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We consider the isotropic XY model in a transverse magnetic field in one dimension. One can alterna-
tively call this model the Heisenberg AXO antiferromagnet. We solve the problem of the evaluation of
asymptotics of temperature correlations and explain the physical meaning of our result. To do this we

represent the quantum correlation function as a tau function of a completely integrable diA'erential

equation. This is the well-known Ablowitz-Ladik lattice nonlinear Schrodinger difIerential equation.

PACS numbers: 75.10.3m, 75.50.Ee

The XV model was introduced and studied by Lieb,
Schultz, and Mattis [1]. It describes the interaction of
spins 2 situated on a one-dimensional periodic lattice.
The Hamiltonian of the model is

H = —g [a„'a„+)+aya~+ )+ha„'] .

for the infinite lattice. We consider finite temperature 0
& T & ~ and a moderate magnetic field 0 ~ h & 2.

We evaluated the asymptotics in cases where both
space and time separation go to infinity n ~, t ~, in
some direction p,

n/4t =coty, 0 ~ p ~ tr/2. (3)
Here cr are Pauli matrices, h is transverse magnetic field,
and n enumerates the sites of the lattice. At zero temper-
ature the problem of evaluation of asymptotics of correla-
tion functions was solved in [2,3]. Here we consider the
temperature correlation function

In accordance with our calculations, correlation function
g(n, t) decays exponentially in any direction, but the rate
of decay depends on the direction. In the spacelike direc-
tion, 0 ~ p ( tt/4, the asymptotics are

Tr [e "'Ta+ (t 2)a„, (I ) )]
g(n, t) = -0/T g(n, t) Cexp~ dpln tanh

n h —2cosp

I
2n T

. (4)

n =n2 —n~, t =t2 —t~, In the timelike direction tr/4 (p~ tr/2, the asymptotics
are different:

g(n, t ) Ct exp '

dp ~
n —4t sinp

~
ln tanh

(2vg+2v2 ) 1 h —2cosp
T

The values v+, which define the preexponent, are

1
v+ = ln tanh

2Ã

cospo
T

h + 2cospo
v —= ln tanh2' T

where n/4t =sinpo. Equation (5) is valid in the whole
timelike cone, with the exception of one direction, h =2
xcospo. Higher asymptotic corrections will modify the
formulas by a factor of 1+c(t,x) (c decays exponentially
in the spacelike region and as t '~ in the timelike re-
gion). Also, it should be mentioned that the constant fac-
tor C in (4) does not depend on the direction p, but does
depend on p in (5).

We want to emphasize that for the pure time direction,
p=tr/2, the leading factor in the asymptotics [exponent

in (5)] was first obtained in [4].
We checked that our results are in accordance with the

existing zero- and high-temperature limit results [2,5].
To derive these formulas we went through a few steps.
The first step. —The explicit expression for eigenfunc-

tions of the Hamiltonian (I) (see [1])was used to repre-
sent the correlation function as a determinant of an in-
tegral operator (of Fredholm type) [6]. In order to ex-
plain we need to introduce some notation. Let us consid-
er the integral operator V. Its kernel is equal to

V(kp) = e~(k)e-(p) —e (X)e+(p)
tr(X —p )

Here k and p are complex variables, which go along the
circle ~X~

=
~ p ~

=1 in the positive direction. The functions
e+ are
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(~ ) g
—n/2 —ir (X+ l /X) g, (g ) (s) Bt„(n,t) = . „ ft, (X)e, (X)

I I' dk
2''l J (13)

where

and

2h —2(~+ I/~)
T

They depend on space and time variables n, t. These we
shall use to define new potentials bI~.

b (n, t) =B (n, t),
(i4)

b++(n, t) =B++(n, t) —2iG(n, t)B+ —(n, t) —G(n, t) .

e+(X) =e (k)-E(x, t, k) .

Here E is defined as an integral

E(n, t,k) =—P ~ exp 2it p+—1 ~ . 1 pdp
p p

(io)
Here we used the function

G(n, t) = l" 'exp[2it(k+ I/X)jdA, .
1

2zi" (is)

Now all the notation is ready to write a determinant for-
mula for the correlation function g(n, t) [see (4)]:

where P denotes principal value. It is convenient to
define functions f~ (k) as solutions of the following in-

tegral equations:

g(n, t) =e b++(n, t)exp[a(n, t)j .

Here e is a determinant of the integral operator

(16)

(I+ V)f/, =eg . (i 2) exp[a(n, t)j =det(1+ V) . (i 7)

Here I is the identity operator and k = + . Next we de-
fine the potentials B/„(k,j= ~ ):

Second step. —Formulas (7)-(14) can be used to show
that the potentials b++ and b satisfy a system of non-
linear differential equations:

2 Bt
b ——(n, t) = [I +4b ——(n, t)b++(n, t)] [b ——(n+ I,t)+b ——(n —l, t)],

b++(n, t) = [I +4b ——(n, t)b~ ~(n, t)] [b++(n+ I, t)+b++(n —I,t)] .
2 t

(is)

The derivation of these equations is similar to [7-9]. Equations (18) are completely integrable differential equations.
They were first discovered by Ablowitz and Ladik [10] as an integrable discretization of the nonlinear Schrodinger
equation. The logarithmic derivatives of a(x, t) [see (1. 7)] can be expressed in terms of solutions of the system (18):

t)'a(n, t) =2b ——(n, t)b++(n, t) —b++(n —I, t)b ——(n+ I, t) b ——(n —I, t)b+—+ (n+ I, t)
168t

4b++(n, t)b ———(n, t)[b++(n —I, t)b ——(n+ l, t)+b (n —l, t)b++(n+ l, t)],
a(n+ i, t)+ a(n —i, t) —2a(n, t) =In[1+4b ——(n, t)b++(n, t)],

[a(n+ l, t) —a(n, t)] =si [b+~(n+ l, t)b ——(n, t) b++(n, t)b ——(n+—l, t)] .

