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Morphological Evolution of Coherent Misfitting Precipitates in Anisotropic Elastic Media
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The shapes of coherent misfitting Ni3A1 precipitates were systematically investigated using a parame-
ter g defined essentially by the ratio of particle sizes along &100) and &110&. The variation of ( with size
was measured in several alloys using electron microscopy. g does not depend uniquely on particle size; it
is also strongly influenced by the volume fraction of Ni3AI. These results provide the first quantitative
evidence that elastic interaction energy plays a major role not only in spatial correlations, but also in the
morphological evolution of individual particles.

PACS numbers: 64.80.6d, 81.30.Mh, 81.35.+k

There has been considerable recent interest in the ma-
terials physics of morphological evolution and pattern for-
mation during solid-solid phase transformations [1,2].
Such changes are exemplified in Ni-base alloys by the be-
havior during Ostwald ripening of ordered coherent
misfitting precipitates with the composition Ni3X (y' pre-
cipitates). The shape of an individual particle in these al-
loys is dictated by the elastic self-energy, which is propor-
tional to the volume of the particle and the square of the
lattice mismatch, s=(a~ —a )/a =ha/a (at, and a are
the lattice constants of the precipitate and matrix phases,
respectively). When ~s~ )0 the morphology of y' precipi-
tates evolves from spherical to cuboidal [3] (cubes with
faces parallel to (100) and rounded corners) to concave
cuboids [4], which eventually split or bifurcate into plates
or octets as their volume increases [5-7]. When a=0
the particles remain spherical at all sizes [6]. The lattice
mismatch is also ultimately responsible for strong spatial
correlations during coarsening. These correlations arise
through elastic interaction energy, and significantly
inhuence the microstructure of aged Ni-base alloys, lead-
ing to dramatic alignment of y' precipitates along elasti-
cally soft (100) directions [3].

The involvement of elastic energy in the evolution of
the morphology and spatial distribution of precipitates
has been intensively investigated theoretically. The
shapes of isolated particles [8], including those charac-
teristic of y' precipitates [9-11],have been predicted by
calculating the specific morphologies that minimize the
sum of the elastic and interfacial free energies. Voorhees
and co-workers [12] have studied the problem of two par-
ticles coarsening under the inhuence of their mutual
stress fields. They predict that changes should occur in

the morphology of initially spherical particles, although
details of the evolving shapes are not specified. Even in

the absence of an internal stress spatial diAusional corre-
lations [13] can theoretically alfect morphology [14],
though the eA'ect is small.

While the theories cited [8-12] demonstrate the
inAuence of elastic energy on morphology, their predic-
tions cannot be applied to real systems because the shapes
considered are not in thermodynamic equilibrium.

Voorhees, McFadden, and Johnson [15] have recently in-
vestigated the thermodynamic equilibrium shapes of an
isolated two-dimensional precipitate in an elastically an-
isotropic matrix as a function of s and interfacial free en-
ergy. Using physical parameters representative of Ni-
base alloys, they found that the particles acquire Aattened
interfaces along the elastically soft (01) directions, com-
parable to what is observed experimentally in real Ni-
base alloys along the elastically soft (001) directions. The
role of the volume fraction of particles in morphological
evolution, however, has not yet been investigated.

In other recent theoretical advances, Nishimori and
Onuki [2] and Wang, Chen, and Khachaturyan [16-18]
have used computer simulation to study the evolution of
morphology and spatial correlations (pattern formation)
in two-dimensional systems of elastically misfitting
domains. Their approaches are equivalent to solving a
diff'usion equation of the Cahn-H illiard type or a
Ginzburg-Landau type in which the eA'ect of elasticity is
incorporated. The shapes and spatial arrangements pre-
dicted are therefore consistent with the requirements of
thermodynamic equilibrium, and the similarities between
the simulated and experimentally observed microstruc-
tures are remarkable.

We recently reported the results of experiments on the
coarsening behavior of Ni3A1 precipitates in aged Ni-Al
alloys containing much smaller y' volume fractions f„
than are generally found in such alloys [19]. The report-
ed magnitudes of s in this system range from 0.0039 to
0.0057 [20]. In addition to unexpectedly anomalous
coarsening behavior [19],we concluded by qualitative ex-
amination of the microstructure [4] that the morphologi-
cal evolution of the y' particles depends on fr. This
means that the morphology of y' precipitates at diAerentf„is dictated not only by the size of an individual parti-
cle, but also by its proximity to neighboring particles.
The clear implication here is that elastic interaction ener-

gy plays a pivotal role not only in the spatial arrangement
(pattern formation), but also on the morphology of the
particles. This latter finding is not predicted by the
theories of morphological evolution of isolated precipi-
tates, or by those that invoke elastic interactions among a
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FIG. 1. Schematic drawing illustrating the measurement of
The cuboidal particle on the left has been deliberately drawn

nonequiaxed to show how d is determined (it is not necessarily
parallel to (110)). For ellipsoidal particles, i.e., when there is no
interface obviously parallel to (100), d is measured along (110).
The values of a and d for individual particles are taken as
(a~+a2)/2 and (dl+d2)/2.

