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We include the effect of density-dependent near dipole-dipole interactions in order to generalize the
theory of a simple three-level system that exhibits lasing without inversion and an enhanced index of re-
fraction at zero absorption. For certain values of atomic density, our generalized theory predicts a novel
enhancement of inversionless gain and absorptionless index by more than 2 orders of magnitude.
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It is well known that, for static fields, the local micro-
scopic electric field El that couples to the atomic dipole
moment p is related to the macroscopic field E and
volume polarization P, in a dense dielectric medium, by
the Lorentz-Lorenz (LL) relation [1],namely,

EI. =E+P/3eo.

For dense media, this relation leads to a Clausius-
Mossotti relationship for the susceptibility g =aN/
(1 —aN/3eoN) that implies a nonlinear relationship be-
tween the microscopic molecular polarizability a and the
macroscopic susceptibility g, for a material volume densi-
ty N. The LL relation (1) also holds for dynamic fields
in a linear medium [2], and in fact—as shown conclusive-
ly by the present authors —holds for arbitrary time-
dependent fields in a nonlinear medium [3]. What this
implies is that all of quantum optics that uses an external
electric field rather than the local field is internally incon-
sistent and will yield only approximate results for an opti-
cally dense medium. Such an observation had led to the
discovery of a large number of new effects such as intrin-
sic optical bistability [4], self-phase modulation in self-
induced transparency [5], linear and nonlinear spectral
shifts [6], propagational effects in nonlinear media [7],
novel inversion and ultrafast optical switching effects [8],
and statistical effects in superfluorescence and amplified
spontaneous emission [9]. The current theory of lasing
without inversion is not immune, either, to the incon-
sistency of not using the local field. We show now an ex-
ample of how the theory must be generated for optically
dense media. In the present work we will consider the
effect of the near dipole-dipole (NDD) interaction, Eq.
(1), on a simple three-level A system known to exhibit
lasing without inversion, and a high index of refraction at
zero absorption.

It is known that the principles of atomic coherence and
quantum interference can be used to construct a three-
or-more-level atomic system that has nonabsorbing reso-
nances [10] and lasing without inversion [1 I]. In a col-
lection of such systems, a small but nonzero percentage of
atoms in the excited state yields an absorption curve that
vanishes at points where the real part of the susceptibility
is nonzero —suggesting the possibility of a high refractivi-

ty in a nonabsorbing medium [12]. In all this work, how-
ever, there has not been an account taken for the effects
of the NDD interaction, Eq. (1), that would be of great
importance when the medium is suSciently dense [3].
We rectify this situation now by considering the effect of
the NDD contributions to lasing without inversion and
enhanced index in a simple three-level system considered
by Scully and co-workers [13].

The three-level scheme is depicted in the upper left in-
set of Fig. 1. The idea is to have an upper level a that is
relatively far above the two lower levels, b and O'. In
practice, lasing without inversion at optical frequencies
would occur between the a and b, b' levels, while coher-
ences are induced, say, by microwaves, at the longer
wavelength b to b' transition. The a b, b' transition is
assumed to be pumped by a plane wave light beam of
electric field strength E0 and circular frequency m. We
assume that the atoms are prepared in a coherent super-
position of the two lower levels b and b', yielding an ini-
tial density matrix for each atom as

Plnltldl

p,, 0 0

Pb'b' Pb'b0, , 0,

Pbb' Pbb
0, 0

We assume further that the atoms are injected into the
electric field interaction region at a rate r.

