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Role of Vortex Fluctuations in Determining Superconducting Parameters
from. Magnetization Data for Layered Superconductors
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The fiuctuations of vortices in 3osephson-coupled layered superconductors are shown to have a
profound eKect on values of the temperature-dependent penetration depth, Ginzburg-Landau pa-
rameter, and upper critical field extracted from reversible magnetization data below the critical
temperature.
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Knowledge of the London penetration depth A(T) pro-
vides important information on the nature of the super-
conducting state. In the range of intermediate magnetic
fields H with Po/A &( H (( Po/(2, where ( is the super-
conducting coherence length and Po is the Hux quantum,
the reversible magnetization M of a superconductor with
the Ginzburg-Landau parameter K = A/( )) 1 is a linear
function of ln H [1]. Apart from universal constants, the
prefactor of lnH depends solely on A. This behavior of
M(H) stems from the logarithmic interaction of straight
vortices for intervortex distances smaller than A and is
well obeyed in both conventional and high-T, supercon-
ductors [2—8].

The logarithmic dependence of M on H follows directly
from the London model [1], which assumes that the nor-
mal vortex cores (of radius () do not overlap; this condi-
tion is satisfied if H &( &j&o/( . The interaction of vortices
is established through the overlapping fields and currents;
if H )) Po/A, the intervortex distance is smaller than
A and the overlap is strong. A variational model has
been recently proposed by Hao and Clem to allow for
the interaction between cores as well [9]. Since the core
interaction is nonlogarithmic, M is only approximately
logarithmic in H. Hao and Clem have developed a proce-
dure for extracting A, K, and the upper critical magnetic
Beld H, 2 from the magnetization data; the procedure has
been employed by several groups [10—14].

It is now accepted that superconducting fluctuations
play an important role in high-T, materials. Fluctuations
are usually associated with high temperature and small (,
the fluctuating quantity being the amplitude of the order
parameter near the mean-field second-order phase transi-
tion at H,2(T) = $0/27r(2 [15,16]. However, as has been
originally proposed by Nelson [17], even for H (& H, 2,
thermal fluctuations of vortices alter the thermodynam-
ics of the system in the magnetic field in high-T, super-
conductors. A striking manifestation of these fluctua-
tions in Josephson-coupled layered superconductors [18]
is the existence of a temperature T*, a few degrees be-
low the mean-Beld transition temperature T,o, where the
magnetization M is independent of H. If one plots M
versus T for difI'erent fields, all curves cross at T*, a fea-
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Here, A b is the in-plane penetration depth, K = A b/( b,

ture observed in many experiments on high-T, materials
[6, 7, 11, 12].

In this Letter we describe a procedure for extracting
A from M(H) data, which takes the vortex fluctuations
into account. We demonstrate that the corrections due to
these fluctuations can be substantial; for example, even
at temperatures as low as 30 K the estimate of A is de-
creased by about 10% in Bi2Sr2CaCu20s, and by much
larger amounts as T approaches T,o. We show that the
standard London and Hao-Clem procedures lead to a di-
vergence of A(T) at T' instead of T,o, and also of K(T)
near T*. These unphysical divergences are removed by
taking fluctuations into account.

Layered superconductors are aptly described by the
Lawrence-Doniach model, within which the supercon-
ducting order parameter is defined only in conducting
layers (a-6 planes; see remark [19]) weakly coupled by
3osephson tunneling. For the sake of simplicity, we
model the variety of real materials by stacks of equctty
spaced layers, thus characterizing each compound with
a single interlayer spacing s. We consider the fields

po/s p « H « H, 2 (p = m, /m b is the superpair
effective mass ratio) applied in the c direction; see re-
rnark [20]. Then, the intervortex distance is much larger
than ( b, and one can take the order parameter rnodu-
lus as constant in space. Within such a scheme, a two-
dimensional vortex (a "pancake") in a layer is charac-
terized only by the phase which changes by 27t. when
one circles the vortex core. Continuous vortex lines of
three-dimensional theories are replaced here with corre-
lated stacks of pancakes [21, 22]. Whenever p is large,
the restoring force for a distorted stack becomes small,
resulting in large vortex fluctuation efI'ects.

