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Thermal Convection in the Presence of a First-Order Phase Change
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We report experimental results for convection in a thin horizontal layer of a fluid which is heated from
below and which undergoes a first-order phase change. For some parameter ranges the denser layer may
be stably stratified above the lighter one, as predicted by Busse and Schubert. Over various parameter
ranges we observed hexagonal, inverted-hexagonal, and roll flow. Interesting interactions between two-
phase convection and Rayleigh-Benard convection are observed near two codimension-two points.

PACS numbers: 47.20.Bp, 47.27.Te, 47.55.Kf

It is well known that a thin, horizontal layer of quies-
cent fluid heated from below becomes unstable to convec-
tion via the Rayleigh-Benard (RB) mechanism [1], and
this system has been used extensively for the study of a
great variety of pattern-formation phenomena [2]. It is
less widely appreciated that an altogether diAerent insta-
bility may occur in such a layer when the Auid undergoes
a first-order phase change at a temperature which is in-
termediate to those of its top and bottom surface. This
instability was examined theoretically over two decades
ago by Busse and Schubert [3,4], who identified the
mechanism and carried out a linear stability analysis.
They were motivated by the relevance to geophysical and
astrophysical problems. It is believed that phase changes
play an important role for convection in the Earth's man-
tle [5] and in stars, and in geothermal situations where,
for instance, water can be stably stratified above steam
[4,6]. However, so far as we can determine, there have
been virtually no previous laboratory experiments rele-
vant to this interesting problem [7].

Here we report experimental measurements for a
liquid-crystal sample with coexisting nematic and isotro-
pic phases in a vertical temperature gradient. For an ap-
propriate range of the top temperature T& they support
the qualitative features predicted by Busse and Schubert.
In the experiment, T, & TNi where TNi is the nematic-
isotropic transition temperature. As the heat current Q is
increased, the bottom temperature Tb exceeds Tgi, and
soon thereafter, for AT—= Tb —T( & h, T, ), two-phase con-
vection occurs. For suSciently large T&, the bifurcation
to two-phase convection precedes the bifurcation to RB
convection at h, T," and thus becomes the primary bifur-
cation. I n that case the pattern which forms first consists
of cellular Aow arranged in a hexagonal lattice, as is usu-
ally the case [2] for a system which lacks reflection sym-
metry about its horizontal midplane. Upon further in-
crease of h, T, a pair of secondary bifurcations is encoun-
tered at AT, 2 and AT, 3. At the first, the hexagonal pat-
tern gives way to rolls. The second yields hexagons once
more, but with a flow field which is reversed relative to
the original hexagons. Beyond h, T,3, the Aow amplitude
can actually decrease with increasing h, T until the con-
duction state is reached again above a critical value h, T,4.
These measurements show the existence of a reentrant

conduction state, and dramatically confirm the predicted
stability of a heavy fluid layer above a light one in a
su%ciently large temperature gradient. The value of
AT, 4 agrees with a theoretical estimate [3] only within a
factor of 2 or so; but the theory has been evaluated only
for certain idealized parameters which do not pertain
quantitatively to our system.

Beyond the reentrant conduction state, the Rayleigh-
Benard instability is encountered for AT & h, T," . As T,
is reduced, it is possible to change the systems continu-
ously from one in which the reentrant conduction state
exists to one in which two-phase convection turns directly
and smoothly into Rayleigh-Benard convection. Interest-
ing pattern interaction between the hexagonal two-phase
flow and the roll-like Rayleigh-Benard Aow occurs in the
vicinity of the codimension-two point where the two bi-
furcation lines AT, 4(T, ) and AT, (T, ) meet.