I et us assume that hco & is the energy difference be-
tween levels a and p where a, p E [a,b, b']. We then may
define three frequency shifts of interest as h, ,p

——co,p
—~,

with p G jb, b'j, and A—:(A,b+A, t, )/2 with the condition
~ab ~ab' &b'b ~ Let uS aSSume that y'a and yb

=
yb —= y

are the depopulation rates of levels a and b, b', respective-
ly. We shall also assume, as do Scully and co-workers
[13], that coI, I, =y, and that ptl, =pt, t, =~pgt,

~
=p, where

the phase p of pb b is fixed by the relation p, b p b
&& pgt, e ' =p ~pt, t, ~e' . Here, p, t, and p, t, are the com-
plex dipole matrix elements with

~ p, t, (
=

~ p, t, ~

=—p.
With these definitions and assumptions in mind, we

define the unitless parameters 8—= 2A/y, 8~ =6~ 1, R
=p /p, I—:y /y, and I + ——I +1. With all this notation,
the Heisenberg equation of motion for the density matrix,
p =i h [p, H], in component form becomes
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p b (I y+l6+)p b

}a
b

iEL
~gab(Pbb Paa) gab'Pb'b] ~ (3a)

P
3CE, E

C = 0.0

pob = — (I ++i6 )p—,b
2

iEI
[gab'(Pb'b' Paa ) PabPbb'] ~ (3b)

Paa rPaa yaPaa + [(itabPab+ Pab'Pab'& EL

(3c)

Re P
Im P

C = 0.5

Pbb rPbb ypbb ~
(P bp bEL

Pb'b' «Pb'b' ypb'b'
~

(p b'p b'EL c c ),0, ,

(3d)

(3e)

0

C = 1.0

pbb =rpbb V2ye'"—"pbb 6(u —
b p bEL pbp b

—EL)

(3f)

To first order in EL, we may neglect products of the form

p,GAEL for the oA'-diagonal terms, a~P. Then, in steady
state, we find

2&pEL rp (R/I —1) —e' /J2
Pab = —:iAELG 6

5 y y I ++i6+

(4a)

0

2i HEI rpn (R/I —1)—e '~/J2
Pab' = &AEI.G 6—

Ay y I ++i6—
(4b)

and

0

C = 1.5

—= P [R/r],

G (6) R/I —I —e —'

G'(8)

0 0 0
I"paa I p paa fa

paa =
3'a 3' p

ptt =rp /y. pt'b'=rp /y. pt'b =(rp /y)e' /J2, where we
have introduced a constant A—= (2p/hy)rp /y that has
units of inverse E, and also two unitless, complex func-
tions G(8) and G'(8), defined by

-4 —2 0 2 4

FIG. 1. The efI'ect of small increases in the NDD parameter
Con the dispersion Re{P}and absorption Im{P] curves. Noting
that Im{P] & 0 implies gain, we see for C =0.0 the usual curves
indicating inversionless gain and two points of absorptionless
dispersion. As we increase C there is at first only a central fre-
quency shift to the right as well as a modest distortion of the
curves. Top left inset: The three-level system in use. Top right
inset: Dispersion and absorption curves for an equivalent two-
level system showing no inversionless gain or absorptionless
dispersion.
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where the top and bottom terms in braces correspond to
plus and minus signs, respectively.

We are now ready to include the eAect of the NDD re-
lation, Eq. (I). Let us express the macroscopic polariza-
tion P in terms of the macroscopic variables p,b and p,b,

P =p(pab+pab ) =ipAEL[G(6)+G'(6)]

=ip A {E+P/3 co] [G (8)+G'(6) ] .

When Eq. (5) is now solved for the polarization, the novel

presence of P on the right-hand side of this equation leads
to a nonlinear equation of the Clausius-Mossotti sort,



VOLUME 70, NUMBER 10 PHYSICAL REVIEW LETTERS 8 MARCH 1993

namely,

iG +(8)
P(b) =3CepEp

I —iCG, (a) '

where the unitless NDD constant C is defined by

2p ~Ã/3ep

x

P
3Cc E

60-

40-

20-

C = 3.05

Re P
gm P

and G+(6)=G(6)+G'(6). Here, Ã=rp /y is an effec-
tive volume density, and e=p~Ã/3hep, with units of fre-
quency, is the standard notation for the NDD parameter
that is a measure of the strength of the NDD interaction,
as used in previous works [3]. We assume that y is the
radiative decay rate out of levels b and b' and is hence in-
dependent of the density. The dispersion and absorption
functions are proportional to Re[Pj and Im[Pj, respec-
tively,

Re jiG (8)j —Cl G+ (~) I

'
Re P =3CepEp

i 1
—iCGi(6) i

I m ji G+ (8)j
Im P =3CeoF. O

i
I —iCG+(8) i

(7a)

(7b)

where we note that only the real part contains the

difference of two terms in the numerator, with the first
term proportional to C and the second to C .