For p )) 1, it has been shown by Bulaevskii et at. that
for H

~~
c, the thermal distortions of the pancakes out

of the straight stacks (arranged in a triangular lattice at
T = 0) result in an extra contribution to the entropy [18].
The magnetization obtained from the total free energy is
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e = 2.718. . . , and g and 0, are constants of order unity.
The first term on the right of Eq. (1) is the usual London
result [1] for the dense system of straight unperturbed
vortices, whereas the second term accounts for the fluc-
tuations. The slope OM/Bln H is easily obtained:
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In order to estimate the contribution of thermal fluctu-
ations to M(H), one ought to compare g(T) with unity;
g(T) = 0 corresponds to the standard London result. As
is seen from Eq. (3), the fluctuations are enhanced by
high T and large A [the latter is due to the fact that the
London part, of M, the first term in Eq. (1), decreases
as A, thus making the contribution of fluctuations rel-
atively more important].

The conspicuous consequence of fluctuations follows
from Eq. (2): At a temperature T* defined by
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FIG. 1. Magnetization M vs lnH (H ~~

c is the applied
magnetic field) isotherms for a single crystal Bi2Sr2CaCu20s,
the temperatures are indicated. Similar data were obtained
down to 30 K.

We then evaluate the experimental slopes BM/0ln H vs
T, and determine A b(T) using Eqs. (2) and (3). The
results are shown in Fig. 2(a) along with the A b(T) ob-
tained neglecting the fluctuations [g = 0 in Eq. (2)]. At
the lowest temperatures (= 30 K) the difference between
the two results is small (= 1070), although not negligi-
ble. The difference, however, increases rapidly with T.
In particular, neglecting fluctuations results in an appar-
ent divergence of A b(T) at T* since at this temperature
BM/0 ln H = 0. The correct A b(T*) is finite.

The solid and dashed curves in Fig. 2 show the best
fit of BCS A(T) [24] in the clean and dirty limits, respec-
tively, to A b(T) obtained from the data taking fluctua-
tions into account. Of course, one could do this fit for
A b(T) extracted from the data neglecting fluctuations
(the upper set of points in Fig. 2). Then, however, other
quantities extracted from the same data [e.g. , H,2(T)]
would display unphysical behavior (see below and Ref.
l»])

As we have mentioned, in the model used here [18]
there is one infinitesimally thin conducting layer per unit
cell. However, the unit cell of Bi2Sr2CaCu208 contains
two pairs of closely spaced (= 3 A) CuO& layers; the dis-
tance between the pairs is = 12 A. To apply our model to
Bi2Sr2CaCu208 we assume that the two adjacent Cu02
planes are strongly coupled so that we can treat them
as a single superconducting layer; the average distance
between the double layers is = 15 A. . These double lay-
ers are weakly coupled [16] making our model applicable.
Therefore, s = 15 A is a proper value for Bi2Sr2CaCu20s
described within our model. Further refinements of the
theory are needed to explicitly include multiple interlayer
separations actually present in various layered supercon-
ductors.

It should be mentioned that the data of Kes et al. [6]

(4)g(T*) = 1,
M is independent of H. At T*,

—M*:— M(T*) =— ln
/ps ~e

'
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We note that within London theory one cannot evalu-
ate the constants g and o.. From the Hao-Clem vari-
ational approach one estimates rl = 1.4 [23], the value
we adopt in the following. The constant o, enters the
entropy of fluctuating pancakes through the "volume of
particles" needed when the partition function is evalu-
ated; this "volume" should be on the order of the core
area and is taken as n7r( b [18].

The theory of fluctuations for 2D systems (p = oo)
developed recently by Tesanovic et al. [16] for H H, 2

yields Eq. (5) for M*, but without the ln factor. Noting
that p does not enter either Eq. (1) or (5) for M, we
expect in(tin/~e) = 1 in our case as well, the difFerence
in the H dependences of M in the domains H (( H, 2 and
H H, 2 notwithstanding. In particular, this means that
at T*, the magnetization measured in the region H ((
H, 2 is the same as for H H,2, a feature clearly seen
in the data [6, 11]. Thus we set n = esi2/g. Although
this choice of g and 0, affects the absolute values for H, 2

and K given below, our primary conclusion about the
importance of vortex fluctuations remains unchanged.

To demonstrate how the fluctuations influence the de-
termination of A, we analyze M(T, H) data with H

i~
c

for a single crystal of Bi2Sr2CaCu208. The crystal used
and the experimental details are described elsewhere [13].
The M vs ln H isotherms at temperatures of 72 to 83 K
are plotted in Fig. 1. These data show that ~M* = 0.25
G and T* = 80 K; using Eq. (5), one obtains s = 23 A.