few particles, because the role of f» is precluded. Simu-
lations such as those of Nishimori and Onuki [2] and
Wang, Chen, and Khachaturyan [16-18] are in principle
capable of exploring this issue, but they have so far been
limited to two dimensions and the effect of f» has not yet
been specifically addressed.

The purpose of this paper is to demonstrate quantita-
tively and conclusively for the first time that the morpho-
logical evolution of the shapes of coherent Ni3A1 particles
in Ni-Al alloys is a function not only of their average size
but also of their volume fraction. We introduce a shape
parameter ( to quantify the morphology as observed in

dark-field transmission electron micrographs of thin foils
oriented [001]. g is defined as a/d, where a represents
the conventionally measured size along (100) and d is the
size measured along a face diagonal. The geometry is de-
picted schematically in Fig. 1, which also illustrates that
d is defined as the size along (110) when the particles are
ellipsoidal and their projected images are ellipses. The
value of g lies in the range I & g& J2/2 so long as the
morphology is cuboidal, varying from perfect spheres
((=1) to perfect cubes (g= J2/2). However, j can be
smaller than J2/2 when the interfaces of the cuboids are
concave [4], and greater than unity when the particles are
ellipsoidal.

Measurements of g were made on enlarged dark-field
micrographs using a digitizer. The contrast of the images
in positive prints, the inherent accuracy of the digitizer
tablet, and uncertainties in the precise locations of the in-
terfaces are the greatest sources of error, which are much
larger for small particles (a —10 nm) than for large ones
(a) 50 nm). The average value of the two edge dis-
tances, al and az, along [100] and [010], and the corre-
sponding average values of di and d2, were measured for
individual particles in alloys containing from 5.72 to 6.35

TABLE l. Alloy compositions, y' volume fractions, f„,and
ranges of particle sizes, a;, & a & a „(nm).
wt. % Al

5.72
5.78
6.35

f»'

0.025
0.034
0.130

amin

22.3
11.2
7.6

a max

108.9
107.8
26. 1

wt. % Al aged at 630 C. The compositions, ranges of
average particle sizes, and equilibrium values of f„for
the data reported herein [21] are presented in Table I.
Only particles for which 0.8 & a~/az & 1.2 were included
in the analysis. This ensures the exclusion of particles
with extreme shapes such as plates or rods.

Representative dark-field electron micrographs illus-
trating the morphology of the y' precipitates in two speci-
mens with comparable average sizes (—17 nm), but for
which f» =0.034 and 0.130, are shown in Fig. 2. The
shapes of the particles in Fig. 2(a) are generally more cu-
boidal than those in Fig. 2(b), consistent with the qualita-
tive observations previously reported [4]. Quantitatively,
the eAect of f» is clearly demonstrated by comparing the
dependences of g with a for these two microstructures in

Fig. 3. In Fig. 3 g represents the average value of g lying
in an interval ha within which a is the average value of a.
The error bars in Fig. 3 reflect the standard deviations of
a and g in each interval. The standard deviation of g

.exceeds unity in some cases because there are small parti-
cles in Fig. 2(a) which project as ellipses, as predicted by
the computer simulations of Wang, Chen, and Khachatu-
ryan [17]; these contribute values of g) 1 to the statis-
tics. It is evident in Fig. 3 that the values of j for

f» =0.034 are significantly smaller than those for

f» =0.130. This means that the morphology of the parti-
cles evolves from spheres to cuboids more readily as the
supersaturation is reduced.

The variation of ( with a in the alloys with f» =0.025
and 0.034, over the entire range of a investigated, is
shown in Fig. 4. It is apparent that when f„=0.025 al-
most all the particles attain a value of g less than v2/2
even when g& 25 nm; nearly all the precipitates are con-
cave cuboidal [4]. In the alloy with f» =0.034 the evolu-
tion from spheres to cuboids was very rapid, g decreasing
from about unity to =0.75 within a few tens of nanome-
ters, the shape nearly stabilizing after this rapid decrease.
From the trends seen in Figs. 3 and 4, it appears that the
larger f„is the slower the evolution of the morphology,
but this observation awaits more data before it can be
deemed conclusive.

