Cabibbo
angle. Such a value may already be excluded by a com-
bination of all solar neutrino data taken at the 90% C.L.
(but not at the 95% C.L.) [3]. Actually, within the mod-
el, there is a more stringent constraint. Note that the
v,-v. mixing angle is large; it is approximately 3|V|
=0.16. For that large a mixing, constraints from v,-v,
oscillation experiments imply [9] that |m] —m}|<4
eVZ Solution 1 also has m\,,/mvu=2.3><103, requiring
that my, < 0.9% 10 "3 eV. This is a factor of 2 too small
for v.-v, MSW oscillation for the solar puzzle (at the
90% C.L.), but perhaps is not excluded completely, once
astrophysical uncertainties are folded in. If v, mass is
around 2x1073 eV, v,.-v, oscillation may be relevant;
that mixing angle is =3|V,4|=6%. It would require the
parameter R =v,/vg ~10 "¢ or vg ~10'® GeV for v, ~1
GeV. Such a scenario fits very well within SUSY
SO(10).

Solution 2 differs from 1 in that r, is smaller; r, =0.2.
The ratio my/my =27.8 is slightly above the limit in Ref.
[8]. The 1-2 mixing in the neutrino sector is large in this
case, so it can cancel the Cabibbo-like mixing arising
from the charged lepton sector. As we vary r, from
around 0.2 to 0.6, this cancellation becomes stronger, the
Ve-vy, mixing angle becoming zero for a critical value of
r,. For larger rj, the solution will approach solution 1.
The v,-v, mixing angle is still near 3|V|, so as before,
m,, <2 eV. From the v;/v, mass ratio, which is 1.4
x 103 in this case, we see that my, < 1.5x10 7% eV. This
is just within the allowed range [3] (at 95% C.L.) for
small-angle nonadiabatic v.-v, MSW oscillation, with a
predicted count rate of about 50 solar neutrino units for
the Gallium Experiment. Note that there is a lower limit
of about 1 eV for the v, mass in this case. Forthcoming
experiments should then be able to observe v,-v, oscilla-
tions. A v, mass in the 1-2 eV range can also be cosmo-
logically significant; it can be at least part of the hot dark
matter. In SUSY SO(10), v,-v. oscillation (the relevant
mixing is about 3|Vial=5%) could account for the solar
neutrino puzzle.

Solution 3 corresponds to choosing ry=0.4. ms/my
=24.6 is within the allowed range. However, the mass
ratio v,/v, is ~3.6x 103, and sin6,,=3|V| so ve-v, os-
cillation cannot be responsible for solar MSW. As in oth-
er cases, Ve-v, MSW oscillation with a 6% mixing is a vi-
able possibility.

Let us now reinstate the CP violating phases @ and f in
the VEV’s perturbatively. Small values of the phases are
sufficient to account for realistic CP violation in the
quark sector. We shall present details for the case of
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solution 2 only; others are similar. We also tried to fit all
the charged fermion masses and mixing angles for large
phases, but found no consistent solution.

First we make a basis transformation to go from the
basis where M, is diagonal to one where the matrix hk,
is diagonal. It is easier to introduce phases in that basis.
For a=3.5°, B=4.5°, the CP violating parameter J for
the quark system [7] is J==1x10 73, which is sufficient to
accommodate € in the neutral K system. The leptonic CP
violating phases are correspondingly small; e.g., the ana-
log of J is J;=7x10 3. These small phases modify the
first family masses slightly, but the effect is less than
10%. Our predictions for the neutrino mixing angles are
essentially unaltered.

In summary, we have presented a class of minimal
SO(10) models where the light neutrino masses and mix-
ing angles are predicted. Our approach does not use any
sort of family symmetry and has manifest stability under
radiative corrections.
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