The experiment was done with a cylindrical convection
cell of thickness d=0.404 cm and radius R =20.75d.
The fluid was 4-n-pentyl-4'-cyanobiphenyl (5CB), which
undergoes a first-order phase transition from an isotropic
liquid to a nematic liquid crystal at TN| =35.0 C. We
made measurements in horizontal magnetic fields of
strength H =42 G and H =1500 G. At the low field, RB
convection occurred in the nematic phase for rather low
values of h, T, thus shifting the codimension-two point at
T" ' to be reported below to higher temperatures; but
otherwise we found no dependence of the bifurcation dia-
gram on 0 [8]. 5CB has a latent heat [9] q =390 J/mole
and a density discontinuity [10] Ap/p=0. 0024 with the
low-temperature nematic phase more dense. The heat
capacity Cz has a singularity, varying from about 480
J/mole K well below T~i to slightly over 600 J/moleK
very close to TNt and to 450 J/mole K well above TNi
[9,11]. Thus the appropriate scale for temperature
diA'erences [3] is q/C&=0. 8 K. The experiments were
conducted by holding T& constant and varying the heat
current in steps. Thus the mean temperature, and also
the interface position, changed with the current. We
made high-resolution heat-transport measurements and
had optical access from the top for visualizing the flow

patterns. The heat transport will be presented as the
Nusselt number /V =X/Xti, where X is the measured con-
ductivity and ko is the conductivity of the quiescent Auid.
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FIG. 1. Critical temperature differences as a function of the
top temperature Tt. As hT is increased, they mark the follow-
ing transitions. Squares: Onset of RB convection at hT," .
Solid line: The bottom of the sample has reached the transition
temperature Tgi, i.e., below it the entire sample is in the nemat-
ic phase. Plusses: RB convection becomes visible because iso-
tropic Auid from the sample bottom noticeably affects the direc-
tor alignment at the top. Circles: Onset of two-phase convec-
tion in the form of hexagonal cells at h, T, t. Upward-pointing
triangles connected by dash-dotted lines: Transition to rolls at
h, T,2. Downward-pointing triangles connected by a dash-dotted
line: Transition to inverted hexagons at hT, 3. Crosses: Two-
phase convection ceases at h, T,4. The vertical dashed line corre-
sponds to T& =TNT. The two codimension-two points are indi-
cated by vertical arrows and labeled T"' and T" .

Although the usual shadowgraph visualization method
[12] is not usable for thick liquid-crystal layers since they
are not transparent, even very weak Bow manifested itself
in a variation of the diffuse scattering of ambient light by
the elongated molecules which were aligned horizontally
at the upper surface [Figs. 3(a) and 3(b)l. Stronger
Aows caused isotropic Auid to virtually reach the top of
the sample and led to black spots or bands corresponding
to the How pattern (all other images in Figs. 3 and 5).

In Fig. 1 we show the critical temperature differences
for the various bifurcations encountered as the heat
current g is varied. For T, (T"'=32.4'C, the system
first becomes unstable to RB convection at AT=6, T,
This is shown by the left set of solid squares, and occurs
before Tb reaches TNi. In this case, no pattern was dis-
cernible for h, T slightly above h, T," because the convec-
tion rolls have their axes aligned parallel to H and the
director [13) and do not distort the director field. How-
ever, the bifurcation is clearly seen in the Nusselt num-
ber, as shown in Fig. 2 by the data for T, =28.5, 30.0,
and 31.0'C. When AT exceeds TNt —T, (i.e. , when Tb
exceeds TNt), the pattern becomes visible because Aow of
the isotropic phase at the sample bottom produces a
detectable director distortion near the upper sample sur-
face. The corresponding values of h, T are shown as
plusses in Fig. 1. The solid line in the figure corresponds
to hT=Tp& —

T&, and as expected is only very slightly
below the plusses. A typical image is shown in Fig. 3(a).
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FIG. 2. Nusselt numbers vs h, T for the relatively low values
of T& given adjacent to the data sets. For TI =28.5 C, two-
phase convection is never reached (compare with Fig. 1). For
T& =30.0 and 31.0'C, the secondary bifurcation from RB con-
vection to two-phase convection manifests itself by a change in
slope of the Nusselt number at the points indicated by the ar-
rows. For T& =33.0'C, the first bifurcation is directly to two-
phase convection.

It corresponds to T, =30.0'C and h, T =5.445 C. In all
images to be shown, H is from left to right, and thus the
roll axes in Fig. 3(a) are aligned with H [13]. The wave
vector in units of 1/d is 3.03, which agrees well with the
theoretical value [131 3.10.