To reproduce exactly previous results [13],we take the
population ratio as R=p,,/p =0.02, the decay ratio asI:—y, /@=0.05, the phase p =5'/4, and of course, the
NDD parameter as C=O.O in Eqs. (7). The result is
shown in Fig. 1 and exhibits the usual gain and absorp-
tionless points in the dispersion for this system that is
clearly noninverted, since R =0.02. (We plot P for an
equivalent two-level system in a top right inset in Fig. 1

to show that there is no inversionless gain or absorption-
less dispersion there [14].) Now, as shown in Fig. 1, we
slowly crank up the NDD constant, C=O.O, 0.5, 1.0, and
1.5, and we see that the eAect is to shift the central fre-
quency to the right and to distort both the absorption and
dispersion relations, while leaving the inversionless gain
and absorptionless index more or less intact. This behav-
ior maintains as we sweep C over larger values, except for
a sharp transition near C=3.0. As depicted in Fig. 2, we
now focus in on this region, taking the NDD constant
over a small range, C =3.05, 3.10, 3.15, and 3.20. Notic
first that we have enlarged the vertical scale so we can see
that there is a remarkable increase of about a factor of 75
in both inversionless gain and absorptionless index in the
area of C=3.10. This is an enhancement of 2 orders of
magnitude over the original C =0.0 case without the
NDD eA'ect. Moreover, near this value we can see that a
threshold in C has been crossed that changes the sign of
the dispersion Re[Pj but not the absorption Im[Pj. The
reason for this can easily be seen by considering Eq. (7).
The numerator of Re[Pj, Eq. (7a), is the difference of
two terms that describe a family of functions of 6
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FIG. 2. As we sweep through a small range of values of the

NDD parameter C near the threshold near 3.0 we see a huge
enhancement of inversionless gain and absorptionless dispersion
by 2 orders of magnitude over the C=O.O case in Fig. 1. We
also notice an interchange of odd and even symmetry of Re[P]
and 1m[Pl as compared to C—=0, Fig. 1, and an overall sign
change in Re[Pj near C= 3.10 with no corresponding sign
change in Im[Pj.
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parametrized by the constant C. If C becomes large
enough, the amplitude of the function changes sign, flip-

ping the curve. This does not occur for the absorption
I m [P[, Eq. (7b), because there is only a single C-
independent term in the numerator, and hence no flip
mechanism. Another interesting feature to notice in F'ig.

2 is that the absorption curve —originally symmetric in

Fig, 1 —now is almost antisymmetric, while the reverse
has occurred for the dispersion curve. In some sense, the
NDD correction interchanges the functional form of the
two curves.

The above discussion may be cast into a form using the
injection rate r rather than the unitless parameter C. F'or
an order of magnitude estimate, let us choose atomic pa-
rameters: p —10 cm and y —10' s '. F'or local field
eflects to play a role, we need many atoms per cubic
wavelength X injected with the b, b' coherence. Taking
X=300 nm and "many" as a hundred, then p —10 '

m . Inserting these values into the expression for C, we
obtain r =Cx10' s ', where we recall that C is unitless.
Hence, one needs on the order of 10' atoms entering the
interaction volume per unit time.

In conclusion, we have included the near dipole-dipole
interaction contributions for dense media in the density
matrix equations of a simple three-level system that ex-
hibits inversionless lasing and absorptionless index of re-
fraction. For small values of the unitless NDD parame-
ter C we see a frequency shift and a small distortion of
the absorption and dispersion curves. However, a thresh-
old eflect in the parameter C allows us to choose a value
that enhances inversionless gain and absorptionless
dispersion by at least 2 orders of magnitude, as long as
the increase is not so large that the assumption of a
linearization ~n EL is violated.
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