The results presented herein support the idea that the
morphological evolution of individual particles is strongly
influenced by elastic interactions. However, it is impor-
tant to consider the possibility that the concave cuboidal
shape, in particular, is a consequence of preferential den-
dritic growth at the corners of the cuboidal particles, as
suggested by the recent observations of Yoon and co-
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FIG. 2. Dark-field transmission electron micrographs taken using (100) y' precipitate superlattice reflections: (a) 6.35 wt. % Al

aged for 92.5 h, f„=0.130; (b) 5.78 wt. % Al aged for 54 h, f„=0.034. The average precipitate size for the entire population of pre-
cipitates under the aging conditions in (a) is 17.3 nm. For the aging conditions in (b) it is =16.4 nm.

workers [22]. They observed similar y' precipitate mor-
phologies in Ni-base alloys aged at small supersatura-
tions. Dendritic growth by the mechanism of Mullins
and Sekerka [23] occurs when a perturbation of radius r
exceeds a critical value r, given by

14o 0
RTfac/c, ]

'

where Ac/c, =(c —c, )/c, is the supersaturation when the
far-field and equilibrium solute concentrations are e and
c„respectively, o is the free energy of the precipitate-
matrix interface, 0 is the molar volume of the precipitate
phase, R is the gas constant, and T is the absolute tem-
perature. For our alloy containing f„=0.025, r, can be
estimated using o =14 mJ/m and 0 =27.16x 10
m /mol from earlier work [24], and the maximum value
of hc/c, based on the measured solubility limit [19].
With Ac/c, =0.0152, we find r, =47 nm as the minimum
value of this parameter in our experiments. Since 2r, is
comparable in size to the largest of the precipitates in our

alloy (Fig. 4), we conclude that dendritic growth is im-
probable under the small supersaturations characteristic
of our experiments.

It thus follows that all the morphologies observed
evolve during coarsening. This conclusion is further sup-
ported by several other observations. First, the number of
y' precipitates per unit volume N, , in all the alloys we ex-
amined decreased with aging time. N, , would be approxi-
mately constant if the excess supersaturation were being
depleted by dendritic growth. Second, in the alloy con-
taining fr =0.025, some of the smaller-than-average par-
ticles in the particle size distributions were concave cu-
boids, suggesting that at least some particles retain this
morphology even while dissol'ving. Furthermore, since
precipitates of near average size are neither growing nor
shrinking, they would equilibrate to a more stable mor-
phology if there were some driving force to do so. This is
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FIG. 3. The variation of g with a over the range 10 to 30 nm
for the alloys containing 6.35 and 5.78 wt. % Al (f„=0.130 and
0.034, respectively). g and a were computed for intervals
Aa =2 nm. The horizontal line at g= I represents the limit of g
for perfect spheres. The dash-dotted curves are drawn to indi-
cate the trends in the data.
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FIG. 4. Illustrating the variation of g with a for the alloys
containing 5.78 and 5.72 wt. % Al (f„=0.034 and 0.025, re-
spectively). The averages in this case were computed from data
lying within intervals of Aa equal to or exceeding 10 nm, which
is why all the data for f„=0.034 in Fig. 3 are represented by
only two points here. The horizontal lines at /= I and 0.717
represent the limits of g for perfect spheres and cubes, respec-
tively. The dash-dotted curves are drawn to indicate the trends
in the data.
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because the diff'usion distances involved in transporting
atoms from the corners to the face centers of the cuboids
are much smaller than the diff'usion distances during
growth or coarsening, especially when f„is so small.
Last, concave-cuboidal Ni3Al precipitates are plainly visi-

ble in Fig. 1 of the early paper of Miyazaki, Imamura,
and Kozakai [5], who observed the subsequent splitting of
these precipitates into parallel plates with increased aging
time, as opposed to continued dendritic corner growth.
They were careful to age their alloy under conditions of
Ostwald ripening.

It is perhaps not surprising that elastic interactions
influence morphology in view of the early observation [3]
that the stress fields of dislocations strongly affect the

morphology, size, and spatial distribution of y' precipi-
tates in aged Ni-Al alloys. Additionally, externally ap-

plied stresses are also expected to inAuence the morpho-
logical evolution of coherent particles [25]. It is therefore
reasonable to anticipate that internal stresses generated
by neighboring precipitates will aff'ect the shapes of indi-

vidual ones, as well as the spatial correlations leading to
pattern formation in elastically anisotropic materials.
The role of other factors in this process, such as dif-
ferences between the elastic constants of the y' and ma-
trix phases, has not been clarified. Experiments designed
to systematically explore the dependence of morphologi-
cal evolution of )

' precipitates on f„in Ni-Si, Ni-Ga, and
Ni-Ge alloys, all of which are characterized by different
values of e and elastic constants, are currently in pro-
gress.
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