For T, & T"', further increase of hT, and thus of the
thickness of the isotropic layer at the bottom of the sam-
ple, leads to a secondary bifurcation at d T, i. It is shown
in Fig. 1 by the solid circles. As can be seen from Fig. 2

FIG. 3. Images oj convection patterns. The magnetic field
points from left to right. The values of T& and of hT, in C, are
(a) 30.0 and 5.445, (b) 30.0 and 5.554, (c) 31.0 and 4.885, (d)
34.5 and 0.974, (e) 34.0 and 2.913, and (f) 31.0 and 5.592.
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for T, =30.0 and 31.0 C, it produces a change in the
slope of the Nusselt number at the points indicated by the
arrows (the run at 28.5'C never reached AT, |). More
dramatically, it yields a diAerent flow pattern which con-
sists of cellular flow arranged on a hexagonal lattice. Ex-
amples are shown in Figs. 3(b) and 3(c). Figure 3(b) is
for T, =30.0'C and AT=5.554'C, and Fig. 3(c) is for
TI =31.0 C and AT=4.885 C. The patterns in Figs.
3(b) and 3(c) are still evolving slightly. After quite long
transients they form nearly perfect hexagons. This is
shown in Fig. 3(d) for T, =34.5, but for AT=0.974'C
which is still in the region of hexagonal flow (see Fig. 1).
This pattern had been equilibrated for about 10 h. Note
that the cellular two-phase flow in Figs. 3(b) and 3(c) is
aligned with the RB roll flow.

When T& is increased suSciently so that Tb exceeds
TNi well before AT, is reached, the secondary bifurca-
tion at AT, ] becomes the primary one, as seen in Fig. 1.
The conduction state now becomes unstable, presumably
t.ia the two-phase mechanism of Busse and Schubert.
Note that T, +AT, ] exceeds TNt, thus indicating that a
thin layer of the isotropic fluid below the denser nematic
layer is a stable state without convection. The pattern
just above AT, i in this case does not diA'er very much
from those shown in Figs. 3(b) and 3(c), as illustrated by
the one shown in Fig. 3(d). However, as AT is increased
further, a pair of secondary bifurcations, shown as up-
and down-pointing triangles connected by dash-dotted
lines in Fig. 1, occurs at AT, 2 and AT, 3 and leads to a
difl'erent pattern. The cells [which appeared as bright
dots in Figs. 3(b)-3(d)] now show as dark dots as illus-
trated in Fig. 3 (e). This particular image is for
T, =34.0 C and AT =2.913 C. We refer to the two
cases as hexagons and inverted hexagons, respectively.
We presume that they diAer by a reversal of the flow field
within the cells, but have no direct velocity measure-
ments. Between the two secondary bifurcations at AT, 2

and AT, 3 there is a range over which striped patterns are
stable, and we interpret these as corresponding to roll-like
convection. As can be seen from the up-pointing trian-
gles in Fig. 1, these rolls also form for T& & T"' where
two-phase convection sets in as a secondary bifurcation.
An example for T, =31.0'C and AT=5.592 C is shown
in Fig. 3(f). The dash-dotted lines drawn through the
up-pointing triangles suggest a discontinuity in AT, 2 near
the codimension-two point at T"'. An example of rolls
for a larger T, will be given below in Fig. 5(b).

Although the transition from hexagons to rolls and
then to inverted hexagons is a nonlinear problem which
has not been investigated theoretically, it can be under-
stood qualitatively in terms of the appropriate amplitude
equation [2]. Schematically, this equation has the form
&Al8r =eA+g2A g3A, w—here e =AT/AT, —1 and
where 8 is the amplitude of the flow field. It is well
known [2] that the pattern-stability problem is controlled
by the coefficient g2. For a given positive e, hexagons (in-
verted hexagons) will be stable for a sufficiently large
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FIG. 4. Nusselt numbers vs h, t for the relatively high values
of TI given adjacent to the data sets.

positive (negative) g2. For gz sufficiently close to zero,
rolls will be stable. We conclude from the experimental
evidence that gp depends upon AT for our experimental
protocol which held T, fixed and thus led to an interface
position which depended upon AT. For an interface posi-
tion close to the middle of the sample, g2 apparently
passes through zero.