VOLUME 70, NUMBER 12 PH YSICAL R EVI EW LETTERS 22 MARcH 1993

6000 I I I 'I I I I I I I I I I t I I I I I I I I I I 5Q I I I I I I I I I I I I I I I i1 I I I 1 I

II

5000—
100—

4000

3000—
1

200025' ' ' ' ' ' '

'45

clean limit

di r ty limit

65 85 Q I I I I I t I I I I I I I

25 45
T (K)

65
I

85

QQQ I I I I 1 I I I \ I I I I I i I I I I I I I I I I I I t I6 5QQ I I I [ I I I I I l 1

o+

5000— 400—
(b)

4000— 300

3000—

dirty lament
I I I I I I I I I I I I I 1 I I 1 1 I I I I

25 45 65 85
T (K)

200—

100
45

eLc

~y II ~g~&il

I

65
I I I

85

FIG. 2. (a) The in-plane penetration depth A s vs tem-
perature T extracted from M(T, H) data as explained in the
text (circles). The result fits the BCS clean limit better than
the dirty one. Squares show A z(T) which is extracted from
the same data neglecting Huctuations. The parameter s = 23
A is obtained from the data using Eq. (5); the sample is
assumed to be 100'% superconducting. Representative error
bars are shown. (b) Same as (a) except that s = 15 A. and
the sample is assumed to be 65 Jo superconducting.

FIG. 3. (a) The upper critical field H, z vs temperature
T (circles) obtained from the M(T, H) data using Eq. (6)
for the sample parameters as in Fig. 2(a). Squares show
the results for H, q with fluctuations neglected. (b) Ginzburg-
Landau parameter K vs temperature T (circles) obtained from
the M(T, H) data using Eq. (6) and the sample parameters
as in Fig. 2(a). Squares are obtained neglecting the fluctua-
tions. The triangles show K(T) obtained using the Hao-Clem
procedure [13].

for the same compound give s = 20.6 A, while those
of Kadowaki [7) yield s = 16.5 A. A possible cause for
this variation may be sample variations. From Eq. (5),
s oc 1/M*. If only a fraction of a sample is superconduct-
ing, the value of M* associated with the superconducting
volume is underestimated. Thus an overestimate of s may
occur. To correct for the inconsistency between s = 23

extracted from the raw data and s = 15 A dictated
by the structure, we assume that only 15/23 = 65% of
our crystal is superconducting. We should then rescale
the slopes cYM/Oln H by a factor of 0.65, and recalcu-
late A b(T) with s = 15 A. The result is shown in Fig.
2(b). Thus, Fig. 2 shows that, independent of a par-
ticular choice of s or of the actual superconducting vol-
ume fraction, our conclusion that the vortex Huctuations
have a strong influence on the derived A p(T) remains

unchanged.
The M(H) data can also be used to determine H,q(T)

(and r) with the help of Eq. (1). To this end we rewrite
Eq. (1) in the form

gHg 32vr~A~~ g 1
ln M+ gln—

eH Pp e 1 —q

By plotting the expression on the right of Eq. (6) ver-
sus ln H for different temperatures and extrapolating the
straight lines so obtained to the lnH axis, one obtains
rlH, q(T)/e. The result of this procedure is shown in Fig.
3(a). The same method implemented by setting g = 0
in Eq. (6), i.e. , disregarding fluctuations, yields the up-
per set of points in Fig. 3(a). Given H, q, one estimates
( b = gPp/27rH, q and K = A s/( t„as shown in Fig.
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3(b). Clearly, neglecting fluctuations leads to an unphys-
ical increase of the derived H, 2 and K with temperature.
This is true for the standard London model [1] as well
as for the Hao-Clem procedure [9, 13]. The main source
of errors is in extracting the slopes OM/OlnH from the
data; near T*, ~BM/Bin H~ is small, so that the relative
error increases.

We note that the contribution of vortex fluctuations to
the magnetization is not an exclusive property of high-T,
superconductors. It should be taken into account when-
ever the anisotropy and the penetration depth are suf-
ficiently large. As an example, we mention the organic
superconductor K—(BEDT-TTF)qCu(NCS)2, strong fluc-
tuations near H, 2 of this compound have already been
noticed [25] [although T,o is only about 10 K, estimates
of A b(0) range from 6800 A. [26] to 104 A [27]].

In conclusion, we have demonstrated that fluctua-
tions of vortices can by no means be neglected in
the determination of the London penetration depth
from reversible magnetization data, when dealing with
Josephson-coupled layered materials. In particular, the
fluctuations must explicitly be taken into account when
only the high-temperature data are available [4, 5, 14].
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