(i9)

(2o)

(2i)

This shows that the quantum correlation function g, Eq.
(2), can be expressed in terms of the solution of the sys-
tem (18).

The meaning of all these formulas is that the correla-
tion function of the X'Y model is the r function (in the
sense of the well-known works [11,12]) of Ablowitz-
Ladik s differential-difference equations. In the papers
[8,9, 13-1S] the relation between the r functions of the
classical differential equations and quantum correlation
functions, together with the history of the question, is ex-
plained in more detail. It is also worth mentioning that
the idea to connect quantum correlation functions and
classical completely integrable systems goes back to the
work [16] and was first applied to the X'Y model in [14].

Third step. —In order to evaluate the asymptotics one
should solve Ablowitz-Ladik's differential equation. Ini-
tial data can be extracted from the integral representa-

f(h) = —h — dpln I+exp
f' n' 4cosp —2h

2z" —~ T

(22)

We emphasize the dependence on the magnetic field h.
The definition of f(h) is standard:

Tre =exp[ —L/Tf(h)j . (23)

i tions (7)-(17). We use the Riemann-Hilbert problem in

order to evaluate the asymptotics of the solution of Eq.
(18). It is quite similar to the nonlinear Schrodinger case
[9, iS].

Finally, let us explain the physical meaning of our
asymptotic formula (4). We start from the expression for
the free energy [I]:
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tltt gk =
z~ (I tTt ) .

(24)

Here yk is a canonical Fermi field. We note that the
numerator in (2) diAers from the denominator by re-
placement of the magnetic field h h —itrT/2 on the
space interval [n1+ I,nq —I]. This leads us to the follow-
ing asymptotic expression for correlator g(n, 0):

g(n, 0) exp Re—f(h) f h ——
T

(25)

The reason we wrote Re is that itr in (24) can be replaced
by —itt. It is remarkable that (25) coincides with the
correct answer (4). It is also worth mentioning that to go
to the exponent in (5) one should replace the differential
d(np) by the expression ~d(np —ts(p) ~, where e(p) = —4
xcosp+2h is the energy of the quasiparticle of the mod-
el.
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Here L is the length of the box. Let us use 3ordan-
Wigner transformation to transform correlator (2) (in
the equal-time case):

n2 —l

tT„+, (0)o„,(0) =y„,exp in g tltt,+yk ttlt„+, ,
k =n[+ 1

[1] E. Lich, T. Schultz, and D. Mattis, Ann. Phys. (N. Y.) 16,
406 (1961).

[2] B. M. McCoy, J. H. H. Perk, and R. E. Shrock, Nucl.
Phys. 8220, 269 (1983); 8220, 35 (1983).

[3] H. G. Vaidya and C. A. Tracy, Phys. Lett. 68A, 378
(1978).

[4] P. Deift, X. Zhou, Courant Mathematical Institute re-

port, 1992 (to be published).
[5] J. H. H. Perk, Phys. Lett. 79A, 1 (1980).
[6] F. Colomo, A. G. Izergin, V. E. Korepin, and V. Tognetti,

Phys. Lett. (to be published).
[7] A. R. Its, A. G. Izergin, V. E. Korepin, and N. A. Slav-

nov, J. Mod. Phys. B 4, 1003 (1990).
[8] A. R. Its, A. G. Izergin, V. E. Korepin, and N. A. Slav-

nov, in Important Developments in Soli ton Theory,
1980-1990, edited by A. S. Fokas and V. E. Zakharov
(Springer-Verlag, Berlin, 1992).

[9] V. E. Korepin, A. G. Izergin, and N. M. Bogoliubov,
Quantum Inverse Scattering Method, Correlation Func
tions and Algebraic Bethe Ansatz (Cambridge Univ.
Press, Cambridge, 1992).

[10] M. J. Ablowitz and J. F. Ladik, Stud. Appl. Math. 55,
213 (1976).

[1 1] M. Sato, T. Miwa, and M. Jimbo, Publ. RIMS, Kyoto
Univ. 14, 223 (1978); M. Jimbo, T. Miwa, Y. Mori, and
M. Sato, Physica (Amsterdam) 1D, 80-158 (1980).

[12] M. Jimbo, T. Miwa, and K. Ueno, Physica (Amsterdam)
ZD, 306-352 (1981).

[13] M. Jimbo, Proc. Sympos. Pure Math. 49, Part I, 379
(1989).

[14] B. M. McCoy, in Pain!eve Transcendents: Their Asymp
totics and Physical Applications, edited by D. Levi and
P. Winternitz (Plenum, New York, 1992), p. 377.

[15] A. R. Its, A. G. Izergin, V. E. Korepin, and G. G. Varzu-
gin, Physica (Amsterdam) 54D, 351 (1992).

[16] T. T. Wu, B. M. McCoy, C. A. Tracy, and E. Barouch,
Phys. Rev. B 13, 316 (1976).

1706