An interesting aspect of the secondary bifurcations is
reflected in the Nusselt numbers, as shown in Fig. 4. The
heat transport first rises in the region of hexagons. In the
inverted-hexagon range it decreases again. For T, near
34.0 C, N increases once more when AT becomes suS-
ciently large so that RB convection is expected. The pat-
tern remains essentially unchanged, and is similar to that
in Fig. 3(e). An example for T, =34.0 C and hT
=5.281'C is shown in Fig. 5(a). An interesting new
feature is the light bridges connecting some of the neigh-
boring cells, but we do not know its significance.

When T, is increased further, say, up to 34.3 C, the
minimum of N(hT) becomes more pronounced as seen in

Fig. 4. A sequence of patterns representative of this
parameter range is shown in Figs. 5(b)-5(f) for T,
=34.3'C. Figure 5(b) (AT =1.720'C) corresponds to
the roll region between AT, 2 and AT, 3 For Fig. 5(.c)
(BT=5.425'C), we have inverted hexagons, and no evi-
dence of RB convection rolls is seen. For slightly larger
AT, however, an interesting pattern interaction occurs be-
tween the RB rolls which exist for large AT and the in-
verted hexagons which prevailed at smaller AT. This in-
teraction is similar to that seen in Figs. 3(b) and 3(c),
which corresponds to T& & T"'. The hexagons coexist
and become aligned and commensurate with the rolls.
This is shown in Figs. 5(d) and 5(e) which are for
A T =6.462 and 7.249 C, respectively. The rolls are
transverse in this case; the high-field limit for the purely
nematic phase [13] seems no longer applicable. At even
higher values of AT, the RB rolls dominate, as seen in

Fig. 5(f), which is for AT=8.290'C.
At even larger T, (T, =34.4 and 34.6'C in Fig. 4), the

minimum of N actually reaches the pure conduction state
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quantitatively applicable to our fluid. It is interesting to
note that [1] AT, —d and [31 AT, ~ 4 —d . Thus, a
small decrease of d should separate the two instabilities.

We are grateful to H. Brand, F. Busse, P. C. Hohen-
berg, and L. Kramer for helpful discussions about the
theoretical interpretation of our data. We thank S.
Morris for his contributions to our understanding of
nematic liquid crystals. This work was supported by the
Department of Energy through Grant No. DE-FG03-
87ER1 3738.

FIG. 5. Images of convection patterns. The magnetic field
points from left to right. The values of TI and of hT in C are
(a) 34.0 and 5.281, (b) 34.3 and 1.720, (c) 34.3 and 5.425, (d)
34.3 and 6.462, (e) 34.3 and 7.249, and (f) 34.3 and 8.290.

%=1. Thus there is a second codimension-two point at
TI =T" =34.35 C. For larger T„the bifurcation points
AT, 4 where inverted-hexagon two-phase convection
ceases are shown as crosses in Fig. 1. The onset of RB
convection at AT," is given again as solid squares. Be-
tween these two bifurcations, we once more encounter a
parameter range over which a layer of the isotropic fluid
below the denser nematic layer is a stable state without
convection. In this range of T&, the RB pattern above
AT," consists of transverse rolls without the admixture
of black cells, similar to the pattern shown in Fig. 5(f).

Finally, we mention that ordinary RB convection was
observed in our cell for T, & TN~ where the entire fluid
layer is isotropic. One value of AT, is shown in Fig. 1

to the right of the vertical dashed line at TN). It falls on
a smooth line through the AT," results in the two-phase
region.

In the linear stability analysis, AT, &
and AT, 4 are

determined as a function of the interface position [3].
Although the interface is not held fixed in our experimen-
tal protocol, we can determine its position at the bifurca-
tion point from the values of T&, Tb, and TN~ and from the
conductivity of the two phases. The values which we ob-
tained for AT, 4 are larger than the theoretical result. We
do not find this surprising since the theory neglects the in-
teraction with the RB instability, and since it was evalu-
ated only for simplifying assumptions which are not
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